
❈❤❛♣✐%&❡ ✾

❘!❞✉❝%✐♦♥

❉❛♥# $♦✉$ ❝❡ ❝❤❛♣✐$,❡✱ K ❞/#✐❣♥❡ ❧❡ ❝♦,♣# R ♦✉ C ❡$ E ❡#$ ✉♥ K✲❡#♣❛❝❡ ✈❡❝$♦,✐❡❧✳

✾✳✶ ❙♦✉&✲❡&♣❛❝❡& &,❛❜❧❡&

✾✳✶✳✶ ❉$✜♥✐(✐♦♥*

❉!✜♥✐%✐♦♥ ✶

❙♦✐$ u ∈ L(E) ✉♥ ❡♥❞♦♠♦,♣❤✐#♠❡ ❡$ F ✉♥ #♦✉#✲❡#♣❛❝❡ ✈❡❝$♦,✐❡❧ ❞❡ E.

• ❖♥ ❞✐$ 8✉❡ F ❡#$ #$❛❜❧❡ ♣❛, u #✐ u(F ) ⊂ F ✱ ❛✉$,❡♠❡♥$ ❞✐$ #✐

∀x ∈ F, u(x) ∈ F.

• ❉❛♥# ❝❡ ❝❛#✱ ♦♥ ❛♣♣❡❧❧❡ ❡♥❞♦♠♦,♣❤✐#♠❡ ✐♥❞✉✐$ ♣❛, u #✉, F ✱ ❧✬❡♥❞♦♠♦,♣❤✐#♠❡ #✉✐✈❛♥$ ❞❡ F ✿

ũ :

{
F −→ F

x 7−→ ũ(x) = u(x)

❆%%❡♥%✐♦♥ ✿ ◆❡ ♣❛# ❝♦♥❢♦♥❞,❡ ❧❛ ♥♦$✐♦♥ ❞✬❡♥❞♦♠♦-♣❤✐0♠❡ ✐♥❞✉✐% ũ : F −→ F ✭8✉✐ ♥/❝❡##✐$❡ ✉♥ #♦✉#✲❡#♣❛❝❡ #$❛❜❧❡✮ ❡$ ❧❛

♥♦$✐♦♥ ❞❡ -❡0%-✐❝%✐♦♥ u∣∣F
: F −→ E.

❊①❡♠♣❧❡ ✾✳✶✳ ❖♥ ♥♦#❡ D : R[X] −→ R[X] ❧✬❡♥❞♦♠♦)♣❤✐-♠❡ .✉✐ 0 P ∈ R[X] ❛--♦❝✐❡ -♦♥ ♣♦❧②♥4♠❡ ❞5)✐✈5 D(P ) = P ′.

▲❛ -❡0%-✐❝%✐♦♥ ❞❡ D 0 Rn[X] ❡-# ❧✬❛♣♣❧✐❝❛#✐♦♥

D∣
∣Rn[X]

:

{
Rn[X] −→ R[X]

P 7−→ P ′

❖♥ )❡♠❛).✉❡ .✉❡ -✐ P ∈ Rn[X] ❛❧♦)- D(P ) = P ′ ∈ Rn[X] ❡# ❞♦♥❝ Rn[X] ❡-# -#❛❜❧❡ ♣❛) D✳ ❖♥ ♣❡✉# ❞♦♥❝ ❞5✜♥✐)

❧✬❡♥❞♦♠♦-♣❤✐0♠❡ ✐♥❞✉✐% ♣❛) D -✉) Rn[X] ✿

D̃ :

{
Rn[X] −→ Rn[X]

P 7−→ P ′

8-♦♣♦0✐%✐♦♥ ✶

❙♦✐❡♥$ u, v ∈ L(E)✳
❙✐ u ◦ v = v ◦ u ❛❧♦,# ■♠(u) ❡$ Ker(u) #♦♥$ #$❛❜❧❡# ♣❛, v.

✷✵✵
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+2❡✉✈❡✳✭❉✶✮

✷

❘❡♠❛2'✉❡ ✿ ❙♦✐# E ✉♥ ❡'♣❛❝❡ ✈❡❝#♦,✐❡❧ ❞❡ ❞✐♠❡♥'✐♦♥ n ❡# u ∈ L(E) ✉♥ ❡♥❞♦♠♦,♣❤✐'♠❡ ❞❡ E✳

❖♥ '✉♣♣♦'❡ 3✉❡ E = F ⊕G ❡# ♦♥ '❡ ❞♦♥♥❡ ✉♥❡ ❜❛'❡ B ❛❞❛♣#5❡ 6 ❧❛ '♦♠♠❡ ❞✐,❡❝#❡ E = F ⊕G✳

B = (e1, . . . , ep
︸ ︷︷ ︸

base de F

, ep+1, . . . , en
︸ ︷︷ ︸

base de G

)

❙✐ F ❡'# '#❛❜❧❡ ♣❛, ❧✬❡♥❞♦♠♦,♣❤✐'♠❡ u✱ ❛❧♦,'✱ ♣♦✉, #♦✉# i ∈ {1, . . . , p}, ♦♥ ❛ u(ei) ∈ F = Vect{e1, . . . , ep} ❡# ❞♦♥❝ ❧❛ ♠❛#,✐❝❡

❞❡ u ❞❛♥' ❧❛ ❜❛'❡ B ❡'# ❞❡ ❧❛ ❢♦,♠❡ '✉✐✈❛♥#❡ ✿

MB(u) =

;❛, ❝♦♥'#,✉❝#✐♦♥✱ ❧❛ ♠❛#,✐❝❡ A ❡'# ❛✉''✐ ❧❛ ♠❛#,✐❝❡ ❞❡ ❧✬❡♥❞♦♠♦,♣❤✐'♠❡ ✐♥❞✉✐# ũ ♣❛, u '✉, F ❞❛♥' ❧❛ ❜❛'❡ BF = (e1, . . . , ep).

✾✳✶✳✷ ❉%♦✐(❡* *(❛❜❧❡*

+2♦♣♦*✐"✐♦♥ ✷

❙♦✐# u ∈ L(E) ❡# x ∈ E ✉♥ ✈❡❝#❡✉, ♥♦♥ ♥✉❧✳ ❖♥ ♥♦#❡ D = Vect{x}. ❖♥ ❛ ❛❧♦,' ❧✬53✉✐✈❛❧❡♥❝❡ '✉✐✈❛♥#❡✳

D ❡'# '#❛❜❧❡ ♣❛, u ⇐⇒ ∃λ ∈ K, u(x) = λx.

+2❡✉✈❡✳✭❉✷✮

✷

✷✵✶
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❈♦3♦❧❧❛✐3❡ ✶

❖♥ "✉♣♣♦"❡ '✉❡ E ❡"( ❞❡ ❞✐♠❡♥"✐♦♥ ✜♥✐❡ ❡( '✉❡ B = (e1, . . . , en) ❡"( ✉♥❡ ❜❛"❡ ❞❡ E. ❙♦✐( u ∈ L(E)✱ ♦♥ ❛ ❧❡" 2'✉✐✈❛❧❡♥❝❡"
"✉✐✈❛♥(❡"✳

MB(u) ❡"( ❞✐❛❣♦♥❛❧❡ ⇐⇒ ∀i ∈ {1, . . . , n}, ∃λi ∈ K, u(ei) = λiei

⇐⇒ ∀i ∈ {1, . . . , n}, Vect{ei} ❡"( "(❛❜❧❡ ♣❛7 u

✾✳✷ ➱❧%♠❡♥)* ♣,♦♣,❡*

✾✳✷✳✶ ❱❡❝'❡✉)* ♣)♦♣)❡*✱ ✈❛❧❡✉)* ♣)♦♣)❡*

❉$✜♥✐"✐♦♥ ✷

❙♦✐( u ∈ L(E)✳
• ❙♦✐( x ∈ E. ❖♥ ❞✐( '✉❡ x ❡"( ✈❡❝(❡✉7 ♣7♦♣7❡ ❞❡ u "✐

x 6= 0 ❡( ∃λ ∈ K, u(x) = λx.

• ❙♦✐( λ ∈ K. ❖♥ ❞✐( '✉❡ λ ❡"( ✈❛❧❡✉7 ♣7♦♣7❡ ❞❡ u "✐

∃x ∈ E, x 6= 0 ❡( u(x) = λx.

• ❖♥ ❛♣♣❡❧❧❡ "♣❡❝(7❡ ❞❡ u ❧✬❡♥"❡♠❜❧❡ ❞❡" ✈❛❧❡✉7" ♣7♦♣7❡" ❞❡ u ✿

Sp(u) = SpK(u) = {λ ∈ K, ∃x ∈ E r {0}, u(x) = λx}.

❊①❡3❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❙♦✐( E ✉♥ K−❡"♣❛❝❡ ✈❡❝(♦7✐❡❧ ❡( f ∈ L(E).
▼♦♥(7❡7 '✉❡ "✐ f ❡"( ❞❡ 7❛♥❣ ✶✱ ❛❧♦7" ✐❧ ♣♦""<❞❡ ❛✉ ♠♦✐♥" ✉♥❡ ✈❛❧❡✉7 ♣7♦♣7❡✳

❊①❡3❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❙♦✐( E ✉♥ K−❡"♣❛❝❡ ✈❡❝(♦7✐❡❧ ❡( f ∈ L(E).
▼♦♥(7❡7 '✉❡ "✐ x ∈ E ❡"( ✉♥ ✈❡❝(❡✉7 ♣7♦♣7❡ ❛""♦❝✐2 = ✉♥❡ ✈❛❧❡✉7 ♣7♦♣7❡ ♥♦♥ ♥✉❧❧❡✱ ❛❧♦7" x ∈ Im(f)✳

✷✵✷
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❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✷✮

❙♦✐# E = C∞(R,R).
❉%#❡'♠✐♥❡' ❧❡+ %❧%♠❡♥#+ ♣'♦♣'❡+ ❞❡ ❧✬❡♥❞♦♠♦'♣❤✐+♠❡ D ❞❡ E ❞%✜♥✐ ♣❛' ✿ ∀f ∈ E, D(f) = f ′.

❉$✜♥✐"✐♦♥ ✸

❙♦✐# n ∈ N∗ ❡# A ∈Mn(K)✳
• ❙♦✐# X ∈Mn,1(K). ❖♥ ❞✐# 5✉❡ X ❡+# ✈❡❝#❡✉' ♣'♦♣'❡ ❞❡ A +✐

X 6= 0 ❡# ∃λ ∈ K, AX = λX.

• ❙♦✐# λ ∈ K. ❖♥ ❞✐# 5✉❡ λ ❡+# ✈❛❧❡✉' ♣'♦♣'❡ ❞❡ A +✐

∃X ∈Mn,1(K), X 6= 0 ❡# AX = λX.

• ❖♥ ❛♣♣❡❧❧❡ +♣❡❝#'❡ ❞❡ A ❧✬❡♥+❡♠❜❧❡ ❞❡+ ✈❛❧❡✉'+ ♣'♦♣'❡+ ❞❡ A ✿

Sp(A) = SpK(A) = {λ ∈ K, ∃X ∈Mn,1(K)r {0}, AX = λX}.

❊①❡♠♣❧❡ ✾✳✷✳ ❉!"❡$♠✐♥❡$ ❧❡) !❧!♠❡♥") ♣$♦♣$❡) ❞❡ A =

(
1 1

−1 3

)

∈M2(R).

✷✵✸
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✾✳✷✳✷ ❙♦✉&✲❡&♣❛❝❡& ♣,♦♣,❡&

+2♦♣♦*✐"✐♦♥ ✸

❙♦✐# u ∈ L(E) ❡# λ ∈ K✳ ❖♥ ❛ ❧❡* +,✉✐✈❛❧❡♥❝❡* *✉✐✈❛♥#❡*✳

λ ∈ Sp(u) ⇐⇒ u− λIdE ♥✬❡*# ♣❛* ✐♥❥❡❝#✐❢

⇐⇒ Ker(u− λIdE) 6= {0}

❙✐ ❞❡ ♣❧✉* E ❡*# ❞❡ ❞✐♠❡♥*✐♦♥ ✜♥✐❡✱ ♦♥ ❛ ✿

λ ∈ Sp(u) ⇐⇒ u− λIdE ♥✬❡*# ♣❛* ❜✐❥❡❝#✐❢

⇐⇒ det(u− λIdE) = 0

+2❡✉✈❡✳

✷

❉$✜♥✐"✐♦♥ ✹

❙♦✐# u ∈ L(E) ❡# λ ∈ K✳ ❙✐ λ ❡*# ✈❛❧❡✉: ♣:♦♣:❡ ❞❡ u, ♦♥ ❛♣♣❡❧❧❡ *♦✉*✲❡*♣❛❝❡ ♣:♦♣:❡ ❞❡ u ❛**♦❝✐+ < λ✱ ❧❡ *♦✉*✲❡*♣❛❝❡

✈❡❝#♦:✐❡❧ *✉✐✈❛♥# ❞❡ E✳

Eλ(u) = Ker(u− λIdE) = {x ∈ E, u(x) = λx}.

+2♦♣♦*✐"✐♦♥ ✹

❙♦✐# A ∈Mn(K) ❡# λ ∈ K✳ ❖♥ ❛ ❧❡* +,✉✐✈❛❧❡♥❝❡* *✉✐✈❛♥#❡*✳

λ ∈ Sp(A) ⇐⇒ Ker(A− λIn) 6= {0}

⇐⇒ A− λIn ♥✬❡*# ♣❛* ✐♥✈❡:*✐❜❧❡

⇐⇒ det(A− λIn) = 0

⇐⇒ rg(A− λIn) < n

❉$✜♥✐"✐♦♥ ✺

❙♦✐# A ∈ Mn(K) ❡# λ ∈ K✳ ❙✐ λ ❡*# ✈❛❧❡✉: ♣:♦♣:❡ ❞❡ A, ♦♥ ❛♣♣❡❧❧❡ *♦✉*✲❡*♣❛❝❡ ♣:♦♣:❡ ❞❡ A ❛**♦❝✐+ < λ✱ ❧❡ *♦✉*✲❡*♣❛❝❡

✈❡❝#♦:✐❡❧ *✉✐✈❛♥# ❞❡ Mn,1(K)✳

Eλ(A) = Ker(A− λIn) = {X ∈Mn,1(K), AX = λX}.

+2♦♣♦*✐"✐♦♥ ✺

❙♦✐❡♥# u, v ∈ L(E). ❙✐ u ◦ v = v ◦ u ❛❧♦:* ❧❡* *♦✉*✲❡*♣❛❝❡* ♣:♦♣:❡* ❞❡ u *♦♥# *#❛❜❧❡* ♣❛: v.

✷✵✹
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+2❡✉✈❡✳

✷

+2♦♣♦*✐"✐♦♥ ✻

❙♦✐# u ∈ L(E)✳ ❙✐ λ1, . . . , λn %♦♥# ❞❡% ✈❛❧❡✉-% ♣-♦♣-❡% ❞✐%#✐♥❝#❡% ❞❡ u ❛❧♦-% ❧❡% %♦✉%✲❡%♣❛❝❡% ♣-♦♣-❡% Eλ1
, Eλ2

, . . . , Eλn
%♦♥#

❡♥ %♦♠♠❡ ❞✐-❡❝#❡✳

+2❡✉✈❡✳✭❉✷✮ ❖♥ ❧❡ ♠♦♥#-❡ ♣❛- -3❝✉--❡♥❝❡ %✉- n.

✷

✷✵✺
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❈♦3♦❧❧❛✐3❡ ✷

❙♦✐# u ∈ L(E)✳ ❙✐ x1, . . . , xn %♦♥# ❞❡% ✈❡❝#❡✉,% ♣,♦♣,❡% ❛%%♦❝✐/% 0 ❞❡% ✈❛❧❡✉,% ♣,♦♣,❡% ❞✐%#✐♥❝#❡% λ1, . . . , λn ❞❡ u ❛❧♦,% ❧❛

❢❛♠✐❧❧❡ {x1, . . . , xn} ❡%# ❧✐❜,❡✳
❖♥ ❞✐%♣♦%❡ ❞✬✉♥ ,/%✉❧#❛# ❛♥❛❧♦❣✉❡ ♣♦✉, ❧❡% ✈❡❝#❡✉,% ♣,♦♣,❡% ❞❡ ♠❛#,✐❝❡%✳

+3❡✉✈❡✳

✷

❆♣♣❧✐❝❛"✐♦♥ ✿ ❚♦✉#❡ %♦✉%✲❢❛♠✐❧❧❡ ✜♥✐❡ ❞❡ {fλ : x 7−→ eλx, λ ∈ R} ❡%# ❧✐❜,❡✳

✾✳✷✳✸ ➱❧&♠❡♥*+ ♣-♦♣-❡+ ❞❡ MB(f)

❉❛♥% ❝❡ ♣❛,❛❣,❛♣❤❡✱ E ❡%# ✉♥ K✲❡%♣❛❝❡ ✈❡❝#♦,✐❡❧ ❞❡ ❞✐♠❡♥*✐♦♥ ✜♥✐❡ ❞♦♥# ♦♥ %❡ ❞♦♥♥❡ ✉♥❡ ❜❛%❡ B = (e1, . . . , en)✳ ❖♥ ❛ ❛❧♦,%

❧❡% ❝♦,,❡%♣♦♥❞❛♥❝❡% %✉✐✈❛♥#❡%✳

x =

n∑

i=1

xiei −−−−− > X =MB(x) =






x1

✳

✳

✳

xn




 ∈Mn,1(K)

u ∈ L(E) −−−−− > A =MB(u) ∈Mn(K)

y = u(x) −−−−− > Y =MB(y) = AX ∈Mn,1(K)

❊# ❞♦♥❝✱ ♦♥ ❛ ❧❡% /?✉✐✈❛❧❡♥❝❡% %✉✐✈❛♥#❡%✳

λ ∈ Sp(u) ⇐⇒ ∃x ∈ E r {0}, u(x) = λx

⇐⇒ ∃X ∈Mn,1(K)r {0}, AX = λX

⇐⇒ λ ∈ Sp(A)

❆✐♥%✐✱ Sp(u) = Sp(A) = Sp(MB(u)).

❉❡ ♣❧✉%✱ %✐ λ ∈ Sp(u) = Sp(A), ❛❧♦,% ♦♥ ❛ ❧❡% /?✉✐✈❛❧❡♥❝❡% %✉✐✈❛♥#❡%✳

x ∈ Eλ(u) ⇐⇒ u(x) = λx

⇐⇒ AX = λX ❛✈❡❝ X =MB(x)

⇐⇒ X ∈ Eλ(A)

❊# ❞♦♥❝ ♦♥ ❛ ❧❛ ❝♦,,❡%♣♦♥❞❛♥❝❡ %✉✐✈❛♥#❡✳

Eλ(u) −−−−− > Eλ(A)

✷✵✻
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+2♦♣♦*✐"✐♦♥ ✼

❙♦✐❡♥% A,B ∈Mn(K)✳
❙✐ A ❡% B '♦♥% '❡♠❜❧❛❜❧❡' ❛❧♦,'✱ ❡❧❧❡' ♦♥% ♠.♠❡' ✈❛❧❡✉,' ♣,♦♣,❡' ✿ Sp(A) = Sp(B).

+2❡✉✈❡✳

✷

✾✳✷✳✹ ❊①❡♠♣❧❡* ✐♠♣♦-.❛♥.* ✿ 2❧2♠❡♥.* ♣-♦♣-❡* ❞✬✉♥ ♣-♦❥❡❝.❡✉-✱ ❞✬✉♥❡ *②♠2.-✐❡

❊①❡♠♣❧❡ ✾✳✸✳ ❙♦✐# p ∈ L(E) ✉♥ ♣'♦❥❡❝#❡✉'✳ ❖♥ -❛✐# ❛❧♦'- 0✉❡ E = Im(p)⊕Ker(p) ❡# 0✉❡ p ❡-# ❧❛ ♣'♦❥❡❝#✐♦♥ -✉' F = Im(p)
❞❛♥- ❧❛ ❞✐'❡❝#✐♦♥ ❞❡ G = Ker(p). ❖♥ -✉♣♣♦-❡ ✐❝✐ 0✉❡ p ♥✬❡-# ♣❛- ❧✬❡♥❞♦♠♦'♣❤✐-♠❡ ♥✉❧✱ ♥✐ ❧✬✐❞❡♥#✐#6✳

❖♥ ❝❤❡'❝❤❡ λ ∈ K ❡# x ∈ E ♥♦♥ ♥✉❧ #❡❧ 0✉❡ p(x) = λx.

❙♦✐❡♥# λ ∈ K ❡# x ∈ E ♥♦♥ ♥✉❧✳ ❖♥ 6❝'✐# x = xF + xG ❛✈❡❝ xF ∈ F = Im(p) ❡# xG ∈ G = Ker(p)✳ ❖♥ ❛ ❧❡- 60✉✐✈❛❧❡♥❝❡-

-✉✐✈❛♥#❡-✳

❊①❡♠♣❧❡ ✾✳✹✳ ❙♦✐# s ∈ L(E) ✉♥❡ -②♠6#'✐❡✳ ❖♥ -❛✐# ❛❧♦'- 0✉❡ E = Ker(s − Id) ⊕ Ker(s + Id) ❡# 0✉❡ s ❡-# ❧❛ -②♠6#'✐❡ ♣❛'

'❛♣♣♦'# 9 F = Ker(s− Id) ❞❛♥- ❧❛ ❞✐'❡❝#✐♦♥ ❞❡ G = Ker(s+ Id). ❖♥ -✉♣♣♦-❡ ✐❝✐ 0✉❡ s 6= ±Id.
❖♥ ❝❤❡'❝❤❡ λ ∈ K ❡# x ∈ E ♥♦♥ ♥✉❧ #❡❧ 0✉❡ s(x) = λx.

❙♦✐❡♥# λ ∈ K ❡# x ∈ E ♥♦♥ ♥✉❧✳ ❖♥ 6❝'✐# x = xF + xG ❛✈❡❝ xF ∈ F = Ker(s − Id) ❡# xG ∈ G = Ker(s + Id)✳ ❖♥ ❛ ❧❡-

60✉✐✈❛❧❡♥❝❡- -✉✐✈❛♥#❡-✳

✷✵✼
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✾✳✸ #♦❧②♥(♠❡ ❝❛-❛❝./-✐1.✐2✉❡

❉❛♥# ❝❡ ♣❛'❛❣'❛♣❤❡✱ ❧✬❡#♣❛❝❡ ✈❡❝.♦'✐❡❧ E ❡#. ❞❡ ❞✐♠❡♥*✐♦♥ ✜♥✐❡✳ ■❧ ❡#. ❞♦♥❝ 45✉✐✈❛❧❡♥. ❞❡ ❞♦♥♥❡' ❧❡# 4♥♦♥❝4# #✉' ❧❡# ♠❛.'✐❝❡#

❡. #✉' ❧❡# ❡♥❞♦♠♦'♣❤✐#♠❡# ❞❡ E.

✾✳✸✳✶ ❉%✜♥✐)✐♦♥

❙♦✐. A ∈Mn(K). ❖♥ '❛♣♣❡❧❧❡ ❧❡# 45✉✐✈❛❧❡♥❝❡# #✉✐✈❛♥.❡#✳

λ ∈ Sp(A) ⇐⇒ ∃X ∈Mn,1(K), X 6= 0 ❡. AX = λX

⇐⇒ ∃X ∈Mn,1(K), X 6= 0 ❡. (A− λIn)X = 0

⇐⇒ Ker(A− λIn) 6= {0}

⇐⇒ A− λIn ♥✬❡#. ♣❛# ✐♥✈❡'#✐❜❧❡

⇐⇒ '❣(A− λIn) < n

⇐⇒ det(A− λIn) = 0

❘❡♠❛5'✉❡ ✐♠♣♦5"❛♥"❡ ✿ ❖♥ '❡.✐❡♥❞'❛ ❝❡..❡ 45✉✐✈❛❧❡♥❝❡ #♦✉✈❡♥. ✉.✐❧❡ ❞❛♥# ❧❡# ❡①❡'❝✐❝❡#✳

0 ∈ Sp(A)⇐⇒ det(A) = 0⇐⇒ A ♥♦♥ ✐♥✈❡'#✐❜❧❡✳

❊①❡5❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✷✮

❙♦✐❡♥. u ❡. v ❞❡✉① ❡♥❞♦♠♦'♣❤✐#♠❡# ❞✬✉♥ ❡#♣❛❝❡ ✈❡❝.♦'✐❡❧ E✳

▼♦♥.'❡' 5✉❡ #✐ λ ❡#. ✉♥❡ ✈❛❧❡✉' ♣'♦♣'❡ ♥♦♥ ♥✉❧❧❡ ❞❡ u ◦ v ❛❧♦'# ❡❧❧❡ ❡#. ❛✉##✐ ✈❛❧❡✉' ♣'♦♣'❡ ❞❡ v ◦ u.
▼♦♥.'❡' 5✉❡ ❝❡..❡ ♣'♦♣'✐4.4 ♣❡'#✐#.❡ ♣♦✉' λ = 0 5✉❛♥❞ E ❡#. ❞❡ ❞✐♠❡♥#✐♦♥ ✜♥✐❡✳

✷✵✽
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❙♦✐# A = [ai,j ]i,j∈{1,...,n} ✉♥❡ ♠❛#)✐❝❡ ❞❡ Mn(K). ❊❝)✐✈♦♥. det(A− λIn) ✿

det(A− λIn) =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a1,1 − λ a1,2 . . . a1,n

a2,1 a2,2 − λ
✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳ an−1,n

an,1 . . . an,n−1 an,n − λ

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

.

❊♥ ❞1✈❡❧♦♣♣❛♥# .✉❝❝❡..✐✈❡♠❡♥# ♣❛) )❛♣♣♦)# 4 ❧❛ ♣)❡♠✐5)❡ ❧✐❣♥❡✱ ♦♥ ♣♦✉))❛✐# ❞1♠♦♥#)❡) ✭♦♥ ❧❡ ✈❡))❛ ❞❛♥. ❧❡ ♣❛)❛❣)❛♣❤❡

❚!✐❣♦♥❛❧✐(❛)✐♦♥✮ ;✉❡ det(A− λIn) ❡.# ✉♥ ♣♦❧②♥=♠❡ ❡♥ λ ❞❡ ❞❡❣)1 n ❡# ❞❡ #❡)♠❡ ❞♦♠✐♥❛♥# (−1)n ✿

det(A− λIn) = (−1)n
(

λn + #❡)♠❡. ❞❡ ❞❡❣)1. 6 n− 1
)

.

❉$✜♥✐"✐♦♥ ✻

• ❙♦✐# A ∈Mn(K)✳ ❖♥ ❛♣♣❡❧❧❡ ♣♦❧②♥=♠❡ ❝❛)❛❝#1)✐.#✐;✉❡ ❞❡ A ❧❡ ♣♦❧②♥=♠❡

χA(X) = (−1)n det(A−XIn) = det(XIn −A).

• ❙♦✐# u ∈ L(E) ❛✈❡❝ E ❞❡ ❞✐♠❡♥.✐♦♥ ✜♥✐❡ n ∈ N∗. ❖♥ ❛♣♣❡❧❧❡ ♣♦❧②♥=♠❡ ❝❛)❛❝#1)✐.#✐;✉❡ ❞❡ u ❧❡ ♣♦❧②♥=♠❡

χu(X) = (−1)n det(u−XIdE) = det(XIdE − u).

❊①❡♠♣❧❡ ✾✳✺✳ *♦❧②♥,♠❡ ❝❛!❛❝)0!✐()✐1✉❡ ❞✬✉♥❡ ♣!♦❥❡❝)✐♦♥✱ ❞✬✉♥❡ (②♠0)!✐❡✳

✷✵✾
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❘❡♠❛3'✉❡ ✿ ❙✐ E = F ⊕G ❡# $✐ F ❡$# $#❛❜❧❡ ♣❛) ✉♥ ❡♥❞♦♠♦)♣❤✐$♠❡ u ∈ L(E), ♦♥ $❡ ❞♦♥♥❡ ✉♥❡ ❜❛$❡ ❛❞❛♣#0❡ 1 ❧❛ $♦♠♠❡

❞✐)❡❝#❡ ✿ ❙♦✐# B ✉♥❡ ❜❛$❡ ❛❞❛♣#0❡ 1 ❧❛ $♦♠♠❡ ❞✐)❡❝#❡ E = F ⊕G ✿

B = (e1, . . . , ep
︸ ︷︷ ︸

base de F

, ep+1, . . . , en
︸ ︷︷ ︸

base de G

)

❆❧♦)$✱ $✐ BF = (e1, . . . , ep), ❡# $✐ ũ ❡$# ❧✬❡♥❞♦♠♦)♣❤✐$♠❡ ✐♥❞✉✐# ♣❛) u $✉) F, ♦♥ ❛

MB(u) =





MBF
(ũ) C

0 D



 .

❊# ❞♦♥❝ ✿

χu(X) = (−1)n det(MB(u)−XIn) = (−1)n

∣
∣
∣
∣
∣
∣

MBF
(ũ)−XIp C

0 D −XIn−p

∣
∣
∣
∣
∣
∣

= (−1)p(−1)n−p det(MBF
(ũ)−XIp) det(D −XIn−p)

= χũ(X)χD(X)

.

❆✐♥$✐✱ ❧❡ ♣♦❧②♥9♠❡ ❝❛)❛❝#0)✐$#✐:✉❡ ❞❡ ũ ❞✐✈✐$❡ ❝❡❧✉✐ ❞❡ u.

+3♦♣♦*✐"✐♦♥ ✽

• ❙✐ B ❡$# ✉♥❡ ❜❛$❡ ❞✬✉♥ ❡$♣❛❝❡ ✈❡❝#♦)✐❡❧ E ❞❡ ❞✐♠❡♥$✐♦♥ ✜♥✐❡ n✱ ❛❧♦)$ ♣♦✉) #♦✉# u ∈ L(E), ♦♥ ❛ χu = χMB(u).

• ❙✐ ❞❡✉① ♠❛#)✐❝❡$ $♦♥# $❡♠❜❧❛❜❧❡$ ❛❧♦)$ ❡❧❧❡$ ♦♥# ♠>♠❡ ♣♦❧②♥9♠❡ ❝❛)❛❝#0)✐$#✐:✉❡✳

▼❛✐$ ❧❛ )0❝✐♣)♦:✉❡ ❡$# ❢❛✉$$❡✳

+3❡✉✈❡✳

✷

✾✳✸✳✷ ▲✐❡♥ ❛✈❡❝ ❧❡, ✈❛❧❡✉., ♣.♦♣.❡,

❖♥ )❛♣♣❡❧❧❡ ❧❛ ♣)♦♣♦$✐#✐♦♥ $✉✐✈❛♥#❡✳

+3♦♣♦*✐"✐♦♥ ✾

• ❙♦✐# A ∈Mn(K)✳ ❖♥ ❛

λ ∈ Sp(A) ⇐⇒ χA(λ) = 0.

• ❙♦✐# u ∈ L(E) ❛✈❡❝ E ❞❡ ❞✐♠❡♥$✐♦♥ ✜♥✐❡✳ ❖♥ ❛

λ ∈ Sp(u) ⇐⇒ χu(λ) = 0.

✷✶✵
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❊①❡♠♣❧❡ ✾✳✻✳  ♦❧②♥%♠❡ ❝❛*❛❝+,*✐.+✐/✉❡ ❞✬✉♥❡ ♠❛+*✐❝❡ +*✐❛♥❣✉❧❛✐*❡✳

❙♦✐+ A =









a1 ⋆ . . . ⋆

0 a2
✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳ ⋆

0 . . . 0 an









✉♥❡ ♠❛+*✐❝❡ +*✐❛♥❣✉❧❛✐*❡✳ ❖♥ ❛ χA(λ) = (−1)n

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a1 − λ ⋆ . . . ⋆

0 a2 − λ
✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳ ⋆

0 . . . 0 an − λ

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

✳

❊+ ❞♦♥❝ χA(λ) = (−1)n(a1 − λ)(a2 − λ) · · · (an − λ) = (λ− a1)(λ− a2) · · · (λ− an). ❆✐♥.✐ ✿

▲❡" ✈❛❧❡✉'" ♣'♦♣'❡" ❞✬✉♥❡ ♠❛.'✐❝❡ .'✐❛♥❣✉❧❛✐'❡ "♦♥. "❡" ❝♦❡✣❝✐❡♥." ❞✐❛❣♦♥❛✉①✳

❈♦9♦❧❧❛✐9❡ ✸

• ❯♥❡ ♠❛.'✐❝❡ A ∈Mn(K) ♣♦""6❞❡ ❛✉ ♣❧✉" n ✈❛❧❡✉'" ♣'♦♣'❡" ❞✐".✐♥❝.❡"✳

• ❙✐ dim(E) = n✱ ✉♥ ❡♥❞♦♠♦'♣❤✐"♠❡ u ∈ L(E) ♣♦""6❞❡ ❛✉ ♣❧✉" n ✈❛❧❡✉'" ♣'♦♣'❡" ❞✐".✐♥❝.❡"✳

+9❡✉✈❡✳

✷

❈♦9♦❧❧❛✐9❡ ✹

• ❯♥❡ ♠❛.'✐❝❡ A ∈Mn(C) ♣♦""6❞❡ ❛✉ ♠♦✐♥" ✉♥❡ ✈❛❧❡✉' ♣'♦♣'❡✳
• ❙✐ E ❡". ✉♥ C−❡"♣❛❝❡ ✈❡❝.♦'✐❡❧ ❞❡ ❞✐♠❡♥"✐♦♥ ✜♥✐❡✱ ✉♥ ❡♥❞♦♠♦'♣❤✐"♠❡ u ∈ L(E) ♣♦""6❞❡ ❛✉ ♠♦✐♥" ✉♥❡ ✈❛❧❡✉' ♣'♦♣'❡✳

+9❡✉✈❡✳

✷

✾✳✸✳✸ ▼✉❧&✐♣❧✐❝✐&*

❉$✜♥✐"✐♦♥ ✼

• ❙♦✐. A ∈Mn(K) ❡. λ ∈ Sp(A)✳
❖♥ ❛♣♣❡❧❧❡ ♠✉❧.✐♣❧✐❝✐.< ❞❡ ❧❛ ✈❛❧❡✉' ♣'♦♣'❡ λ✱ "❛ ♠✉❧.✐♣❧✐❝✐.< ❡♥ .❛♥. =✉❡ '❛❝✐♥❡ ❞✉ ♣♦❧②♥?♠❡ χA. ❖♥ ❧❛ ♥♦.❡ ❧❡ ♣❧✉"

"♦✉✈❡♥. mλ ♦✉ mλ(A).

• ❙♦✐. u ∈ L(E) ✭❛✈❡❝ E ❞❡ ❞✐♠❡♥"✐♦♥ ✜♥✐❡✮ ❡. λ ∈ Sp(u)✳
❖♥ ❛♣♣❡❧❧❡ ♠✉❧.✐♣❧✐❝✐.< ❞❡ ❧❛ ✈❛❧❡✉' ♣'♦♣'❡ λ✱ "❛ ♠✉❧.✐♣❧✐❝✐.< ❡♥ .❛♥. =✉❡ '❛❝✐♥❡ ❞✉ ♣♦❧②♥?♠❡ χu. ❖♥ ❧❛ ♥♦.❡ ❧❡ ♣❧✉"

"♦✉✈❡♥. mλ ♦✉ mλ(u).

❊①❡♠♣❧❡ ✾✳✼✳ ❙♦✐+ A =





7 0 5
0 3 2
0 0 3



 .

▲❛ ♠❛+*✐❝❡ ❡.+ +*✐❛♥❣✉❧❛✐*❡ ❞♦♥❝ .♦♥ ♣♦❧②♥%♠❡ ❝❛*❛❝+,*✐.+✐/✉❡ ❡.+

χA(X) = (−1)3 det(A−XI3) = (X − 7)(X − 3)2.

❆✐♥.✐ Sp(A) = {7, 3} ❡+ m7(A) = 1,m3(A) = 2.

✷✶✶
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+2♦♣♦*✐"✐♦♥ ✶✵

• ❙♦✐# u ∈ L(E) ❛✈❡❝ E ❞❡ ❞✐♠❡♥+✐♦♥ ✜♥✐❡✳ .♦✉0 #♦✉# λ0 ∈ Sp(u)✱ ♦♥ ❛

1 6 dim(Eλ0
(u)) 6 mλ0

(u).

• ❙♦✐# A ∈Mn(K)✳ .♦✉0 #♦✉# λ0 ∈ Sp(A)✱ ♦♥ ❛

1 6 dim(Eλ0
(A)) 6 mλ0

(A).

+2❡✉✈❡✳✭❉✷✮ ❖♥ ♠♦♥#0❡ ❧❛ ♣0♦♣♦+✐#✐♦♥ ♣♦✉0 ✉♥ ❡♥❞♦♠♦0♣❤✐+♠❡ u✳

✷

❈♦2♦❧❧❛✐2❡ ✺

▲❡ +♦✉+✲❡+♣❛❝❡ ♣0♦♣0❡ ❛++♦❝✐8 9 ✉♥❡ ✈❛❧❡✉0 ♣0♦♣0❡ +✐♠♣❧❡ ✭✐✳❡✳ ❞❡ ♠✉❧#✐♣❧✐❝✐#8 ✶✮ ❡+# ✉♥❡ ❞0♦✐#❡ ✈❡❝#♦0✐❡❧❧❡✳

+2❡✉✈❡✳

✷

✷✶✷
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❘❡♠❛3'✉❡ ✐♠♣♦3"❛♥"❡ ✿

❙♦✐# A ∈Mn(R) ✉♥❡ ♠❛#)✐❝❡ + ❝♦❡✣❝✐❡♥#- ).❡❧-✳ ❖♥ ♣❡✉# ❧✬.#✉❞✐❡) ❡♥ #❛♥# 5✉✬.❧.♠❡♥# ❞❡ Mn(R) ♦✉ ❞❡ Mn(C).

χA(X) =

p
∏

i=1

(X − µi)
ni

︸ ︷︷ ︸

)❛❝✐♥❡- ).❡❧❧❡-

×

q
∏

i=1

(X − zi)
mi(X − z̄i)

mi

︸ ︷︷ ︸

)❛❝✐♥❡- ❝♦♠♣❧❡①❡-

✭+ ❝♦❡✣❝✐❡♥#- ).❡❧-✮.

❆✐♥#✐✱ SpR(A) = {µ1, . . . , µp} ❡& SpC(A) = {µ1, . . . , µp, z1, z̄1, . . . , zq, z̄q}.

❖♥ (❡♠❛(+✉❡ -❣❛❧❡♠❡♥& +✉❡ #✐ A ❡#& 0 ❝♦❡✣❝✐❡♥&# (-❡❧#✱ zi ❡#& ✈❛❧❡✉( ♣(♦♣(❡ ❞❡ A #✐ ❡& #❡✉❧❡♠❡♥& #✐ z̄i ❧✬❡#&✱ ❡& +✉❡ ❞❛♥#

❝❡ ❝❛#✱ ❡❧❧❡# ♦♥& ♠8♠❡ ♠✉❧&✐♣❧✐❝✐&-✳

✾✳✹ ❉✐❛❣♦♥❛❧✐*❛+✐♦♥

❆ ♥♦✉✈❡❛✉✱ ❞❛♥# ❝❡ ♣❛(❛❣(❛♣❤❡✱ ❧✬❡#♣❛❝❡ ✈❡❝&♦(✐❡❧ E ❡#& ❞❡ ❞✐♠❡♥%✐♦♥ ✜♥✐❡✳

✾✳✹✳✶ ❉%✜♥✐)✐♦♥

❉)✜♥✐*✐♦♥ ✽

• ❙♦✐& A ∈Mn(K)✳ ❖♥ ❞✐& +✉❡ A ❡#& ❞✐❛❣♦♥❛❧✐#❛❜❧❡ #✬✐❧ ❡①✐#&❡ ✉♥❡ ♠❛&(✐❝❡ ❞✐❛❣♦♥❛❧❡ D #❡♠❜❧❛❜❧❡ 0 A.

• ❙♦✐& u ∈ L(E) ❛✈❡❝ E ❞❡ ❞✐♠❡♥#✐♦♥ ✜♥✐❡ n ∈ N
∗
✳ ❖♥ ❞✐& +✉❡ u ❡#& ❞✐❛❣♦♥❛❧✐#❛❜❧❡✱ #✬✐❧ ❡①✐#&❡ ✉♥❡ ❜❛#❡ B ❞❡ E &❡❧❧❡ +✉❡

MB(u) #♦✐& ❞✐❛❣♦♥❛❧❡✳

❘❡♠❛./✉❡ ✿ ❯♥❡ ❝♦♥#-+✉❡♥❝❡ ❞✐(❡❝&❡ ❞❡ ❝❡&&❡ ❞-✜♥✐&✐♦♥ ❡#& ❧✬-+✉✐✈❛❧❡♥❝❡ #✉✐✈❛♥&❡✳

u ❡#& ❞✐❛❣♦♥❛❧✐#❛❜❧❡ ⇐⇒ MB(u) ❡#& ❞✐❛❣♦♥❛❧✐#❛❜❧❡✳

❊①❡♠♣❧❡ ✾✳✽✳ ❉✐❛❣♦♥❛❧✐'❡) ❧❛ ♠❛+)✐❝❡ A =





1 2 −1
2 1 −1
4 −2 0



 .

❖♥ )❛♥❣❡)❛ ❧❡' ✈❛❧❡✉) ♣)♦♣)❡' ♣❛) ♦)❞)❡ ❝)♦✐''❛♥+✳

✷✶✸
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❖♥ ♣❡✉% ❣'♥'(❛❧✐,❡( ❝❡%%❡ ,✐%✉❛%✐♦♥ / ✉♥❡ ❞✐♠❡♥,✐♦♥ 2✉❡❧❝♦♥2✉❡✳ ❖♥ ♦❜%✐❡♥% ✉♥❡ ❝♦♥❞✐%✐♦♥ *✉✣*❛♥"❡ ❞❡ ❞✐❛❣♦♥❛❧✐,❛❜✐❧✐%'✳

+3♦♣♦*✐"✐♦♥ ✶✶

• ❙♦✐% A ∈Mn(K)✳ ❆❧♦(, ✿

A ♣♦,,8❞❡ n ✈❛❧❡✉(, ♣(♦♣(❡, ❞✐*"✐♥❝"❡* =⇒ A ❡,% ❞✐❛❣♦♥❛❧✐,❛❜❧❡

⇔

χA ❡,% ,❝✐♥❞' 8 3❛❝✐♥❡* *✐♠♣❧❡* =⇒ A ❡,% ❞✐❛❣♦♥❛❧✐,❛❜❧❡

❡% ❞❛♥, ❝❡ ❝❛,✱ ❧❡, n ,♦✉,✲❡,♣❛❝❡, ♣(♦♣(❡, ❞❡ A ,♦♥% %♦✉, ❞❡ ❞✐♠❡♥,✐♦♥ ✶✳

• ❙♦✐% E ✉♥ K− ❡,♣❛❝❡ ✈❡❝%♦(✐❡❧ ❞❡ ❞✐♠❡♥,✐♦♥ ✜♥✐❡ n ∈ N∗ ❡% u ∈ L(E)✳ ❆❧♦(, ✿

u ♣♦,,8❞❡ n ✈❛❧❡✉(, ♣(♦♣(❡, ❞✐*"✐♥❝"❡* =⇒ u ❡,% ❞✐❛❣♦♥❛❧✐,❛❜❧❡

⇔

χu ❡,% ,❝✐♥❞' 8 3❛❝✐♥❡* *✐♠♣❧❡* =⇒ u ❡,% ❞✐❛❣♦♥❛❧✐,❛❜❧❡

❡% ❞❛♥, ❝❡ ❝❛,✱ ❧❡, n ,♦✉,✲❡,♣❛❝❡, ♣(♦♣(❡, ❞❡ u ,♦♥% %♦✉, ❞❡ ❞✐♠❡♥,✐♦♥ ✶✳

• ❆""❡♥"✐♦♥✱ ❧❛ 3$❝✐♣3♦'✉❡ ❡*" ❢❛✉**❡ ✦
❈✬❡*" ✉♥❡ ❝♦♥❞✐"✐♦♥ *✉✣*❛♥"❡ ♣♦✉3 @"3❡ ❞✐❛❣♦♥❛❧✐*❛❜❧❡ ♠❛✐* ❡❧❧❡ ♥✬❡*" ♣❛* ♥$❝❡**❛✐3❡✳

✷✶✹
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+2❡✉✈❡✳

✷

❯♥ ❡①❡♠♣❧❡ *✐♠♣❧❡ ♦8 ❧❛ 2$❝✐♣2♦'✉❡ ❡*" ❢❛✉**❡ ✿ ❯♥❡ ♠❛%&✐❝❡ ♣❡✉% ❛✈♦✐& ❞❡. ✈❛❧❡✉&. ♣&♦♣&❡. ♠✉❧%✐♣❧❡. ❡% 0%&❡

❞✐❛❣♦♥❛❧✐.❛❜❧❡✳

4❛& ❡①❡♠♣❧❡✱ 7%✉❞✐♦♥. ❧❛ ♠❛%&✐❝❡ 2I3 =





2 0 0
0 2 0
0 0 2



 .

❊❧❧❡ ❡.% ❞✐❛❣♦♥❛❧✐.❛❜❧❡✱ ♣✉✐.9✉✬❡❧❧❡ ❡.% ❞7❥< ❞✐❛❣♦♥❛❧❡✳ ❊% ♣♦✉&%❛♥% χ2I2(λ) = (λ−2)3 ❡% ❞♦♥❝ 2 ❡.% ✈❛❧❡✉& ♣&♦♣&❡ ❞❡ ♠✉❧%✐♣❧✐❝✐%7
3 ❞❡ 2I2. ❆✐♥.✐✱ χ2I2 ❡.% .❝✐♥❞7 ♠❛✐. ♣❛* < 2❛❝✐♥❡* *✐♠♣❧❡*✳

✾✳✹✳✷ $%❡♠✐)%❡* ❝♦♥❞✐/✐♦♥* ♥0❝❡**❛✐%❡* ❡/ *✉✣*❛♥/❡*

+2♦♣♦*✐"✐♦♥ ✶✷

❙♦✐% u ∈ L(E) ❛✈❡❝ E ❞❡ ❞✐♠❡♥.✐♦♥ ✜♥✐❡ n ∈ N∗. ❖♥ ❛ ❧❡. 79✉✐✈❛❧❡♥❝❡. .✉✐✈❛♥%❡.✳

u ❡.% ❞✐❛❣♦♥❛❧✐.❛❜❧❡
❞7❢✳

⇐⇒ ✐❧ ❡①✐.%❡ ✉♥❡ ❜❛.❡ B ❞❡ E %❡❧❧❡ 9✉❡MB(u) .♦✐% ❞✐❛❣♦♥❛❧❡ (1)

⇐⇒ ✐❧ ❡①✐.%❡ ✉♥❡ ❜❛.❡ B = (e1, . . . , en) ❞❡ E %❡❧❧❡ 9✉❡

∀i ∈ {1, . . . , n}, ∃λi ∈ K, u(ei) = λiei (2)

⇐⇒ E =
⊕

λ∈Sp(u)

Eλ(u) (3)

⇐⇒ dim(E) =
∑

λ∈Sp(u)

dim(Eλ(u)) (4)

⇐⇒ χu ❡.% .❝✐♥❞7 ❡%

∀λ ∈ Sp(u), dim(Eλ(u)) = mλ(u) (5)

+2❡✉✈❡✳

✷✶✺
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✷

❖♥ ❞♦♥♥❡ ❧✬'♥♦♥❝' ❝♦))❡*♣♦♥❞❛♥- ♣♦✉) ❧❡* ♠❛-)✐❝❡*✳

+2♦♣♦*✐"✐♦♥ ✶✸

❙♦✐- A ∈Mn(K) ❖♥ ❛ ❧❡* '3✉✐✈❛❧❡♥❝❡* *✉✐✈❛♥-❡*✳

A ❡*- ❞✐❛❣♦♥❛❧✐*❛❜❧❡
❞'❢✳

⇐⇒ ✐❧ ❡①✐*-❡ ✉♥❡ ♠❛-)✐❝❡ P ∈ GLn(K) -❡❧❧❡ 3✉❡ P−1AP *♦✐- ❞✐❛❣♦♥❛❧❡

⇐⇒ Mn,1(K) =
⊕

λ∈Sp(A)

Eλ(A)

⇐⇒ n =
∑

λ∈Sp(A)

dim(Eλ(A))

⇐⇒ χA ❡*- *❝✐♥❞' ❡- ∀λ ∈ Sp(A), dim(Eλ(A)) = mλ(A)

✷✶✻
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✾✳✺ ❚$✐❣♦♥❛❧✐+❛,✐♦♥

✾✳✺✳✶ ❉%✜♥✐)✐♦♥

❉$✜♥✐"✐♦♥ ✾

• ❙♦✐# A ∈ Mn(K)✳ ❖♥ ❞✐# (✉❡ A ❡+# #,✐❣♦♥❛❧✐+❛❜❧❡ +✬✐❧ ❡①✐+#❡ ✉♥❡ ♠❛#,✐❝❡ #,✐❛♥❣✉❧❛✐,❡ ✭+✉♣7,✐❡✉,❡ ♦✉ ✐♥❢7,✐❡✉,❡✮ T

+❡♠❜❧❛❜❧❡ : A.

• ❙♦✐# u ∈ L(E) ❛✈❡❝ E ❞❡ ❞✐♠❡♥+✐♦♥ ✜♥✐❡ n ∈ N∗✳ ❖♥ ❞✐# (✉❡ u ❡+# #,✐❣♦♥❛❧✐+❛❜❧❡✱ +✬✐❧ ❡①✐+#❡ ✉♥❡ ❜❛+❡ B ❞❡ E #❡❧❧❡ (✉❡

MB(u) +♦✐# #,✐❛♥❣✉❧❛✐,❡ ✭+✉♣7,✐❡✉,❡ ♦✉ ✐♥❢7,✐❡✉,❡✮✳

❘❡♠❛5'✉❡ ✶ ✿ ❯♥❡ ❝♦♥+7(✉❡♥❝❡ ❞✐,❡❝#❡ ❞❡ ❝❡##❡ ❞7✜♥✐#✐♦♥ ❡+# ❧✬7(✉✐✈❛❧❡♥❝❡ +✉✐✈❛♥#❡✳

u ❡+# #,✐❣♦♥❛❧✐+❛❜❧❡ ⇐⇒ MB(u) ❡+# #,✐❣♦♥❛❧✐+❛❜❧❡✳

❘❡♠❛5'✉❡ ✷ ✿ ❙✐ A ❡+# #,✐❣♦♥❛❧✐+❛❜❧❡✱ ❛❧♦,+ A ❡+# +❡♠❜❧❛❜❧❡ : ✉♥❡ ♠❛#,✐❝❡ #,✐❛♥❣✉❧❛✐,❡

T =









λ1 ⋆ . . . ⋆

0 λ2
✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳ ⋆

0 . . . 0 λn









❖♥ ❛ ❛❧♦,+ χA(X) = χT (X) = (X − λ1)(X − λ2) · · · (X − λn). ❊# ♣❛, ❝♦♥+7(✉❡♥#✱ ♦♥ ❛ ❧❛ ♣,♦♣♦+✐#✐♦♥ +✉✐✈❛♥#❡✳

+5♦♣♦*✐"✐♦♥ ✶✹

❙✐ A ∈Mn(K) ❡+# #,✐❣♦♥❛❧✐+❛❜❧❡✱ ❛❧♦,+ ❡❧❧❡ ❡+# +❡♠❜❧❛❜❧❡ : ✉♥❡ ♠❛#,✐❝❡ #,✐❛♥❣✉❧❛✐,❡ T ❞♦♥# ❧❡+ ❝♦❡✣❝✐❡♥#+ ❞✐❛❣♦♥❛✉① +♦♥#

❧❡+ ✈❛❧❡✉,+ ♣,♦♣,❡+ ❞❡ A ,7♣7#7❡+ ❛✈❡❝ ♠✉❧#✐♣❧✐❝✐#7✳

✾✳✺✳✷ ❈♦♥❞✐)✐♦♥ ♥%❝❡00❛✐2❡ ❡) 0✉✣0❛♥)❡

❖♥ ✈✐❡♥# ❞❡ ✈♦✐, (✉❡ +✐ A ❡+# #,✐❣♦♥❛❧✐+❛❜❧❡ ❛❧♦,+ χA(X) = (X − λ1)(X − λ2) · · · (X − λn) ❡+# ❞♦♥❝ χA ❡+# +❝✐♥❞7✳ ❖♥ ❛❞♠❡#

(✉❡ ❧❛ ,7❝✐♣,♦(✉❡ ❡+# ✈,❛✐❡✳

+5♦♣♦*✐"✐♦♥ ✶✺

• ❙♦✐# A ∈Mn(K)✳ ❆❧♦,+ ✿

χA ❡+# +❝✐♥❞7 +✉, K ⇐⇒ A ❡+# #,✐❣♦♥❛❧✐+❛❜❧❡✳

• ❙♦✐# u ∈ L(E) ♦C E ❡+# ✉♥ K✲❡+♣❛❝❡ ✈❡❝#♦,✐❡❧ ❞❡ ❞✐♠❡♥+✐♦♥ ✜♥✐❡✳ ❆❧♦,+ ✿

χu ❡+# +❝✐♥❞7 +✉, K ⇐⇒ u ❡+# #,✐❣♦♥❛❧✐+❛❜❧❡✳

E✉✐+(✉❡ +✉, C✱ #♦✉+ ❧❡+ ♣♦❧②♥G♠❡+ +♦♥# +❝✐♥❞7+ ✭C ❡+# ❛❧❣7❜,✐(✉❡♠❡♥# ❝❧♦+✮✱ ♦♥ ❛ ❧❡ ❝♦,♦❧❧❛✐,❡ +✉✐✈❛♥#✳

❈♦5♦❧❧❛✐5❡ ✻

❚♦✉#❡ ♠❛#,✐❝❡ A ❞❡ Mn(C) ❡+# #,✐❣♦♥❛❧✐+❛❜❧❡✳

❈♦♥*$'✉❡♥❝❡ ✿ ❙♦✐# A ∈Mn(K) ❛✈❡❝ K = R ♦✉ C. ❖♥ ♣❡✉# ❧❛ ❝♦♥+✐❞7,❡, ❝♦♠♠❡ ✉♥ 7❧❡♠❡♥# ❞❡ Mn(C) ❡# ❧❛ #,✐❣♦♥❛❧✐+❡, ✿

∃P ∈ GLn(C), P−1AP =









λ1 ⋆ . . . ⋆

0 λ2
✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳ ⋆

0 . . . 0 λn









= T

❊♥ ♣❛,#✐❝✉❧✐❡,✱ det(A) = det(T ) = λ1λ2 · · ·λn ❡# #,(A) =#,(T ) = λ1 + λ2 + · · ·+ λn. ❖♥ ❛ ❞♦♥❝ ❧❛ ♣,♦♣♦+✐#✐♦♥ +✉✐✈❛♥#❡✳

✷✶✼



▼❛"❤$♠❛"✐'✉❡* +❙■ ❙✳ ❉✐♦♥
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❙♦✐# A ∈Mn(K)✱ ♦♥ ♥♦#❡ λ1, . . . , λn '❡' ✈❛❧❡✉,' ♣,♦♣,❡' ❞❛♥' C ✱ ,/♣/#/❡' ❛✈❡❝ ♠✉❧#✐♣❧✐❝✐#/✳ ❖♥ ❛

det(A) = λ1 × λ2 × · · · × λn =
∏

λ∈Sp
C
(A)

λmλ(A)

#,(A) = λ1 + λ2 + · · ·+ λn =
∑

λ∈Sp
C
(A)

mλ(A).λ

❖♥ ❛ /❣❛❧❡♠❡♥#

χA(X) = χT (X) = (X − λ1)(X − λ2) · · · (λ−Xn)

= Xn − (λ1 + · · ·+ λn)
︸ ︷︷ ︸

= !(A)

Xn−1 + · · ·+ (−1)n λ1 × · · · × λn
︸ ︷︷ ︸

=det(A)

+2♦♣♦*✐"✐♦♥ ✶✼

• ❙♦✐# A ∈Mn(K)✳ ❖♥ ❛

χA(X) = Xn − #,(A)Xn−1 + · · ·+ (−1)n det(A).

• ❙♦✐# u ∈ L(E) ♦5 E ❡'# ✉♥ K−❡'♣❛❝❡ ✈❡❝#♦,✐❡❧ ❞❡ ❞✐♠❡♥'✐♦♥ n ∈ N
∗.✳ ❖♥ ❛

χu(X) = Xn − #,(u)Xn−1 + · · ·+ (−1)n det(u).

✾✳✺✳✸ ❯♥ ❡①❡♠♣❧❡ ♥✉♠,-✐/✉❡

▲❛ ♠/#❤♦❞❡ ❣/♥/,❛❧❡ ❞❡ #,✐❣♦♥❛❧✐'❛#✐♦♥ ♥✬❡'# ♣❛' ❛✉ ♣,♦❣,❛♠♠❡✳ ◆/❛♥♠♦✐♥'✱ ❞❛♥' ❞❡' ❝❛' '✐♠♣❧❡' ✭❧❡' ♠✉❧#✐♣❧✐❝✐#/' ❞❡' ✈❛❧❡✉,'

♣,♦♣,❡' ♥❡ ❞/♣❛''❡♥# ♣❛' 2✮✱ ✐❧ ❢❛✉# '❛✈♦✐, ♠❡♥❡, ❧❡' ❝❛❧❝✉❧' ❞❡ ♠❛♥✐=,❡ ❛✉#♦♥>♠❡✳

❖♥ ❞♦♥♥❡ /❣❛❧❡♠❡♥# ✉♥❡ ❢♦,♠❡ ♣♦''✐❜❧❡ ♣♦✉, ❧❛ ♠❛#,✐❝❡ #,✐❛♥❣✉❧❛✐,❡ T ✳

❙✐ A ❡'# #,✐❣♦♥❛❧✐'❛❜❧❡✱ ❡# '✐ λ1, . . . , λp '♦♥#

'❡' ✈❛❧❡✉,' ♣,♦♣,❡' ❞✐'#✐♥❝#❡' ❛✈❡❝ ♠✉❧#✐♣❧✐❝✐#/'

m1, . . . ,mp✱ ❛❧♦,' ♦♥ ❛❞♠❡# @✉❡ A ❡'# '❡♠❜❧❛❜❧❡ A

✉♥❡ ♠❛#,✐❝❡ T ❞❡ ❧❛ ❢♦,♠❡ '✉✐✈❛♥#❡✳

❉/#❡,♠✐♥❡, ❧❡' ✈❛❧❡✉,' ♣,♦♣,❡' ❡# ❧❡' '♦✉'✲❡'♣❛❝❡' ♣,♦♣,❡' ❞❡ A =





4 2 −2
1 5 −1
1 3 1



 .

✷✶✽
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▲❛ ♠❛#$✐❝❡ A ❡(#✲❡❧❧❡ ❞✐❛❣♦♥❛❧✐(❛❜❧❡ ❄

▲❛ ♠❛#$✐❝❡ A ❡(#✲❡❧❧❡ #$✐❣♦♥❛❧✐(❛❜❧❡ ❄

▼$"❤♦❞❡ ✶ ✿ ❖♥ ❝♦♠♣❧3#❡ ❧❛ ❢❛♠✐❧❧❡ ❞❡ ✈❡❝#❡✉$( ♣$♦♣$❡( ❡♥ ❜❛(❡✱ ♣✉✐( ♦♥ ❝❤❡$❝❤❡ ❧❛ ❢♦$♠❡ ❞❡ T.

✷✶✾



▼❛"❤$♠❛"✐'✉❡* +❙■ ❙✳ ❉✐♦♥

▼$"❤♦❞❡ ✷ ✿ ❖♥ ❝❤♦✐&✐' ❧❛ ❢♦+♠❡ ❞❡ T ✱ ♣✉✐& ♦♥ ❝❤❡+❝❤❡ ❧❡& ✈❡❝'❡✉+& ❞❡ ❧❛ ♥♦✉✈❡❧❧❡ ❜❛&❡✳

✾✳✻ ❉✐❛❣♦♥❛❧✐*❛+✐♦♥ ❡+ ♣♦❧②♥/♠❡* ❛♥♥✉❧❛+❡✉2*

✾✳✻✳✶ ▲✐❡♥ ❛✈❡❝ ❧❡, ✈❛❧❡✉., ♣.♦♣.❡,

+5♦♣♦*✐"✐♦♥ ✶✽

• ❙♦✐❡♥' A ∈Mn(K)✱ λ ∈ K ❡' P (X) = adX
d+ · · ·+a1X+a0 ✉♥ ♣♦❧②♥7♠❡ ❛♥♥✉❧❛'❡✉+ ❞❡ A. ❖♥ ❛ ❧✬✐♠♣❧✐❝❛'✐♦♥ &✉✐✈❛♥'❡✳

λ ∈ Sp(A) =⇒ P (λ) = 0.

• ❙♦✐❡♥' u ∈ L(E) ✭❛✈❡❝ E ✉♥ K− ❡&♣❛❝❡ ✈❡❝'♦+✐❡❧ ❞❡ ❞✐♠❡♥&✐♦♥ ✜♥✐❡✮✱ λ ∈ K ❡' P (X) = adX
d + · · · + a1X + a0 ✉♥

♣♦❧②♥7♠❡ ❛♥♥✉❧❛'❡✉+ ❞❡ u. ❖♥ ❛ ❧✬✐♠♣❧✐❝❛'✐♦♥ &✉✐✈❛♥'❡✳

λ ∈ Sp(u) =⇒ P (λ) = 0.

+5❡✉✈❡✳ ✭❊✶✮ ❖♥ ♠♦♥'+❡ ❧❡ ♣+❡♠✐❡+ ♣♦✐♥'✳

✷✷✵
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✷

 ❧✉# ❣%♥%'❛❧❡♠❡♥+✱ ♦♥ ♠♦♥+'❡ ❧❡ '%#✉❧+❛+ #✉✐✈❛♥+ ✭✐❧ #✉✣+ ❞✬4+❡' ❧✬❤②♣♦+❤8#❡ P (A) = 0 ❞❛♥# ❧✬❡①❡'❝✐❝❡ ♣'%❝%❞❡♥+✳

• ❙♦✐❡♥+ A ∈Mn(K)✱ λ ∈ K ❡+ P (X) = adX
d + · · ·+ a1X + a0 ✉♥ ♣♦❧②♥4♠❡✳ ❖♥ ❛ ❧✬✐♠♣❧✐❝❛+✐♦♥ #✉✐✈❛♥+❡✳

λ ∈ Sp(A) =⇒ P (λ) ∈ Sp(P (A)).

• ❙♦✐❡♥+ u ∈ L(E) ✭❛✈❡❝ E ✉♥ K− ❡#♣❛❝❡ ✈❡❝+♦'✐❡❧ ❞❡ ❞✐♠❡♥#✐♦♥ ✜♥✐❡✮✱ λ ∈ K ❡+ P (X) = adX
d + · · · + a1X + a0 ✉♥

♣♦❧②♥4♠❡✳ ❖♥ ❛ ❧✬✐♠♣❧✐❝❛+✐♦♥ #✉✐✈❛♥+❡✳

λ ∈ Sp(u) =⇒ P (λ) ∈ Sp(P (u)).

❖♥ ♠♦♥+'❡ ❧❡ #❡❝♦♥❞ ♣♦✐♥+ ✭♣♦✉' ❝❤❛♥❣❡' ✉♥ ♣❡✉ ✦✮✳

❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❙♦✐+ A ∈M5(R) +❡❧❧❡ A✉❡
A3 − 4A2 + 3A = 0 ❡+ +'(A) = 11.

❈❛❧❝✉❧❡' ❧❡ ♣♦❧②♥4♠❡ ❝❛'❛❝+%'✐#+✐A✉❡ ❞❡ A.

✷✷✶
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❖♥ ✈✐❡♥% ❞❡ ✈♦✐( )✉❡ +✐ ♦♥ ❞✐+♣♦+❡ ❞✬✉♥ ♣♦❧②♥0♠❡ ❛♥♥✉❧❛%❡✉( ❞❡ A ❛❧♦(+ ❧❡+ +❡✉❧❡+ ✈❛❧❡✉(+ ♣(♦♣(❡+ ❞❡ A +♦♥% ♣❛(♠✐ ❧❡+ (❛❝✐♥❡+

❞❡ ❝❡ ♣♦❧②♥0♠❡✳ ❘6❝✐♣(♦)✉❡♠❡♥%✱ +✐ ♦♥ ❞✐+♣♦+❡ ❞❡+ ✈❛❧❡✉(+ ♣(♦♣(❡+ ❡% ❞❡ ❧❡✉(+ ♠✉❧%✐♣❧✐❝✐%6+ (❡+♣❡❝%✐✈❡+✱ ♦♥ ♣❡✉% %(♦✉✈❡( ✉♥

♣♦❧②♥0♠❡ ❛♥♥✉❧❛%❡✉( ❞❡ A.

+2♦♣♦*✐"✐♦♥ ✶✾ ✭❚❤$♦28♠❡ ❞❡ ❈❛②❧❡②✲❍❛♠✐❧"♦♥✮

• ❙♦✐% A ∈Mn(K)✳ ▲❡ ♣♦❧②♥0♠❡ ❝❛(❛❝%6(✐+%✐)✉❡ ❞❡ A ❡+% ✉♥ ♣♦❧②♥0♠❡ ❛♥♥✉❧❛%❡✉( ❞❡ A.

• ❙♦✐% u ∈ L(E) ❛✈❡❝ E ❞❡ ❞✐♠❡♥+✐♦♥ ✜♥✐❡✳

▲❡ ♣♦❧②♥0♠❡ ❝❛(❛❝%6(✐%✐)✉❡ ❞❡ u ❡+% ✉♥ ♣♦❧②♥0♠❡ ❛♥♥✉❧❛%❡✉( ❞❡ u.

❊♥ ❣✉✐+❡ ❞✬❡①❡(❝✐❝❡✱ ♠♦♥%(♦♥+ ❧❡ %❤6♦(?♠❡ ❞❡ ❈❛②❧❡②✲❍❛♠✐❧%♦♥ ♣♦✉( ✉♥❡ ♠❛%(✐❝❡ A ❞✐❛❣♦♥❛❧✐+❛❜❧❡✳

✷✷✷
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✾✳✻✳✷ ◆♦✉✈❡❧❧❡* ❝♦♥❞✐/✐♦♥* ♥0❝❡**❛✐2❡* ❡/ *✉✣*❛♥/❡*

❖♥ ❛❞♠❡& ❧❛ ♣)♦♣♦+✐&✐♦♥ +✉✐✈❛♥&❡ /✉✐ ❞♦♥♥❡ ❞❡ ♥♦✉✈❡❧❧❡+ ❝♦♥❞✐&✐♦♥+ ♥1❝❡++❛✐)❡+ ❡& +✉✣+❛♥&❡+ ❞❡ ❞✐❛❣♦♥❛❧✐+❛❜✐❧✐&1✳ ❖♥ ❧✬1♥♦♥❝❡

♣♦✉) ✉♥❡ ♠❛&)✐❝❡✱ ✉♥❡ ♣)♦♣♦+✐&✐♦♥ ❛♥❛❧♦❣✉❡ ❡①✐+&❡ ♣♦✉) ❧❡+ ❡♥❞♦♠♦)♣❤✐+♠❡+ ❡♥ ❞✐♠❡♥+✐♦♥ ✜♥✐❡✳

+2♦♣♦*✐"✐♦♥ ✷✵

❙♦✐& A ∈Mn(K)✳ ❖♥ ❛ ❧❡+ 1/✉✐✈❛❧❡♥❝❡+ +✉✐✈❛♥&❡+✳

A ❡+& ❞✐❛❣♦♥❛❧✐+❛❜❧❡ ⇐⇒ ✐❧ ❡①✐+&❡ P ∈ K[X] +❝✐♥❞1 < )❛❝✐♥❡+ +✐♠♣❧❡+ &❡❧ /✉❡ P (A) = 0,

⇐⇒ ❧❡ ♣♦❧②♥>♠❡ +❝✐♥❞1 < )❛❝✐♥❡+ +✐♠♣❧❡+ +✉✐✈❛♥& ❛♥♥✉❧❡ A

P0(X) =
∏

λ∈Sp(A)

(X − λ) = (X − λ1) · · · (X − λp) ❛✈❡❝ λ1, . . . , λp ❞✐+&✐♥❝&+✳

❘❡♠❛2'✉❡ ✿ ▲❡ ♣♦❧②♥>♠❡ P0 ♣❡✉& +✬♦❜&❡♥✐) < ♣❛)&✐) ❞✉ ♣♦❧②♥>♠❡ ❝❛)❛❝&1)✐+&✐/✉❡✱ ❡♥ ✓ ❡♥❧❡✈❛♥& ❧❡+ ♠✉❧&✐♣❧✐❝✐&1+ ✔✳ ➚ ✉♥❡

❝♦♥+&❛♥&❡ ♠✉❧&✐♣❧✐❝❛&✐✈❡ ♣)C+✱ ♦♥ ♣❡✉& ♠♦♥&)❡) /✉❡ ❝✬❡+& ❧❡ ♣♦❧②♥>♠❡ ♥♦♥ ♥✉❧ ❞❡ ♣❧✉+ ♣❡&✐& ❞❡❣)1 /✉✐ ❛♥♥✉❧❡ A.

❊①❡♠♣❧❡ ✾✳✾✳

• ❙✐ p ❡#$ ✉♥ ♣(♦❥❡❝$❡✉(✱ ❛❧♦(# P (X) = X2 − X = X(X − 1) ❡#$ ✉♥ ♣♦❧②♥0♠❡ #❝✐♥❞3 4 (❛❝✐♥❡# #✐♠♣❧❡# 5✉✐ ❛♥♥✉❧❡ p✳ ❖♥

(❡$(♦✉✈❡ ❞♦♥❝ 5✉❡ p ❡#$ ❞✐❛❣♦♥❛❧✐#❛❜❧❡✳

• ❙✐ s ❡#$ ✉♥❡ #②♠3$(✐❡✱ ❛❧♦(# P (X) = X2 − 1 = (X + 1)(X − 1) ❡#$ ✉♥ ♣♦❧②♥0♠❡ #❝✐♥❞3 4 (❛❝✐♥❡# #✐♠♣❧❡# 5✉✐ ❛♥♥✉❧❡ s✳ ❖♥

(❡$(♦✉✈❡ ❞♦♥❝ 5✉❡ s ❡#$ ❞✐❛❣♦♥❛❧✐#❛❜❧❡✳

❊①❡2❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❉✐❛❣♦♥❛❧✐+❡) ❧❛ ♠❛&)✐❝❡ J ∈Mn(K) ❞♦♥& &♦✉+ ❧❡+ ❝♦❡✣❝✐❡♥&+ +♦♥& 1❣❛✉① < 1.

✷✷✸
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❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❙♦✐# A ∈Mn(C). ▼♦♥#&❡& (✉❡ ❧❡+ ♣&♦♣&✐-#-+ +✉✐✈❛♥#❡+ +♦♥# ❞❡✉①✲3✲❞❡✉① -(✉✐✈❛❧❡♥#❡+✳

✶✳ A ❡+# ♥✐❧♣♦#❡♥#❡

✷✳ ❙♣(A) = {0}
✸✳ χA(λ) = λn

✹✳ An = 0

+4♦♣♦*✐"✐♦♥ ✷✶

❙♦✐# u ∈ L(E) ❛✈❡❝ E ❞❡ ❞✐♠❡♥+✐♦♥ ✜♥✐❡✳

❙✐ u ❡+# ❞✐❛❣♦♥❛❧✐+❛❜❧❡✱ +❡+ ❡♥❞♦♠♦&♣❤✐+♠❡+ ✐♥❞✉✐#+ ❧❡ +♦♥# -❣❛❧❡♠❡♥#✳

+4❡✉✈❡✳ ✭❉✷✮

✷

✷✷✹
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❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✸✮

❙♦✐❡♥% u, v ∈ L(E) ❛✈❡❝ E ❞❡ ❞✐♠❡♥+✐♦♥ ✜♥✐❡✳ ❖♥ +✉♣♣♦+❡ 1✉❡ u ❡% v +♦♥% ❞✐❛❣♦♥❛❧✐+❛❜❧❡+✳

▼♦♥%6❡6 1✉❡ +✐ u ◦ v = v ◦ u ❛❧♦6+ u ❡% v ❞✐❛❣♦♥❛❧✐+❡♥% ❞❛♥+ ✉♥❡ ♠7♠❡ ❜❛+❡✳

❘❡♠❛4'✉❡ ✿ ❈❡ 69+✉❧%❛% +✬9♥♦♥❝❡ ❛✐♥+✐ ❞❛♥+ Mn(K) ✿ ❙♦✐❡♥% A,B ∈Mn(K) %❡❧❧❡+ 1✉❡ AB = BA.

❙✐ A ❡% B +♦♥% ❞✐❛❣♦♥❛❧✐+❛❜❧❡+ ❛❧♦6+ ❡❧❧❡+ ❞✐❛❣♦♥❛❧✐+❡♥% ❞❛♥+ ✉♥❡ ♠7♠❡ ❜❛+❡✱ ❝✬❡+%✲>✲❞✐6❡ 1✉✬✐❧ ❡①✐+%❡ P ∈ GLn(K) %❡❧❧❡ 1✉❡
P−1AP ❡% P−1BP +♦✐❡♥% ❞✐❛❣♦♥❛❧❡+✳

✷✷✺
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✾✳✼ ❆♣♣❧✐❝❛)✐♦♥, ❞❡ ❧❛ /0❞✉❝)✐♦♥

✾✳✼✳✶ ❈❛❧❝✉❧) ❞❡ ♣✉✐))❛♥❝❡)

▼$"❤♦❞❡ ✶ ✿ 5 ❧✬❛✐❞❡ ❞❡ ❧❛ ♠❛"8✐❝❡ 8$❞✉✐"❡ ✭❊✶✮

❊①❡♠♣❧❡ ✾✳✶✵✳ ❖♥ "❡♣"❡♥❞ ❧❛ ♠❛)"✐❝❡ A =





1 2 −1
2 1 −1
4 −2 0




❞✉ ♣❛"❛❣"❛♣❤❡ ✾✳✹✳✶✳ ❈❛❧❝✉❧❡" An.

❖♥ "❛♣♣❡❧❧❡ '✉❡ D =





−1 0 0
0 1 0
0 0 2



 = P−1AP ❛✈❡❝ P =





0 1 1
1 1 1
2 2 1




✳

✷✷✻
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▼$"❤♦❞❡ ✷ ✿ 5 ❧✬❛✐❞❡ ❞✬✉♥ ♣♦❧②♥:♠❡ ❛♥♥✉❧❛"❡✉; ✭❊✶✮

❊①❡♠♣❧❡ ✾✳✶✶✳ ❙♦✐# B =





−3 −2 −2
2 1 2
3 3 2



 . ❈❛❧❝✉❧❡* Bn.

✷✷✼
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✾✳✼✳✷ ❘%&♦❧✉*✐♦♥ ❞❡ &②&*0♠❡& ❞✐✛%3❡♥❝✐❡❧&

❊①❡♠♣❧❡ ✾✳✶✷✳ ❖♥ "❡♣"❡♥❞ ❧❛ ♠❛)"✐❝❡ A =





1 2 −1
2 1 −1
4 −2 0




❞✉ ♣❛"❛❣"❛♣❤❡ ✾✳✹✳✶✳

❖♥ "❛♣♣❡❧❧❡ 3✉❡ D =





−1 0 0
0 1 0
0 0 2



 = P−1AP ❛✈❡❝ P =





0 1 1
1 1 1
2 2 1




✳

❘67♦✉❞"❡ ❧❡ 7②7):♠❡ ❞✐✛6"❡♥)✐❡❧ S :







x′ = x+ 2y − z

y′ = 2x+ y − z

z′ = 4x− 2y

 ❧✉# ❣%♥%'❛❧❡♠❡♥+✱ ♦♥ ♣♦✉''❛✐+ ❞%♠♦♥+'❡' 1✉❡ #✐ A ∈Mn(K) ❡#+ ✉♥❡ ♠❛+'✐❝❡ ❞✐❛❣♦♥❛❧✐#❛❜❧❡✱ ❡+ #✐ (X1, . . . , Xn) ❡#+ ✉♥❡ ❜❛#❡
❞❡ ✈❡❝+❡✉'# ♣'♦♣'❡# ❞❡ A ❛##♦❝✐%# ❛✉① ✈❛❧❡✉'# ♣'♦♣'❡# λ1, . . . , λn✱ ❛❧♦'#✱ ♣♦✉' +♦✉+❡ ❛♣♣❧✐❝❛+✐♦♥ X : t ∈ R 7−→ X(t) ∈Mn,1(K)
❞%'✐✈❛❜❧❡✱ ♦♥ ❛ ✿

(

∀t ∈ R, X ′(t) = AX(t)
)

⇐⇒
(

∃(C1, . . . , Cn) ∈ K
n, ∀t ∈ R, X(t) = C1e

λ1tX1 + · · ·+ Cne
λ1tXn

)

✷✷✽
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✾✳✼✳✸ ❈♦♠♠✉(❛♥(+ ✭❊✷✮

❊①❡♠♣❧❡ ✾✳✶✸✳ ❖♥ "❡♣"❡♥❞ ❧❛ ♠❛)"✐❝❡ A =





1 2 −1
2 1 −1
4 −2 0




❞✉ ♣❛"❛❣"❛♣❤❡ ✾✳✹✳✶✳

❉4)❡"♠✐♥❡" ❧❡ ❝♦♠♠✉)❛♥) ❞❡ A ✿ Com(A) = {M ∈M3(R), AM = MA}.
7✉✐8 ❞4♠♦♥)"❡" 9✉❡ Com(A) = Vect{I3, A,A2}✳

✷✷✾
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✷✸✵
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❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✸✮

❙♦✐❡♥% λ1, . . . , λq ❞❡' '❝❛❧❛✐+❡' ❞✐'%✐♥❝%' ❡% n1, . . . , nq ❞❡' ❡♥%✐❡+' ♥❛%✉+❡❧' ♥♦♥ ♥✉❧✳

❖♥ ♥♦%❡ n = n1 + · · ·+ nq ❡% A =









λ1In1
0 · · · 0

0 λ2In2

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳ 0
0 · · · 0 λqInq









∈Mn(K).

❉0%❡+♠✐♥❡+ Com(A).

✾✳✼✳✹ ➱%✉❛(✐♦♥, ♠❛(.✐❝✐❡❧❧❡,

❊①❡♠♣❧❡ ✾✳✶✹✳ ❉✐❛❣♦♥❛❧✐'❡) C =





1 0 0
2 2 0
1 2 3



 .

❊♥ ❞,❞✉✐)❡ ❧❡' ♠❛/)✐❝❡' M ∈M3(R) /❡❧❧❡' 1✉❡ M2 = C.

✷✸✶
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✷✸✷


