
❈❤❛♣✐%&❡ ✽

❈❛❧❝✉❧ ♠❛&'✐❝✐❡❧ ❡& ❞+&❡'♠✐♥❛♥&-

❉❛♥# $♦✉$ ❝❡ )✉✐ #✉✐$✱ K ❞-#✐❣♥❡/❛ ✐♥❞✐✛-/❡♠♠❡♥$ ❧❡ ❝♦/♣# R ♦✉ ❧❡ ❝♦/♣# C.

✽✳✶ ❖♣%&❛(✐♦♥, ❛❧❣%❜&✐0✉❡, ,✉& ❧❡, ♠❛(&✐❝❡,

✽✳✶✳✶ ❙$%✉❝$✉%❡ ❞✬❡+♣❛❝❡ ✈❡❝$♦%✐❡❧

❙✐ A = [ai,j ], B = [bi,j ] ∈Mn,p(K) ❡$ α, β ∈ K, ♦♥ ❞-✜♥✐$

αA+ βB = [αai,j + βbi,j ]

▲✬❡♥#❡♠❜❧❡Mn,p(K)✱ ♠✉♥✐ ❞❡# ❧♦✐# + ❡$ . ❛✐♥#✐ ❞-✜♥✐❡#✱ ❡#$ ✉♥ K✲❡"♣❛❝❡ ✈❡❝'♦)✐❡❧ ❞❡ ❞✐♠❡♥#✐♦♥ ✜♥✐❡ -❣❛❧❡ 9 n× p.

:♦✉/ (i, j) ∈ {1, . . . , n} × {1, . . . , p} ♦♥ ♥♦$❡ Ei,j ❧❛ ♠❛$/✐❝❡ ❞❡ Mn,p(K) ❞♦♥$ $♦✉# ❧❡# ❝♦❡✣❝✐❡♥$# #♦♥$ ♥✉❧#✱ #❛✉❢ ❝❡❧✉✐ ❡♥

♣♦#✐$✐♦♥ (i, j) )✉✐ ✈❛✉$ 1. ❆❧♦/# ❧❛ ❢❛♠✐❧❧❡
(

Ei,j

)

(i,j)∈{1,...,n}×{1,...,p}
❡#$ ✉♥❡ ❜❛#❡ ❞❡Mn,p(K) ❛♣♣❡❧-❡ ❜❛#❡ ❝❛♥♦♥✐)✉❡✳

✽✳✶✳✷ 3%♦❞✉✐$

❊♥ ♣❧✉# ❞❡# ❧♦✐# ❧✐-❡# 9 ❧❛ #$/✉❝$✉/❡ ❞✬❡#♣❛❝❡ ✈❡❝$♦/✐❡❧✱ ♦♥ ♣❡✉$ ❞-✜♥✐/ ❧❡ ♣/♦❞✉✐$ AB ❞❡ ❞❡✉① ♠❛$/✐❝❡# A ∈ Mn,p(K) ❡$
B ∈Mp,q(K). :❛/ ❡①❡♠♣❧❡✱ ❝❛❧❝✉❧❡/ AB ❧♦/#)✉❡

(
2 0 3
1 1 4

)

= B

A =







0 3
1 2
4 0
1 1



















= AB.

❉✬✉♥❡ ♠❛♥✐B/❡ ❣-♥-/❛❧❡✱ #✐ A = [ai,j ] ∈Mn,p(K) ❡$ B = [bi,j ] ∈Mp,q(K)✱ ♦♥ ❞-✜♥✐$ ❧❡ ♣/♦❞✉✐$ C = AB = [ci,j ] ♣❛/

ci,j =

✶✻✾
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✽✳✶✳✸ ■♥✈❡()❡

❉$✜♥✐"✐♦♥ ✶

❙♦✐# M ∈Mn(K). ❖♥ ❞✐# '✉❡ M ❡*# ✐♥✈❡,*✐❜❧❡ *✬✐❧ ❡①✐*#❡ ✉♥❡ ♠❛#,✐❝❡ N ∈Mn(K) #❡❧❧❡ '✉❡

M ×N = N ×M = In.

❉❛♥* ❝❡ ❝❛*✱ ❧❛ ♠❛#,✐❝❡ N ❡*# ❛♣♣❡❧7❡ ✐♥✈❡,*❡ ❞❡ M ❡# ♦♥ ❧❛ ♥♦#❡ N = M−1.

▲✬❡♥*❡♠❜❧❡ ❞❡* ♠❛#,✐❝❡* ✐♥✈❡,*✐❜❧❡* ❞❡ Mn(K) ❡*# ✉♥ ❣,♦✉♣❡✱ ❛♣♣❡❧7 ❣5♦✉♣❡ ❧✐♥$❛✐5❡ ❡# ♥♦#7 GLn(K).

❊①❡♠♣❧❡ ✽✳✶✳ ❖♥ ♥♦#❡ J ∈Mn(R) ❧❛ ♠❛#(✐❝❡ ❞♦♥# #♦✉- ❧❡- ❝♦❡✣❝✐❡♥#- -♦♥# /❣❛✉① 2 1 ❡# M = J + In.

❊①♣(✐♠❡( M2
2 ❧✬❛✐❞❡ M ❡# ❞❡ In.

❊♥ ❞/❞✉✐(❡ 6✉❡ M ❡-# ✐♥✈❡(-✐❜❧❡ ❡# ❝❛❧❝✉❧❡( M−1.

❊①❡♠♣❧❡ ✽✳✷✳ ❈❛❧❝✉❧❡( ❧✬✐♥✈❡(-❡ ❞❡ ❧❛ ♠❛#(✐❝❡ P =





−2 2 3
1 −1 −1

−2 1 2



 .

✶✼✵
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+2♦♣♦*✐"✐♦♥ ✶ ✭❈❛2❛❝"$2✐*❛"✐♦♥✮

❙♦✐# A ∈Mn(K)✳ ❖♥ ❛ ❧❡* +,✉✐✈❛❧❡♥❝❡* *✉✐✈❛♥#❡*✳

A ❡*# ✐♥✈❡0*✐❜❧❡ ⇐⇒ Im(A) =Mn,1(K)

⇐⇒ rg(A) = n

⇐⇒ Ker(A) = {0}

⇐⇒ det(A) 6= 0

❊# ♣❛0 ❝♦♥#0❛♣♦*+❡ ✿

A ♥✬❡*# ♣❛* ✐♥✈❡0*✐❜❧❡ ⇐⇒ rg(A) < n

⇐⇒ ∃X ∈Mn,1(K), #❡❧ ,✉❡ X 6= 0 ❡# AX = 0

⇐⇒ det(A) = 0

✽✳✶✳✹ ❈❛❧❝✉❧) ♣❛+ ❜❧♦❝)

❊♥ ✉#✐❧✐*❛♥# ❧❛ ❞+✜♥✐#✐♦♥ ❞❡ ♣0♦❞✉✐# ♠❛#0✐❝✐❡❧✱ ♦♥ ♣❡✉# ❞+♠♦♥#0❡0 ❧❡ 0+*✉❧#❛# *✉✐✈❛♥#✳

+2♦♣♦*✐"✐♦♥ ✷

➚ ❝♦♥❞✐#✐♦♥ ,✉❡ ❧❡* #❛✐❧❧❡* ❞❡* ♠❛#0✐❝❡* A,B,C,D, T, U, V,W *♦✐❡♥# ❝♦❤+0❡♥#❡*✱ ♣❡✉# ❞✐0❡❝#❡♠❡♥# ❡✛❡❝#✉❡0 ❧❡* ❝❛❧❝✉❧*

*✉✐✈❛♥#*✳

• ▲✐♥$❛2✐"$ ✿

λ

(
A B

C D

)

+ µ

(
T U

V W

)

=

(
λA+ µT λB + µU

λC + µV λD + µW

)

.

• +2♦❞✉✐" ♣❛2 ❜❧♦❝* ✿

(
A B

C D

)

×

(
T U

V W

)

=

(
AT +BV AU +BW

CT +DV CU +DW

)

.

• ❚2❛♥*♣♦*✐"✐♦♥ ✿
(
A B

C D

)T

=

(
AT CT

BT DT

)

.

■❧❧✉*"2❛"✐♦♥ ✿ ❆""❡♥"✐♦♥ A ❧✬♦2❞2❡ ❞❡* ♠❛"2✐❝❡* ❞❛♥* ❧❡ ♣2♦❞✉✐" ✭♥♦♥ ❝♦♠♠✉"❛"✐❢✮ ✦

❘❡♠❛2'✉❡ ✿ ❝❡* ❢♦0♠✉❧❡* *❡ ❣+♥+0❛❧✐*❡♥# ❢❛❝✐❧❡♠❡♥# ❞❛♥* ❧❡ ❝❛* ♦? ❧❡* ❜❧♦❝* *♦♥# ♣❧✉* ✭♦✉ ♠♦✐♥*✮ ♥♦♠❜0❡✉①✳

✶✼✶
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❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✷✮

❙♦✐❡♥% A,B ∈Mn(R) ❡% M =

(
A B

0n In

)

∈M2n(R).

✶✳ ▼♦♥%)❡) *✉❡ ,✐ A ♥✬❡,% ♣❛, ✐♥✈❡),✐❜❧❡✱ ❛❧♦), M ♥❡ ❧✬❡,% ♣❛, ♥♦♥ ♣❧✉,✳

✷✳ ▼♦♥%)❡) *✉❡ ,✐ A ❡,% ✐♥✈❡),✐❜❧❡✱ ❛❧♦), M ❧✬❡,% ❛✉,,✐ ❡% ❞❛♥, ❝❡ ❝❛,✱ ❞7%❡)♠✐♥❡) M−1.

✽✳✶✳✺ $♦❧②♥)♠❡, ❞❡ ♠❛/0✐❝❡,

❉$✜♥✐"✐♦♥ ✷

❙♦✐% n ∈ N
∗
❡% M ∈Mn(K).

• ❖♥ ♣♦,❡ M0 = In ❡% ♣♦✉) k ∈ N
∗
✱ Mk = M ×M × · · · ×M

︸ ︷︷ ︸

k fois

✳

• ❙✐ P (X) = a0 + a1X + · · ·+ anX
n ∈ K[X]✱ ♦♥ ♣♦,❡ P (M) = a0M

0 + a1M
1 + · · · anM

n = a0In + a1M + · · · anM
n.

❖♥ )❡♠❛)*✉❡ *✉❡ Mk
❡% P (M) ,♦♥% ❞❡, ♠❛%)✐❝❡, ❞❡ Mn(K).

❉$✜♥✐"✐♦♥ ✸

❙♦✐❡♥% n ∈ N
∗
❡% M ∈ Mn(K) ❡% P ∈ K[X]✳ ❖♥ ❞✐% *✉❡ P ❡,% ✉♥ ♣♦❧②♥?♠❡ ❛♥♥✉❧❛"❡✉4 ❞❡ M ,✐ P (M) = 0Mn(K)

✭♠❛%)✐❝❡ ♥✉❧❧❡✮✳

❖♥ ♣❡✉% ❞7♠♦♥%)❡) ❧❛ ♣)♦♣♦,✐%✐♦♥ ,✉✐✈❛♥%❡✳

✶✼✷
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+2♦♣♦*✐"✐♦♥ ✸

❙♦✐❡♥% n ∈ N
∗
❡% M ∈Mn(K) ❡% P,Q ∈ K[X].

• (P ×Q)(M) = P (M)×Q(M),

• ❊% ❝♦♠♠❡ P ×Q = Q× P ✱ P (M)×Q(M) = Q(M)× P (M) ✭✐✳❡✳ ❧❡- ♠❛%/✐❝❡ P (M) ❡% Q(M) ❝♦♠♠✉%❡♥%✮✳

• ❙✐ P ❡-% ✉♥ ♣♦❧②♥4♠❡ ❛♥♥✉❧❛%❡✉/ ❞❡ M ✱ %♦✉- -❡- ♠✉❧%✐♣❧❡- ❧❡ -♦♥% ❛✉--✐✳

❆♣♣❧✐❝❛"✐♦♥ ❛✉ ❝❛❧❝✉❧ ❞✬✐♥✈❡2*❡* ✿

❊①❡♠♣❧❡ ✽✳✸✳ ❙♦✐# M ∈ Mn(K) #❡❧❧❡ &✉❡ P (X) = X3 + 3X2 −X + 2 ❡(# ✉♥ ♣♦❧②♥,♠❡ ❛♥♥✉❧❛#❡✉/ ❞❡ M ✳ ▼♦♥#/❡/ &✉❡ M

❡(# ✐♥✈❡/(✐❜❧❡ ❡# ❞5#❡/♠✐♥❡/ M−1.

❊①❡♠♣❧❡ ✽✳✹✳ ❙♦✐# M ∈ Mn(K) ✉♥❡ ♠❛#/✐❝❡ ♥✐❧♣♦#❡♥#❡ ❞✬✐♥❞✐❝❡ p. ▼♦♥#/❡/ &✉❡ N = M − In ❡(# ✐♥✈❡/(✐❜❧❡ ❡# ❞5#❡/♠✐♥❡/

N−1
❡♥ ❢♦♥❝#✐♦♥ ❞❡ M.

✽✳✶✳✻ ❋♦&♠✉❧❡ ❞✉ ❜✐♥/♠❡ ❞❡ ◆❡✇2♦♥

❖♥ /❛♣♣❡❧❧❡ ❧❛ ♣/♦♣♦-✐%✐♦♥ -✉✐✈❛♥%❡✳

+2♦♣♦*✐"✐♦♥ ✹

❙♦✐❡♥% A,B ∈Mn(K) ❞❡✉① ♠❛%/✐❝❡-✳ ❖♥ -✉♣♣♦-❡ 9✉❡ A ❡% B ❝♦♠♠✉%❡♥%✱ ❝✬❡-%✲<✲❞✐/❡ 9✉❡ AB = BA. ❖♥ ❛ ❛❧♦/- ✿

∀n ∈ N, (A+B)n =
n∑

k=0

(
n

k

)

AkBn−k.

✶✼✸
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❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❈❛❧❝✉❧❡& ❧❡' ♣✉✐''❛♥❝❡' ❞❡ ❧❛ ♠❛-&✐❝❡ A =





1 1 0
0 1 0
0 0 2



 .

❘❡♠❛4'✉❡ ✿ ❙✐ A ❡- B ♥❡ ❝♦♠♠✉-❡♥- ♣❛'✱ ❧❡ &1'✉❧-❛- ❡'- ❢❛✉①✳ 5❛& ❡①❡♠♣❧❡✱ '✐ AB 6= BA ❛❧♦&'

(A+B)2 = (A+B).(A+B) = A2 +AB +BA+B2 6= A2 + 2AB +B2.

✶✼✹
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✽✳✷ ▼❛%&✐❝❡* ❞❡ ✈❡❝%❡✉&*✱ ❞✬❛♣♣❧✐❝❛%✐♦♥* ❧✐♥4❛✐&❡*

✽✳✷✳✶ ▼❛&'✐❝❡ ❞✬✉♥ ✈❡❝&❡✉' ❞❛♥0 ✉♥❡ ❜❛0❡

❙♦✐# E ✉♥ K✲❡(♣❛❝❡ ✈❡❝#♦-✐❡❧ ❞❡ ❞✐♠❡♥(✐♦♥ n ❡# B = (e1, . . . , en) ✉♥❡ ❜❛(❡ ❞❡ E. ❙♦✐# x ∈ E ❡# (x1, . . . , xn) (❡( ❝♦♦-❞♦♥♥2❡(
❞❛♥( ❧❛ ❜❛(❡ B. ❖♥ ❛♣♣❡❧❧❡ ♠❛#-✐❝❡ ❞❡ x ❞❛♥( ❧❛ ❜❛(❡ B ❧❡ ✈❡❝#❡✉- ❝♦❧♦♥♥❡

X =MB(x) =






x1

✳

✳

✳

xn




 ∈Mn,1(K).

✽✳✷✳✷ ▼❛&'✐❝❡ ❞❡ ♣❛00❛❣❡

❙♦✐# E ✉♥ K✲❡(♣❛❝❡ ✈❡❝#♦-✐❡❧ ❞❡ ❞✐♠❡♥(✐♦♥ n✳ ❖♥ (❡ ❞♦♥♥❡ B = (e1, . . . , en) ❡# B
′ = (e′1, . . . , e

′
n) ❞❡✉① ❜❛(❡( ❞❡ E✳ ❖♥ ❛♣♣❡❧❧❡

♠❛#-✐❝❡ ❞❡ ♣❛((❛❣❡ ❞❡ B 7 B′ ❧❛ ♠❛#-✐❝❡ PB,B′ ∈ Mn(K) ❞♦♥# ❧❡( ❝♦❧♦♥♥❡( (♦♥# ❧❡( ❝♦♦-❞♦♥♥2❡( ❞❡ e′1, . . . , e
′
n ❞❛♥( ❧❛ ❜❛(❡

B = (e1, . . . , en).

❊①❡♠♣❧❡ ✽✳✺✳ ❉❛♥# E = R2[X]✱ %❝'✐'❡ PB,B′
♦+ B ❡#, ❧❛ ❜❛#❡ ❝❛♥♦♥✐/✉❡ ❡,

B′ = (P1, P2, P3) =
(

X(X − 1), X(X + 1), (X − 1)(X + 1)
)

.

❖♥ ✈%'✐✜❡'❛ ❛✉ ♣'%❛❧❛❜❧❡✱ /✉❡ B′ ❡#, ❜✐❡♥ ✉♥❡ ❜❛#❡ ❞❡ E.

❖♥ -❛♣♣❡❧❧❡ ❧❛ ♣-♦♣♦(✐#✐♦♥ (✉✐✈❛♥#❡✳

+8♦♣♦*✐"✐♦♥ ✺

❙♦✐# E ✉♥ K−❡(♣❛❝❡ ✈❡❝#♦-✐❡❧ ❞❡ ❞✐♠❡♥(✐♦♥ ✜♥✐❡ ❡# B✱ B′ ❞❡✉① ❜❛(❡( ❞❡ E. ▲❛ ♠❛#-✐❝❡ ❞❡ ♣❛((❛❣❡ PB,B′
❡(# ✐♥✈❡-(✐❜❧❡ ❡#

♦♥ ❛ ❧✬2❣❛❧✐#2

(

PB,B′

)−1

= PB′,B.

❋♦8♠✉❧❡ ❞❡ ❝❤❛♥❣❡♠❡♥" ❞❡ ❜❛*❡ ✿

❆✈❡❝ ❧❡( ❞♦♥♥2❡( ♣-2❝2❞❡♥#❡(✱ (✐ x ∈ E, ♦♥ ♣♦(❡ X =MB(x) ❡# X
′ =MB′(x)✳ ❊♥ ♥♦#❛♥# P = PB,B′

♦♥ ❛ ✿

X = PX ′

✶✼✺
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✽✳✷✳✸ ▼❛&'✐❝❡ ❞✬✉♥❡ ❛♣♣❧✐❝❛&✐♦♥ ❧✐♥2❛✐'❡

❖♥ ❞#✜♥✐& #❣❛❧❡♠❡♥& ❧❛ ♥♦&✐♦♥ ❞❡ ♠❛&-✐❝❡ ❞✬❛♣♣❧✐❝❛&✐♦♥ ❧✐♥#❛✐-❡✳ ❙♦✐❡♥& E ❡& F ❞❡✉① K−❡5♣❛❝❡5 ✈❡❝&♦-✐❡❧5 ❞❡ ❞✐♠❡♥5✐♦♥5
✜♥✐❡5✳ ❖♥ 5❡ ❞♦♥♥❡ ✉♥❡ ❜❛5❡ B = (e1, . . . , en) ❞❡ E ❡& ✉♥❡ ❜❛5❡ B′ = (f1, . . . , fp) ❞❡ F ✳ ❙♦✐& u ∈ L(E,F ). ❖♥ ❛♣♣❡❧❧❡ ♠❛&-✐❝❡
❞❡ u ❞❛♥5 ❧❡5 ❜❛5❡5 B ❡& B′ ❧❛ ♠❛&-✐❝❡MBB′(u) ∈Mp,n(K) ❞♦♥& ❧❡5 ❝♦❧♦♥♥❡5 5♦♥& ❢♦-♠#❡5 ❞❡5 ❝♦♦-❞♦♥♥#❡5 ❞❡ u(e1), . . . , u(en)
❞❛♥5 ❧❛ ❜❛5❡ B′ = (f1, . . . , fp)✳

❊①❡♠♣❧❡ ✽✳✻✳ ❊❝"✐"❡ ❧❛ ♠❛("✐❝❡ ❞❛♥+ ❧❡+ ❜❛+❡+ ❝❛♥♦♥✐.✉❡+ ❞❡ R
3
❡( ❞❡ R

2
❞❡ ❧✬❛♣♣❧✐❝❛(✐♦♥ ❧✐♥2❛✐"❡ u ❞2✜♥✐❡ ♣❛" u(x, y, z) =

(2x+ y − z, x− 3y + 2z).

■♥"$89" ❞❡ ❧✬$❝8✐"✉8❡ ♠❛"8✐❝✐❡❧❧❡ ✿ ❆✈❡❝ ❧❡5 ❞♦♥♥#❡5 ♣-#❝#❞❡♥&❡5✱ 5♦✐❡♥& x ∈ E ❡& y ∈ F. ❖♥ ♣♦5❡ X = MB(x) ❡&
Y =MB′(y). ❖♥ ❛ ❛❧♦-5

u(x) = y ⇐⇒ MBB′(u)X = Y.

❈❡❝✐ 5✬✐❧❧✉5&-❡ ❛✐♥5✐ 5✉- ❧✬❡①❡♠♣❧❡ ♣-#❝#❞❡♥&✳

+8♦♣♦*✐"✐♦♥ ✻

✶✳ ❙♦✐❡♥& E1, E2, E3 ❞❡5 ❡5♣❛❝❡5 ✈❡❝&♦-✐❡❧5 ❞❡ ❞✐♠❡♥5✐♦♥5 ✜♥✐❡5 ❞♦♥& ♦♥ 5❡ ❞♦♥♥❡ -❡5♣❡❝&✐✈❡♠❡♥& ❞❡5 ❜❛5❡5 B1,B2 ❡& B3.

❙♦✐❡♥& u ∈ L(E2, E3) ❡& v ∈ L(E1, E2). ❖♥ ❛ ❧✬#❣❛❧✐&# 5✉✐✈❛♥&❡✳

MB1B3
(u ◦ v) =MB2B3

(u)×MB1B2
(v).

✷✳ E1, E2 ❞❡5 ❡5♣❛❝❡5 ✈❡❝&♦-✐❡❧5 ❞❡ ❞✐♠❡♥5✐♦♥5 ✜♥✐❡5 ❞♦♥& ♦♥ 5❡ ❞♦♥♥❡ -❡5♣❡❝&✐✈❡♠❡♥& ❞❡5 ❜❛5❡5 B1,B2✳ ❙✐ u ∈ L(E1, E2)
❡5& ❜✐❥❡❝&✐✈❡ ❛❧♦-5

MB2B1
(u−1) =

(

MB1B2
(u)

)−1

.

❉❛♥5 ❝❡ ❝❛5✱ ♦♥ ❛ ♥#❝❡55❛✐-❡♠❡♥& dim(E1) = dim(E2).

❊①❡8❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶ ✲ ◗✉❡*"✐♦♥ ❞❡ ❈♦✉8* ❈❡♥"8❛❧❡ ✷✵✷✸ +❙■ ♠❛"❤* ✶✮

❖♥ 5✉♣♣♦5❡ >✉❡ E ,F ❡& G 5♦♥& &-♦✐5 ❜❛5❡5 ❞❡ Rn
❡& >✉❡ f ❡& g 5♦♥& ❞❡✉① ❡♥❞♦♠♦-♣❤✐5♠❡5 ❞❡ Rn

✳ ❉#♠♦♥&-❡- >✉❡

ME ,G (g ◦ f) = MF ,G (g)ME ,F (f).

❖♥ ♥♦&❡ E = (e1, . . . , en),F = (f1, . . . , fn) ❡& G = (g1, . . . , gn) ❡& ✿

A = [ai,j ]i,j∈{1,...,n} = ME ,G (g ◦ f), B = [bi,j ]i,j∈{1,...,n} = MF ,G (g) ❡& C = [ci,j ]i,j∈{1,...,n} = ME ,F (f).

❖♥ -❡✈✐❡♥& A ❧❛ ❞#✜♥✐&✐♦♥ ❞❡ ♠❛&-✐❝❡ ❞✬❡♥❞♦♠♦-♣❤✐5♠❡✱ ❡& ❞❡ ♣-♦❞✉✐& ♠❛&-✐❝✐❡❧✳

✶✼✻
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❖♥ "❛♣♣❡❧❧❡ ❧❛ ♣"♦♣♦(✐*✐♦♥ (✉✐✈❛♥*❡✱ ❛♣♣❡❧.❡ ❛✉((✐ ❢♦"♠✉❧❡ ❞❡ ❝❤❛♥❣❡♠❡♥* ❞❡ ❜❛(❡✳

+2♦♣♦*✐"✐♦♥ ✼

✶✳ ❙♦✐❡♥* E,F ❞❡( ❡(♣❛❝❡( ✈❡❝*♦"✐❡❧( ❞❡ ❞✐♠❡♥(✐♦♥( ✜♥✐❡(✳ ❖♥ (❡ ❞♦♥♥❡ "❡(♣❡❝*✐✈❡♠❡♥* ❞❡( ❜❛(❡( B,B′ ❞❡ E ❡* ❞❡( ❜❛(❡(

C, C′ ❞❡ F. ❙♦✐* u ∈ L(E,F ). ❖♥ ❛ ❧❛ "❡❧❛*✐♦♥ (✉✐✈❛♥*❡✳

MB′,C′(u) = PC′,CMB,C(u)PB,B′ .

✷✳ ❊♥ ♣❛"*✐❝✉❧✐❡"✱ (✐ E = F ❡* (✐ B ❡* B′ (♦♥* ❞❡✉① ❜❛(❡( ❞❡ E✱ ♣♦✉" *♦✉* u ∈ L(E) ♦♥ ❛ ✿

MB′(u) = PB′,BMB(u)PB,B′ .

❊♥ ♥♦*❛♥*✱ M =MB(u),M
′ =MB′(u) ❡* P = PB,B′ , ❝❡**❡ .❣❛❧✐*. ♣♦✉""❛ <*"❡ "❡*❡♥✉❡ (♦✉( ❧❛ ❢♦"♠❡ M ′ = P−1MP.

■♥"❡2♣2$"❛"✐♦♥ ✿ ❖♥ "❡♣"❡♥❞ ❧❡( ♥♦*❛*✐♦♥( ♣".❝.❞❡♥*❡(✳ ❙✐ x ❡(* ✉♥ ✈❡❝*❡✉" ❞❡ E✱ ♦♥ ♥♦*❡ X ❡* X ′
❧❡( ♠❛*"✐❝❡( ❞❡ x ❞❛♥(

❧❡( ❜❛(❡( B ❡* B′✱ Y ❡* Y ′ ❧❡( ♠❛*"✐❝❡( ❞❡ y = u(x) ❞❛♥( ❧❡( ❜❛(❡( B ❡* B′✱ ❡* ❡♥✜♥ M ❡* M ′
❧❡( ♠❛*"✐❝❡( ❞❡ ❧✬❡♥❞♦♠♦"♣❤✐(♠❡

u ❞❛♥( ❧❡( ❜❛(❡( B ❡* B′✳

❖♥ ❛ ❞♦♥❝ ❞✬✉♥❡ ♣❛"* ✿ Y = MX ❡* Y ′ = M ′X ′
✳

▼❛✐( ❛✉((✐ ✿ X = PX ′
❡* Y = PY ′ ♦? P ❡(* ❧❛ ♠❛*"✐❝❡ ❞❡ ♣❛((❛❣❡

❞❡ B @ B′✳

❊* ❞♦♥❝ ✿

M ′X ′ = Y ′ = P−1Y = P−1MX

M ′X ′ = P−1MPX ′

x ✲u
u(x) = y

X ✲M×
MX = Y

X ′ ✲M ′×
M ′X ′ = Y ′

✻

❄
P× P−1×

✽✳✸ ❈❛❧❝✉❧ ♣)❛*✐,✉❡ ❞✉ ♥♦②❛✉ ❡* ❞❡ ❧✬✐♠❛❣❡

✽✳✸✳✶ $%❡♠✐❡%) ❝❛❧❝✉❧)

❉❛♥( ❧❡ ♣❛"❛❣"❛♣❤❡ ♣".❝.❞❡♥*✱ ♦♥ ❛ ✈✉ B✉❡✱ B✉✐**❡ @ (❡ ❞♦♥♥❡" ❞❡( ❜❛(❡(✱ ♣♦✉" ❝❛❧❝✉❧❡" ❧✬✐♠❛❣❡ ❞✬✉♥ ✈❡❝*❡✉"✱ ✐❧ (✉✣"❛

❞✬❡✛❡❝*✉❡" ✉♥ ♣"♦❞✉✐* ♠❛*"✐❝✐❡❧✳ ❊* ❞❡ ♠<♠❡✱ ❝❤❡"❝❤❡" ❧✬✐♠❛❣❡ ♦✉ ❧❡ ♥♦②❛✉ ❞✬✉♥❡ ❛♣♣❧✐❝❛*✐♦♥ ❧✐♥.❛✐"❡ ✭❡♥ ❞✐♠❡♥(✐♦♥ ✜♥✐❡✮

"❡✈✐❡♥* @ ❞.*❡"♠✐♥❡" ❧✬✐♠❛❣❡ ♦✉ ❧❡ ♥♦②❛✉ ❞✬✉♥❡ ♠❛*"✐❝❡✳

❆ 2❡"❡♥✐2 ✿

• ▲❡( ❝♦❧♦♥♥❡( ❞❡ A ❢♦"♠❡♥* ✉♥❡ ❢❛♠✐❧❧❡ ❣.♥."❛*"✐❝❡ ❞❡ ■♠(A).

• ▲❡( ❧✐❣♥❡( ❞❡ A "❡♣".(❡♥*❡♥* ❧❡( .B✉❛*✐♦♥( ❞.✜♥✐((❛♥* ❑❡"(A).

• ❙✐ C1, . . . , Cn (♦♥* ❧❡( ❝♦❧♦♥♥❡( ❞✬✉♥❡ ♠❛*"✐❝❡ M ❛❧♦"( ✿

♣♦✉" *♦✉* X =






x1

✳

✳

✳

xn




 ∈Mn,1(K), ♦♥ ❛ MX = = x1C1 + · · ·+ xnCn

❆✐♥(✐✱ ✐❧ ❡(* .B✉✐✈❛❧❡♥* ❞❡ ❝❤❡"❝❤❡" ✉♥ ✈❡❝*❡✉" ❞✉ ♥♦②❛✉ ❡* ❞❡ ❝❤❡"❝❤❡" ✉♥❡ "❡❧❛*✐♦♥ ❧✐♥.❛✐"❡ ❡♥*"❡ ❧❡( ❝♦❧♦♥♥❡(✳

✶✼✼
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❊①❡♠♣❧❡ ✽✳✼✳ ❉!"❡$♠✐♥❡$ ✉♥❡ ❜❛+❡ ❧✬✐♠❛❣❡ ❞❡ ❧❛ ♠❛"$✐❝❡ A =





1 2 −1 3
2 0 −2 2

−1 1 1 0



 .

❊♥ ✉"✐❧✐+❛♥" ❧❛ $!+♦❧✉"✐♦♥ ❞✬✉♥ +②+"4♠❡ ❧✐♥!❛✐$❡✱ ❞!"❡$♠✐♥❡$ ✉♥❡ ❜❛+❡ ❞✉ ♥♦②❛✉ ❞❡ A.

6❛$ ❞❡+ ♦♣!$❛"✐♦♥+ +✉$ ❧❡+ ❝♦❧♦♥♥❡+✱ ❞!"❡$♠✐♥❡$ ✉♥❡ ❜❛+❡ ❞✉ ♥♦②❛✉ ❞❡ A.

❘❡♠❛9'✉❡ ✿ ❙✐ A ∈ Mp,n(K)✱ ❧❡% &❧&♠❡♥)% ❞❡ ❑❡,(A) %♦♥) ❞❡% ✈❡❝)❡✉,% ❞❡ Mn,1(K) ❡) ❝❡✉① ❞❡ ■♠(A) ❞❡% ✈❡❝)❡✉,% ❞❡
Mp,1(K). ❖♥ ❧❡% ✐❞❡♥)✐✜❡ ♣❛,❢♦✐% 8 ❞❡% ✈❡❝)❡✉,% ❞❡ K

n
♦✉ K

p, ♠❛✐% %✉, ❝❡% ❡%♣❛❝❡%✱ ♦♥ ♣❡,❞ ❧❛ ♥♦)✐♦♥ ❞❡ ♣,♦❞✉✐) ♠❛),✐❝✐❡❧✳

✶✼✽
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✽✳✸✳✷ ❈❛& ❞✬✉♥❡ ♠❛-.✐❝❡ 3× 3 ✭❊✶✮

• ❝❛* ✶ ✿  ❣(A) = 3 ♦✉ ❡♥❝♦ ❡ dim(❑❡ (A)) = 0 ❡( dim(■♠(A)) = 3✳
❉❛♥. ❝❡ ❝❛.✱ ❑❡ (A) = {0} ❡( ■♠(A) =M3,1(K).

• ❝❛* ✷ ✿  ❣(A) = 2 ♦✉ ❡♥❝♦ ❡ dim(❑❡ (A)) = 1 ❡( dim(■♠(A)) = 2✳
0♦✉ ❛✈♦✐ ✉♥❡ ❜❛.❡ ❞❡ ❧✬✐♠❛❣❡✱ ✐❧ .✉✣( ❞❡ ❝❤♦✐.✐ ❞❡✉① ✈❡❝(❡✉ . ❝♦❧♦♥♥❡. ❞❡ A ❧✐♥:❛✐ ❡♠❡♥( ✐♥❞:♣❡♥❞❛♥(.✳

❯♥ ❜❛.❡ ❞✉ ♥♦②❛✉ ❡.( ❞♦♥♥:❡ ♣❛ ✉♥ ✈❡❝(❡✉ ♥♦♥ ♥✉❧ ❞✉ ♥♦②❛✉✳ ❖♥ ♣❡✉( ♣❛ ❡①❡♠♣❧❡ ❡..❛②❡ ❞❡ ( ♦✉✈❡ ✉♥❡  ❡❧❛(✐♦♥ ❧✐♥:❛✐ ❡

❡♥( ❡ ❧❡. ❝♦❧♦♥♥❡. ❞❡ A. ❙✐ ♦♥ ♥✬② ♣❛ ✈✐❡♥( ♣❛.✱ ♦♥  ❡✈✐❡♥( @ ❧❛  :.♦❧✉(✐♦♥ ❞✬✉♥ .②.(A♠❡✱ ♦✉ @ ❞❡. ♦♣: ❛(✐♦♥. .✉ ❧❡. ❝♦❧♦♥♥❡.

❞❡ A.

❊①❡♠♣❧❡ ✽✳✽✳ ◆♦②❛✉ ❡& ✐♠❛❣❡ ❞❡ A =





1 1 −1
2 4 0

−1 1 3



 .

• ❝❛* ✸ ✿  ❣(A) = 1 ♦✉ ❡♥❝♦ ❡ dim(❑❡ (A)) = 2 ❡( dim(■♠(A)) = 1✳
❈❤❛C✉❡ ❝♦❧♦♥♥❡ ♥♦♥ ♥✉❧❧❡ ❞❡ A ❞♦♥♥❡ ✉♥❡ ❜❛.❡ ❞❡ ■♠(A)✱ ❡( ❝❤❛C✉❡ ❧✐❣♥❡ ♥♦♥ ♥✉❧❧❡ ❞♦♥♥❡ ✉♥❡ :C✉❛(✐♦♥ ❞❡ ❑❡ (A).

❊①❡♠♣❧❡ ✽✳✾✳ ◆♦②❛✉ ❡& ✐♠❛❣❡ ❞❡ A =





1 1 −1
2 2 −2

−1 −1 1



 .

• ❝❛* ✹ ✿  ❣(A) = 0 ♦✉ ❡♥❝♦ ❡ dim(❑❡ (A)) = 3 ❡( dim(■♠(A)) = 0✳
❉❛♥. ❝❡ ❝❛.✱ ❑❡ (A) =M3,1(K) ❡( ■♠(A) = {0}✱ ❡( ❞♦♥❝ A = 0.

✶✼✾
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✽✳✹ ▼❛%&✐❝❡* *❡♠❜❧❛❜❧❡*

+2♦♣♦*✐"✐♦♥ ✽

❙♦✐❡♥% A,B ∈Mn(K)✳ ▲❡( ❛((❡*%✐♦♥( (✉✐✈❛♥%❡( (♦♥% -.✉✐✈❛❧❡♥%❡(✳

✶✳ ■❧ ❡①✐(%❡ P ∈ GLn(K) %❡❧❧❡ .✉❡ B = P−1AP.

✷✳ ■❧ ❡①✐(%❡ ❞❡( ❜❛(❡( B,B′ ❞❡ K
n
❡% ✉♥ ❡♥❞♦♠♦*♣❤✐(♠❡ u ∈ L(Kn) %❡❧( .✉❡

A =MB(u) ❡% B =MB′(u).

❖♥ ❞✐*❛ ❞❛♥( ❝❡ ❝❛( .✉❡ A ❡% B (♦♥% ❞❡( ♠❛%*✐❝❡( *❡♠❜❧❛❜❧❡*✳

+2❡✉✈❡✳

✷

❊①❡♠♣❧❡ ✽✳✶✵✳ ❯♥ ♣2❡♠✐❡2 ♣❛* ✈❡2* ❧❛ ❞✐❛❣♦♥❛❧✐*❛"✐♦♥✳

❙♦✐# A =

(
4 −2
3 −1

)

. ❉%♠♦♥#(❡( *✉❡ A ❡,# ,❡♠❜❧❛❜❧❡ 0 D =

(
1 0
0 2

)

.

✶✽✵
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✽✳✺ ❚$❛❝❡

❉$✜♥✐"✐♦♥ ✹

❙♦✐# A = [ai,j ]i,j∈{1,...,n} ✉♥❡ ♠❛#)✐❝❡ ❝❛))+ ❞✬♦)❞)❡ n, ♦♥ ❛♣♣❡❧❧❡ "4❛❝❡ ❞❡ A ❧❛ 0♦♠♠❡ ❞❡ 0❡0 ❝♦❡✣❝✐❡♥#0 ❞✐❛❣♦♥❛✉①✳

#)(A) =
n∑

i=1

ai,i.

❈❡##❡ ❛♣♣❧✐❝❛#✐♦♥ ✈+)✐✜❡ ❧❡0 ♣)♦♣)+#+0 0✉✐✈❛♥#❡0✳

+4♦♣♦*✐"✐♦♥ ✾

✶✳ ▲✬❛♣♣❧✐❝❛#✐♦♥ #)❛❝❡ ❡0# ✉♥❡ ❢♦)♠❡ ❧✐♥+❛✐)❡ 0✉) Mn(K).

✷✳ <)♦♣)✐+#+ ❢♦♥❞❛♠❡♥#❛❧❡ ✿ ∀A ∈Mn(K), ∀B ∈Mn(K), #)(AB) =#)(BA).

✸✳ ❉❡✉① ♠❛#)✐❝❡0 0❡♠❜❧❛❜❧❡0 ♦♥# ♠A♠❡ #)❛❝❡✳

+4❡✉✈❡✳

✶ ✿

✶✽✶
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✷ ✿ ✭❉✶✮

✸ ✿

✷

+8♦♣♦*✐"✐♦♥ ✶✵ ✭❚8❛❝❡ ❞✬✉♥ ❡♥❞♦♠♦8♣❤✐*♠❡✮

❙♦✐# E ✉♥ K−❡'♣❛❝❡ ✈❡❝#♦,✐❡❧ ❞❡ ❞✐♠❡♥'✐♦♥ ✜♥✐❡ ❡# u ∈ L(E)✳ ❆❧♦,'✱ 4✉❡❧❧❡ 4✉❡ '♦✐# ❧❛ ❜❛'❡ B ❞❡ E, ❧❛ #,❛❝❡ ❞❡ MB(u)
❡'# ✐♥❞6♣❡♥❞❛♥#❡ ❞❡ B✳ ❖♥ ❧✬❛♣♣❡❧❧❡ #,❛❝❡ ❞❡ u.

#,(u) = #, (MB(u)) .

+8❡✉✈❡✳

✷

❊①❡♠♣❧❡ ✽✳✶✶✳ ❖♥ ❛ ✈✉ %✉❡ '✐ p ❡') ✉♥ ♣+♦❥❡❝)❡✉+ ❞✬✉♥ ❡'♣❛❝❡ ✈❡❝)♦+✐❡❧ ❞❡ ❞✐♠❡♥✐♦♥ ✜♥✐❡ E, ❛❧♦+' +❣(p) =)+(p).

❊①❡♠♣❧❡ ✽✳✶✷✳ ❉6)❡+♠✐♥❡+ ❧❛ )+❛❝❡ ❞❡ ❧✬❡♥❞♦♠♦+♣❤✐'♠❡ ϕ ❞❡ Rn[X] ❞6✜♥✐ ♣❛+

ϕ(P ) = XP ′ + 2P.

✶✽✷
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✽✳✻ ❉$%❡'♠✐♥❛♥%

❉❛♥# ❝❡ ♣❛'❛❣'❛♣❤❡✱ E ❞,#✐❣♥❡ ✉♥ K✲❡#♣❛❝❡ ✈❡❝1♦'✐❡❧ ❞❡ ❞✐♠❡♥#✐♦♥ ✜♥✐❡ n ∈ N
∗. ❖♥ '❛♣♣❡❧❧❡ ❧❡# ♣'♦♣'✐,1,# ❞✉ ✭♦✉ ♣❧✉181

❞❡#✮ ❞,1❡'♠✐♥❛♥1✭#✮ ✈✉❡# ❡♥ ♣'❡♠✐:'❡ ❛♥♥,❡✳

❖♥ ❞♦♥♥❡ ❛✉ ♣',❛❧❛❜❧❡✱ =✉❡❧=✉❡# ❞,✜♥✐1✐♦♥#✳

✽✳✻✳✶ ❋♦&♠❡ p✲❧✐♥-❛✐&❡ ❛❧/❡&♥-❡

❉$✜♥✐"✐♦♥ ✺

❙♦✐❡♥1 E ❡1 F ❞❡# K✲❡#♣❛❝❡# ✈❡❝1♦'✐❡❧# ❡1 f ✉♥❡ ❛♣♣❧✐❝❛1✐♦♥ ❞❡ Ep
❞❛♥# F ✳

✶✳ ❖♥ ❞✐1 =✉❡ f ❡#1 p✲❧✐♥$❛✐7❡ #✐ ❡❧❧❡ ❡#1 ❧✐♥,❛✐'❡ ♣❛' '❛♣♣♦'1 ? ❝❤❛❝✉♥❡ ❞❡ #❡# ✈❛'✐❛❜❧❡#✱ ❝✬❡#1✲?✲❞✐'❡ #✐ ♣♦✉' 1♦✉1

i ∈ {1, . . . , p} ♦♥ ❛ ✿

∀(a1, . . . , ai−1, ai+1, . . . , ap) ∈ Ep−1, fi : x ∈ E 7−→ f(a1, . . . , ai−1, x, ai+1, . . . , ap) ❡#1 ❧✐♥,❛✐'❡✳

✷✳ ❖♥ ❞✐1 =✉❡ f ❡#1 ❛❧"❡7♥$❡ #✐ ♣♦✉' 1♦✉1 (a1, . . . , ap) ∈ Ep
❡1 ♣♦✉' 1♦✉# i, j ∈ {1, . . . , p} ❞✐#1✐♥❝1# ♦♥ ❛ ✿

ai = aj =⇒ f(a1, . . . , ap) = 0.

✸✳ ❖♥ ❞✐1 =✉❡ f ❡#1 ❛♥"✐*②♠$"7✐'✉❡ #✐ ♣♦✉' 1♦✉1 (a1, . . . , ap) ∈ Ep
❡1 ♣♦✉' 1♦✉# i, j ∈ {1, . . . , p} 1❡❧# =✉❡ i < j ♦♥ ❛ ✿

f(a1, . . . , ai
↑

i

, . . . , aj
↑

j

, . . . , ap) = −f(a1, . . . , aj
↑

i

, . . . , ai
↑

j

, . . . , ap).

✸✳ ❖♥ ❞✐1 =✉❡ f ❡#1 ✉♥❡ ❢♦7♠❡ #✐ ❡❧❧❡ ♣'❡♥❞ #❡# ✈❛❧❡✉'# ❞❛♥# F = K.

+7♦♣♦*✐"✐♦♥ ✶✶ ✭❛❞♠✐*❡✮

❙♦✐❡♥1 E ❡1 F ❞❡# K✲❡#♣❛❝❡# ✈❡❝1♦'✐❡❧# ❡1 f ✉♥❡ ❛♣♣❧✐❝❛1✐♦♥ p ❧✐♥,❛✐'❡ ❞❡ Ep
❞❛♥# F ✳ ❖♥ ❛ ❧✬,=✉✐✈❛❧❡♥❝❡ ✿

f ❡#1 ❛♥1✐#②♠,1'✐=✉❡ ⇐⇒ f ❡#1 ❛❧1❡'♥,❡✳

+7❡✉✈❡✳

✷

✶✽✸
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+2♦♣♦*✐"✐♦♥ ✶✷

❙♦✐❡♥% E ❡% F ❞❡' K✲❡'♣❛❝❡' ✈❡❝%♦-✐❡❧' ❡% f : Ep −→ F ✉♥❡ ❛♣♣❧✐❝❛%✐♦♥ p✲❧✐♥0❛✐-❡ ❛❧%❡-♥0❡✳

2♦✉- %♦✉% (a1, . . . , ap) ∈ Ep, ♦♥ ❛ ✿

✶✳ ❙✐ (a1, . . . , ap) ❡'% ❧✐0❡ ❛❧♦-' f(a1, . . . , ap) = 0.
✷✳ ❖♥ ♥❡ ❝❤❛♥❣❡ ♣❛' ❧❛ ✈❛❧❡✉- ❞❡ f(a1, . . . , ap) ❡♥ ❛❥♦✉%❛♥% 8 ❧✬✉♥ ❞❡' ai ✉♥❡ ❝♦♠❜✐♥❛✐'♦♥ ❧✐♥0❛✐-❡ ❞❡' ❛✉%-❡'✳

+2❡✉✈❡✳

✷

❖♥ ❛❞♠❡% ❡♥✜♥ ❧❛ ♣-♦♣♦'✐%✐♦♥ '✉✐✈❛♥%❡✳

+2♦♣♦*✐"✐♦♥ ✶✸

❙♦✐% E ✉♥ K−❡'♣❛❝❡ ✈❡❝%♦-✐❡❧ ❞❡ ❞✐♠❡♥'✐♦♥ ✜♥✐❡✱ ♦♥ ♥♦%❡ n = dim(E) ∈ N
∗.

▲✬❡♥'❡♠❜❧❡ ❞❡' ❢♦-♠❡' n✲❧✐♥0❛✐-❡' ❛❧%❡-♥0❡' ❡'% ✉♥ ❡'♣❛❝❡ ✈❡❝%♦-✐❡❧ ❞❡ ❞✐♠❡♥'✐♦♥ 1✱ ❛✉%-❡♠❡♥% ❞✐% ❧❡' ❢♦-♠❡' n✲❧✐♥0❛✐-❡'

❛❧%❡-♥0❡' '✉- E '♦♥% %♦✉%❡' ♣-♦♣♦-%✐♦♥♥❡❧❧❡'✳

✽✳✻✳✷ ❉%&❡(♠✐♥❛♥& ❞❡ n ✈❡❝&❡✉(1 ❞❛♥1 ✉♥❡ ❜❛1❡ ❞❡ E

❉❛♥' %♦✉% ❝❡ ♣❛-❛❣-❛♣❤❡✱ E ❞0'✐❣♥❡ ✉♥ K✲❡'♣❛❝❡ ✈❡❝%♦-✐❡❧ ❞❡ ❞✐♠❡♥'✐♦♥ ✜♥✐❡ n ∈ N
∗.

+2♦♣♦*✐"✐♦♥ ✶✹

❙♦✐% B = (e1, . . . , en) ✉♥❡ ❜❛'❡ ❞❡ E. ■❧ ❡①✐'%❡ ✉♥❡ ✉♥✐C✉❡ ❢♦-♠❡ n✲❧✐♥0❛✐-❡ ❛❧%❡-♥0❡ ϕB '✉- E %❡❧❧❡ C✉❡ ϕB(e1, . . . , en) = 1.
▲✬❛♣♣❧✐❝❛%✐♦♥ ϕB ❡'% ❛♣♣❡❧0❡ ❞0%❡-♠✐♥❛♥% ❞❛♥' ❧❛ ❜❛'❡ B ❡% ♦♥ ❧❛ ♥♦%❡ detB .

◆♦"❛"✐♦♥* ✿ ❙♦✐% B = (e1, . . . , en) ✉♥❡ ❜❛'❡ ❞❡ E. ❙✐ (u1, . . . , un) ❡'% ✉♥❡ ❢❛♠✐❧❧❡ ❞❡ n ✈❡❝%❡✉-' ❞❡ E✱ ♣♦✉- ❝❤❛C✉❡ uj ✱ ♦♥

♥♦%❡ (x1,j , . . . , xn,j) '❡' ❝♦♦-❞♦♥♥0❡' ❞❛♥' ❧❛ ❜❛'❡ B. ❈❡❝✐ '✐❣♥✐✜❡ C✉❡

uj =
n∑

i=1

xi,jei.

▲❡ ❞0%❡-♠✐♥❛♥% ❞❡ ❧❛ ❢❛♠✐❧❧❡ (u1, . . . , un) ❞❛♥' ❧❛ ❜❛'❡ B ❡'% ♥♦%0

detB(u1, . . . , un) =

∣
∣
∣
∣
∣
∣
∣
∣
∣

x1,1 x1,2 · · · x1,n

x2,1 x2,2 · · · x2,n

✳

✳

✳

✳

✳

✳

✳

✳

✳

xn,1 xn,2 · · · xn,n

∣
∣
∣
∣
∣
∣
∣
∣
∣

.

✶✽✹
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❊①❡♠♣❧❡ ✽✳✶✸✳ ❚!♦✉✈❡! ❧✬❛♣♣❧✐❝❛,✐♦♥ ❞/,❡!♠✐♥❛♥, ❞❛♥1 ❧❛ ❜❛1❡ ❝❛♥♦♥✐3✉❡ B = (e1, e2) ❞❡ R
2.

+9♦♣♦*✐"✐♦♥ ✶✺

❙♦✐❡♥% B ❡% B′ ❞❡✉① ❜❛+❡+ ❞❡ E. ❖♥ ♥♦%❡ B = (e1, . . . , en)✳ ❖♥ ❛ ❛❧♦/+

detB′ = detB′(e1, . . . , en) detB

❝❡ 1✉✐ +✐❣♥✐✜❡ 1✉❡ ♣♦✉/ %♦✉% (u1, . . . , un) ∈ En, ♦♥ ❛ detB′(u1, . . . , un) = detB′(e1, . . . , en) detB(u1, . . . , un).

+9❡✉✈❡✳

✷

❖♥ %❡/♠✐♥❡ ❝❡ ♣❛/❛❣/❛♣❤❡ ♣❛/ ❧❛ ❝❛/❛❝%7/✐+❛%✐♦♥ ❞❡+ ❜❛+❡+ 8 ❧✬❛✐❞❡ ❞✉ ❞7%❡/♠✐♥❛♥%✳

+9♦♣♦*✐"✐♦♥ ✶✻

❙♦✐❡♥% B ✉♥❡ ❜❛+❡ ❞❡ E ❡% (u1, . . . , un) ✉♥❡ ❢❛♠✐❧❧❡ ❞❡ n = dim(E) ✈❡❝%❡✉/+ ❞❡ E. ❖♥ ❛

(u1, . . . , un) ❡+% ✉♥❡ ❜❛+❡ ❞❡ E ⇐⇒ detB(u1, . . . , un) 6= 0.

✽✳✻✳✸ ❉%&❡(♠✐♥❛♥& ❞✬✉♥❡ ♠❛&(✐❝❡ ❝❛((%❡

❉$✜♥✐"✐♦♥ ✻

❙♦✐% A ∈ Mn(K)✳ ❖♥ ❛♣♣❡❧❧❡ ❞7%❡/♠✐♥❛♥% ❞❡ A✱ ❧❡ ❞7%❡/♠✐♥❛♥% ❞❡ +❡+ ✈❡❝%❡✉/+ ❝♦❧♦♥♥❡+ ❞❛♥+ ❧❛ ❜❛+❡ ❝❛♥♦♥✐1✉❡ ❞❡

Mn,1(K). ❖♥ ❧❡ ♥♦%❡ det(A)✳

❙✐ A = [ai,j ]i,j∈{1,...,n}✱ ♦♥ ❛ ❞♦♥❝ det(A) =

∣
∣
∣
∣
∣
∣
∣
∣
∣

a1,1 a1,2 · · · a1,n
a2,1 a2,2 · · · an,n
✳

✳

✳

✳

✳

✳

✳

✳

✳

an,1 an,2 · · · an,n

∣
∣
∣
∣
∣
∣
∣
∣
∣

.

✶✽✺
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❈❛* ♦3 n = 2 ✿ ❙✐ A =

(
a b

c d

)

❛❧♦%& det(A) =

∣
∣
∣
∣

a b

c d

∣
∣
∣
∣
= ad− bc.

❈❛* ♦3 n = 3 ✿ ▲❛ %(❣❧❡ ❞❡ ❙❛%%✉& ❞♦♥♥❡

∣
∣
∣
∣
∣
∣

a b c

d e f

g h i

∣
∣
∣
∣
∣
∣

= +
(

aei+ dhc+ bfg
)

−
(

gec+ dbi+ hfa
)

.

❆""❡♥"✐♦♥✱ ❧❛ 89❣❧❡ ❞❡ ❙❛88✉* ♥✬❡*" ✈❛❧❛❜❧❡ '✉✬❡♥ ❞✐♠❡♥*✐♦♥ ✸ ✦

.✉✐&/✉✬✉♥❡ ♠❛2%✐❝❡ A ∈ Mn(K) ❡&2 ✐♥✈❡%&✐❜❧❡ &✐ ❡2 &❡✉❧❡♠❡♥2 &✐ &❡& ✈❡❝2❡✉%& ❝♦❧♦♥♥❡& ❢♦%♠❡♥2 ✉♥❡ ❜❛&❡ ❞❡ Mn,1(K)✱ ❧❛
♣%♦♣♦&✐2✐♦♥ ✶✸ &✬;❝%✐2 ❞♦♥❝ ✿ A ❡&2 ✐♥✈❡%&✐❜❧❡ &✐ ❡2 &❡✉❧❡♠❡♥2 &✐ det(A) 6= 0. ❉❡ ♣❧✉&✱ &✐ ♦♥ ✐♥2❡%♣%(2❡ ❧❡& ♣%♦♣♦&✐2✐♦♥& ✷✷ ❡2 ✷✼

❞✉ ❝❤❛♣✐2%❡ ♣%;❝;❞❡♥2✱ ♦♥ ♦❜2✐❡♥2 ✿

+8♦♣♦*✐"✐♦♥ ✶✼

❙♦✐2 A ∈Mn(K). ❖♥ ❛ ❧✬;/✉✐✈❛❧❡♥❝❡ &✉✐✈❛♥2❡✳

A ❡&2 ✐♥✈❡%&✐❜❧❡ ⇐⇒ det(A) 6= 0

❘❡♠❛8'✉❡ ✿ ✈♦✐% ❛✉&&✐ ❧❡& ;/✉✐✈❛❧❡♥❝❡& ❞❡ ❧❛ ♣%♦♣♦&✐2✐♦♥ ✶✳

.❛% ❞;✜♥✐2✐♦♥ ❞❡& ❞;2❡%♠✐♥❛♥2&✱ ♦♥ ❛ ;❣❛❧❡♠❡♥2 ✿

+8♦♣♦*✐"✐♦♥ ✶✽

❙✐ B ❡2 B′ &♦♥2 ❞❡✉① ❜❛&❡& ❞❡ E ❛✈❡❝ B′ = (e′1, . . . , e
′
n) ❛❧♦%& det(PB,B′) = detB(e

′
1, . . . , e

′
n)✳

✽✳✻✳✹ $%♦♣%✐)*)+ ❛❧❣)❜%✐0✉❡+ ❡* ♠)*❤♦❞❡+ ❞❡ ❝❛❧❝✉❧

+8♦♣♦*✐"✐♦♥ ✶✾

❙♦✐❡♥2 A,B ∈Mn(K) ❡2 λ ∈ K. ❖♥ ❛

✶✳ det(λ.A) = λn det(A)

✷✳ det(A×B) = det(A)× det(B)

✸✳ ❙✐ A ❡&2 ✐♥✈❡%&✐❜❧❡✱ det(A−1) =
1

det(A)

✹✳ det(AT ) = det(A)

❈♦♥*$'✉❡♥❝❡ ✿ ❙✐ A ❡# B $♦♥# ❞❡✉① ♠❛#,✐❝❡$ $❡♠❜❧❛❜❧❡$ ❛❧♦,$ ❡❧❧❡$ ♦♥# ♠0♠❡ ❞1#❡,♠✐♥❛♥#✱ ♠❛✐$ ❧❛ ,1❝✐♣,♦4✉❡ ❡$# ❢❛✉$$❡✳

✶✽✻
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❚3❛♥*❢♦3♠❛"✐♦♥* $❧$♠❡♥"❛✐3❡* ✿

❖♥ ❞#❝%✐' ❧✬❡✛❡' ❞❡, '%❛♥,❢♦%♠❛'✐♦♥, #❧#♠❡♥'❛✐%❡, ,✉% ❧❡ ❞#'❡%♠✐♥❛♥'✳ ❖♥ ♣♦✉%%❛ ❧❡, ✉'✐❧✐,❡% ❛✜♥ ❞❡ ❢❛✐%❡ ❛♣♣❛%❛5'%❡ ❞❡, 0
❞❛♥, ❧❛ ♠❛'%✐❝❡ ❡' ❞❡ ,✐♠♣❧✐✜❡% ❧❡ ❝❛❧❝✉❧ ❞✉ ❞#'❡%♠✐♥❛♥'✳

❖♣#%❛'✐♦♥, ❊✛❡'

Ci ←− Ci + λCj (i 6= j) ❞#'❡%♠✐♥❛♥' ✐♥❝❤❛♥❣#

Ci ←− λCi ❞#'❡%♠✐♥❛♥' ♠✉❧'✐♣❧✐# ♣❛% λ

Ci ←→ Cj (i 6= j) ❞#'❡%♠✐♥❛♥' ♠✉❧'✐♣❧✐# ♣❛% (−1)

Li ←− Li + λLj (i 6= j) ❞#'❡%♠✐♥❛♥' ✐♥❝❤❛♥❣#

Li ←− λLi ❞#'❡%♠✐♥❛♥' ♠✉❧'✐♣❧✐# ♣❛% λ

Li ←→ Lj (i 6= j) ❞#'❡%♠✐♥❛♥' ♠✉❧'✐♣❧✐# ♣❛% (−1)

❉$✈❡❧♦♣♣❡♠❡♥" ♣❛3 3❛♣♣♦3" 9 ✉♥❡ ❝♦❧♦♥♥❡ ♦✉ ✉♥❡ ❧✐❣♥❡ ✿

❉$✜♥✐"✐♦♥ ✼

❙♦✐' A = [ai,j ] ∈Mn(K) ❡' (i, j) ∈ {1, . . . , n}2.
✶✳ ❖♥ ❛♣♣❡❧❧❡ ♠✐♥❡✉% ❞✬✐♥❞✐❝❡ (i, j) ❞❡ A ❧❡ ❞#'❡%♠✐♥❛♥' ∆i,j ♦❜'❡♥✉ ; ♣❛%'✐% ❞❡ A ❡♥ ,✉♣♣%✐♠❛♥' ,❛ i<♠❡ ❧✐❣♥❡ ❡' ,❛

j<♠❡ ❝♦❧♦♥♥❡✳

✷✳ ▲❡ ❝♦❢❛❝'❡✉% ❞✬✐♥❞✐❝❡ (i, j) ❞❡ A ❡,' ❛❧♦%, (−1)i+j∆i,j .

∆i,j =

❖♥ ❛❞♠❡' ❧❛ ♣%♦♣♦,✐'✐♦♥ ,✉✐✈❛♥'❡✳

+3♦♣♦*✐"✐♦♥ ✷✵

❙♦✐' A[ai,j ] ∈Mn(K) ❡' (i, j) ∈ {1, . . . , n}2.

✶✳ ▲❡ ❞#✈❡❧♦♣♣❡♠❡♥' ♣❛% %❛♣♣♦%' ; ❧❛ j✲<♠❡ ❝♦❧♦♥♥❡ ❞❡ A ❞♦♥♥❡ ✿

det(A) =

n∑

i=1

ai,j(−1)
i+j∆i,j

✷✳ ▲❡ ❞#✈❡❧♦♣♣❡♠❡♥' ♣❛% %❛♣♣♦%' ; ❧❛ i✲<♠❡ ❧✐❣♥❡ ❞❡ A ❞♦♥♥❡ ✿

det(A) =
n∑

j=1

ai,j(−1)
i+j∆i,j

❉$"❡3♠✐♥❛♥" ❞✬✉♥❡ ♠❛"3✐❝❡ "3✐❛♥❣✉❧❛✐3❡ ✿

❊♥ ❞#✈❡❧♦♣♣❛♥' ,✉✐✈❛♥' ✉♥❡ ❧✐❣♥❡✱ ♦♥ ♠♦♥'%❡%❛✐' ♣❛% %#❝✉%%❡♥❝❡ ❧❛ ♣%♦♣♦,✐'✐♦♥ ,✉✐✈❛♥'❡✳

+3♦♣♦*✐"✐♦♥ ✷✶

▲❡ ❞#'❡%♠✐♥❛♥' ❞✬✉♥ ♠❛'%✐❝❡ ❝❛%%#❡ '%✐❛♥❣✉❧❛✐%❡ ❡,' ❧❡ ♣%♦❞✉✐' ❞❡ ,❡, ❝♦❡✣❝✐❡♥', ❞✐❛❣♦♥❛✉①✳

✶✽✼
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❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❈❛❧❝✉❧❡& ❧❡ ❞()❡&♠✐♥❛♥) ❞✬♦&❞&❡ n /✉✐✈❛♥)✳

Dn =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

3 2 0 · · · · · · 0

1 3 2
✳

✳

✳

✳

✳

✳

0 1
✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳ 0
✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳ 2
0 · · · · · · 0 1 3

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

.

✶✽✽
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✽✳✻✳✺ ❉%&❡(♠✐♥❛♥& ❞✬✉♥ ❡♥❞♦♠♦(♣❤✐3♠❡ ❞❡ E

❉$✜♥✐"✐♦♥ ✽

❙♦✐# E ✉♥ K− ❡'♣❛❝❡ ✈❡❝#♦,✐❡❧ ❞❡ ❞✐♠❡♥'✐♦♥ ✜♥✐❡ n ∈ N
∗
❡# f ✉♥ ❡♥❞♦♠♦,♣❤✐'♠❡ ❞❡ E✳ ❖♥ ❞4✜♥✐# ❧❡ ❞4#❡,♠✐♥❛♥# ❞❡ f

♣❛,

det(f) = det (MB(f)) = detB(f(e1), . . . , f(en)).

♦5 B = (e1, . . . , en) ❡'# ✉♥❡ ❜❛'❡ ❞❡ E.

❈❡##❡ ❞4✜♥✐#✐♦♥ ♥❡ ❞4♣❡♥❞ ♣❛' ❞❡ ❧❛ ❜❛'❡ B ❝❤♦✐'✐❡✳

+4❡✉✈❡✳

✷

❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❈❛❧❝✉❧❡, ❧❛ #,❛❝❡ ❡# ❧❡ ❞4#❡,♠✐♥❛♥# ❞❡ ❧✬❡♥❞♦♠♦,♣❤✐'♠❡ f ❞❡M2(R) ❞4✜♥✐ ♣❛,

∀M ∈M2(R), f(M) = 2M +MT .

✶✽✾
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▲❡" ♣❛%❛❣%❛♣❤❡" ♣%(❝(❞❡♥," ♦♥, ❧❡" ❝♦♥"(/✉❡♥❝❡" "✉✐✈❛♥,❡"✳

+2♦♣♦*✐"✐♦♥ ✷✷

❙♦✐, u, v ∈ L(E)✳ ❖♥ ❛

✶✳ det(u ◦ v) = det(u)× det(v)

✷✳ u ❡", ✐♥✈❡%"✐❜❧❡ ⇐⇒ det(u) 6= 0

❡, ❞❛♥" ❝❡ ❝❛" det(u−1) =
1

det(u)
.

✽✳✻✳✻ ❉$%❡'♠✐♥❛♥% ❞❡ ❱❛♥❞❡'♠♦♥❞❡

+2♦♣♦*✐"✐♦♥ ✷✸

❙♦✐❡♥, (a0, . . . , an) ∈ K
n+1

✳ ❖♥ ❛♣♣❡❧❧❡ ❞(,❡%♠✐♥❛♥, ❞❡ ❱❛♥❞❡%♠♦♥❞❡ ❛""♦❝✐( ; (a0, . . . , an) ❧❡ ❞(,❡%♠✐♥❛♥, ❞✬♦%❞%❡ n+ 1
"✉✐✈❛♥,✳

V (a0, . . . an) =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 1 · · · · · · 1
a0 a1 · · · · · · an
a20 a21 · · · · · · a2n
✳

✳

✳

✳

✳

✳

✳

✳

✳

an0 an1 · · · · · · ann

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

.

❖♥ ❛ V (a0, . . . , an) =
∏

06j<i6n

(ai − aj)✳

❊, ❡♥ ♣❛%,✐❝✉❧✐❡%✱ V (a0, . . . , an) ❡", ♥♦♥ ♥✉❧" "✐ ❡, "❡✉❧❡♠❡♥, "✐ a0, . . . , an "♦♥, ❞✐",✐♥❝," ❞❡✉①✲;✲❞❡✉①✳

❈❡ ❞$"❡2♠✐♥❛♥" ❡*" ❡①♣❧✐❝✐"❡♠❡♥" ❛✉ ♣2♦❣2❛♠♠❡ ❞❡ +❙■✱ *♦♥ ❝❛❧❝✉❧ ❞♦✐" ="2❡ ♠❛>"2✐*$ ❡" *❛ ✈❛❧❡✉2 ❝♦♥♥✉❡✳

+2❡✉✈❡✳✭❉✷✮

• ▼$"❤♦❞❡ ✶ ✿ ♣❛2 ❞❡* "2❛♥*❢♦2♠❛"✐♦♥* $❧$♠❡♥"❛✐2❡*

✶✾✵
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• ▼$"❤♦❞❡ ✷ ✿ ❡♥ ✉"✐❧✐*❛♥" ✉♥ ♣♦❧②♥8♠❡

✶✾✶
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✷

❊①❡4❝✐❝❡ ✭❆♣♣❧✐❝❛"✐♦♥ : ❧✬✐♥"❡4♣♦❧❛"✐♦♥ ❞❡ ▲❛❣4❛♥❣❡✮

❙♦✐❡♥% a0, . . . , an ❞❡' ❝♦♠♣❧❡①❡' ❞✐'%✐♥❝%' ❞❡✉①✲/✲❞❡✉①✳ ❙❛♥' ✉%✐❧✐'❡2 ❧❡' ♣♦❧②♥4♠❡' ❞❡ ▲❛❣2❛♥❣❡✱ ❞8♠♦♥%2❡2 9✉❡ ♣♦✉2 %♦✉%

(y0, . . . , yn) ∈ C
n+1

✱ ✐❧ ❡①✐'%❡ ✉♥ ✉♥✐9✉❡ ♣♦❧②♥4♠❡ P ∈ Cn[X] ✈82✐✜❛♥% ✿

∀i ∈ [[0, n]], P (ai) = yi.

✽✳✻✳✼ ❉%&❡(♠✐♥❛♥& ♣❛( ❜❧♦❝2

❖♥ ❛ ✈✉ 9✉❡ ❧❡ ❞8%❡2♠✐♥❛♥% ❞✬✉♥ ♠❛%2✐❝❡ ❝❛228❡ %2✐❛♥❣✉❧❛✐2❡ ❡'% ❧❡ ♣2♦❞✉✐% ❞❡ '❡' ❝♦❡✣❝✐❡♥%' ❞✐❛❣♦♥❛✉①✳ ❖♥ ♣❡✉% ❣8♥82❛❧✐'❡2

❝❡ 28'✉❧%❛% ♣♦✉2 ✉♥❡ ♠❛%2✐❝❡ %2✐❛♥❣✉❧❛✐2❡ ♣❛2 ❜❧♦❝'✳

+4♦♣♦*✐"✐♦♥ ✷✹

▲❡ ❞8%❡2♠✐♥❛♥% ❞✬✉♥ ♠❛%2✐❝❡ ❝❛228❡ %2✐❛♥❣✉❧❛✐2❡ ♣❛2 ❜❧♦❝' ❡'% ❧❡ ♣2♦❞✉✐% ❞❡' ❞8%❡2♠✐♥❛♥%' ❞❡ '❡' ✓ ♠❛%2✐❝❡' ❞✐❛❣♦♥❛❧❡' ✔✳

❖♥ ❛ ❞♦♥❝ ✿

det









A C

0 B









= det(A)× det(B).

✶✾✷
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❉❡ ♠❛♥✐&'❡ ♣❧✉+ ❣-♥-'❛❧❡✱ ♦♥ ❛ ✿

det



















A1 ⋆ · · · ⋆

✵ A2
✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳ ⋆

✵ · · · ✵ Ap



















= det(A1)× det(A2)× · · · × det(Ap).

❊①❡♠♣❧❡ ✽✳✶✹✳ ❈❛❧❝✉❧❡& D =

∣
∣
∣
∣
∣
∣
∣
∣

0 α β 1
−α 0 0 β̄

−β 0 0 ᾱ

−1 −β̄ −ᾱ 0

∣
∣
∣
∣
∣
∣
∣
∣

(α, β ∈ C)

✶✾✸
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✽✳✼ ❆♥♥❡①❡

✽✳✼✳✶ ▼❛&'✐❝❡+ +②♠.&'✐/✉❡+ ❡& ❛♥&✐+②♠.&'✐/✉❡+ ♥

❉❛♥# ❝❡&&❡ #❡❝&✐♦♥✱ ♦♥ ♥♦&❡ ✿

Sn(R) = {M ∈Mn(R), MT = M} ❡& An(R) = {M ∈Mn(R), MT = −M}.

❖♥ ,❛♣♣❡❧❧❡ /✉❡ Sn(R) ❡& An(R) #♦♥& ❞❡# #♦✉#✲❡#♣❛❝❡# ✈❡❝&♦,✐❡❧# ❞❡ Mn(R) ❡& /✉❡ ♣♦✉, &♦✉&❡ M = [mi,j ]i,j∈[[1,n]] ∈ Mn(R)
♦♥ ❛ ✿

M ∈ Sn(R) ⇐⇒ MT = M

⇐⇒ ∀(i, j) ∈ [[1, n]]2, mi,j = mj,i

M ∈ An(R) ⇐⇒ MT = −M

⇐⇒ ∀(i, j) ∈ [[1, n]]2, mi,j = −mj,i

❊♥ ♣❛,&✐❝✉❧✐❡,✱ ❧❡# ❝♦❡✣❝✐❡♥&# ❞✐❛❣♦♥❛✉① ❞✬✉♥❡ ♠❛&,✐❝❡ ❛♥&✐#②♠;&,✐/✉❡ #♦♥& &♦✉# ♥✉❧#✳

❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❉;♠♦♥&,❡, ,❛♣✐❞❡♠❡♥& /✉❡ Mn(R) = Sn(R)⊕An(R).

❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✷✮

✶✳ ❉;&❡,♠✐♥❡, ✉♥❡ ❜❛#❡ ❞❡ Sn(R) ❡& ✉♥❡ ❜❛#❡ ❞❡ An(R)✳ ❊♥ ❞;❞✉✐,❡ ❧❡✉,# ❞✐♠❡♥#✐♦♥# ,❡#♣❡❝&✐✈❡#✳
✷✳ ❉;&❡,♠✐♥❡, ❧❡ ❞;&❡,♠✐♥❛♥& ❡& ❧❛ &,❛❝❡ ❞❡ ❧✬❡♥❞♦♠♦,♣❤✐#♠❡ ϕ ❞❡Mn(R) ❞;✜♥✐ ♣❛, ϕ(M) = 2M +MT .

✶✾✹
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✽✳✼✳✷ ▼❛&'✐❝❡+ , ❞✐❛❣♦♥❛❧❡ +&'✐❝&❡♠❡♥& ❞♦♠✐♥❛♥&❡ ♥

❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✷✮

❯♥❡ ♠❛%&✐❝❡ A ∈Mn(C) ❡)% ❞✐%❡ + ❞✐❛❣♦♥❛❧❡ )%&✐❝%❡♠❡♥% ❞♦♠✐♥❛♥%❡ )✐ ✿

∀i ∈ {1, . . . , n}, |ai,i| >
n∑

j=1

j 6=i

|ai,j |

▼♦♥%&❡& 1✉✬✉♥❡ ♠❛%&✐❝❡ A ∈Mn(C) + ❞✐❛❣♦♥❛❧❡ )%&✐❝%❡♠❡♥% ❞♦♠✐♥❛♥%❡ ❡)% ✐♥✈❡&)✐❜❧❡✳

✶✾✺
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✽✳✼✳✸ ▼❛&'✐❝❡+ +&♦❝❤❛+&✐.✉❡+ ♥

❉$✜♥✐"✐♦♥ ✾

❯♥❡ ♠❛%&✐❝❡ ❝❛&&)❡ A = (ai,j) ∈Mn(R) ❡*% ❞✐%❡ *"♦❝❤❛*"✐'✉❡ *✐ ❡❧❧❡ ✈)&✐✜❡ ❧❡* ❞❡✉① ❝♦♥❞✐%✐♦♥* *✉✐✈❛♥%❡* ✿

∀(i, j) ∈ [[1, n]]2, ai,j > 0 (1)

∀i ∈ [[1, n]],
n∑

j=1

ai,j = 1 (2)

❊①❡7❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❖♥ ♥♦%❡ U ∈Mn,1(R) ❧❛ ♠❛%&✐❝❡ ❝♦❧♦♥♥❡ ❞♦♥% %♦✉* ❧❡* ❝♦❡✣❝✐❡♥%* ✈❛❧❡♥% 1✳

✶✳ ❙♦✐% A = (ai,j)16i,j6n ∈Mn(R) ✉♥❡ ♠❛%&✐❝❡ *%♦❝❤❛*%✐9✉❡✳ ❉)♠♦♥%&❡& ❧❡* )9✉✐✈❛❧❡♥❝❡* ✿

∀i ∈ [[1, n]],
∑n

j=1 ai,j = 1 ⇐⇒ AU = U

⇐⇒ U ∈ Ker(A− In)

✷✳ ❊♥ ❞)❞✉✐&❡ 9✉❡ ❧✬❡♥*❡♠❜❧❡ ❞❡* ♠❛%&✐❝❡* *%♦❝❤❛*%✐9✉❡* ✭❝❛&&)❡* ❞✬♦&❞&❡ n✮ ❡*% *%❛❜❧❡ ♣♦✉& ❧❡ ♣&♦❞✉✐% ♠❛%&✐❝✐❡❧✳

✶✾✻
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✽✳✼✳✹ ❋♦&♠✉❧❡+ ❞❡ ❈&❛♠❡& ✭❍♦&+✲2&♦❣&❛♠♠❡✮

❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✸✮

❙♦✐# A ∈Mn(K) ❡# B ∈Mn,1(K)✳ ❖♥ ❝♦♥)✐❞+,❡ ❧❛ )②)#+♠❡ ❧✐♥1❛✐,❡

S : AX = B ❞✬✐♥❝♦♥♥✉❡ X =






x1

✳

✳

✳

xn




 ∈Mn,1(K).

▼♦♥#,❡, 5✉❡ )✐ ❧❡ )②)#+♠❡ S ❡)# ❞❡ ❈,❛♠❡,✱ ❝✬❡)#✲9✲❞✐,❡ )✐ ∆ = det(A) 6= 0✱ ❛❧♦,) ✐❧ ♣♦))+❞❡ ✉♥❡ ✉♥✐5✉❡ )♦❧✉#✐♦♥ X ❞♦♥♥1❡

♣❛,

∀i ∈ {1, . . . , n}, xi =
det(Ai)

det(A)
=

∆i

∆

♦; Ai ❡)# ❧❛ ♠❛#,✐❝❡ ♦❜#❡♥✉❡ 9 ♣❛,#✐, ❞❡ A ❡♥ ,❡♠♣❧❛=❛♥# )❛ i+♠❡ ❝♦❧♦♥♥❡ ♣❛, B.

✶✾✼
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✽✳✼✳✺ ❈♦♠❛()✐❝❡ ✭❍♦)/✲1)♦❣)❛♠♠❡✮

❉$✜♥✐"✐♦♥ ✶✵

❙♦✐# A ∈Mn(K) ✉♥❡ ♠❛#)✐❝❡ ❝❛))+❡ ✭n > 2✮✳ ❖♥ ❛♣♣❡❧❧❡ ❝♦♠❛#)✐❝❡ ❞❡ A ❧❛ ♠❛#)✐❝❡ ❞❡ 3❡3 ❝♦❢❛❝#❡✉)3 ✿

❈♦♠(A) = [(−1)i+j∆i,j ]i,j∈{1,...,n}.

❊①❡♠♣❧❡ ✽✳✶✺✳ ❉♦♥♥❡$ ❧❛ ❝♦♠❛)$✐❝❡ ❞❡ A =

(
a b

c d

)

.

❊①❡;❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✸✮

❙♦✐# A ∈Mn(K) ✉♥❡ ♠❛#)✐❝❡ ❝❛))+❡ ✭n > 2✮✳ ❖♥ ❛ ❧✬+❣❛❧✐#+ 3✉✐✈❛♥#❡✳

Com(A)T .A = A.Com(A)T = det(A).In

✶✾✽
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✽✳✼✳✻ ❊①♣'❡))✐♦♥ ❞✉ ❞/0❡'♠✐♥❛♥0 3 ❧✬❛✐❞❡ ❞❡) ♣❡'♠✉0❛0✐♦♥) ✭▼8❙■✮

 ♦✉# n ∈ N
∗, ♦♥ ♥♦%❡ Sn ❧❡ ❣#♦✉♣❡ ❞❡+ ♣❡#♠✉%❛%✐♦♥+ ❞❡ ❧✬❡♥+❡♠❜❧❡ {1, . . . , n}. ❙✐ (i, j) ❡+% ✉♥ ❝♦✉♣❧❡ ❞✬3❧3♠❡♥%+ ❞❡ {1, . . . , n}✱

♦♥ ♥♦%❡#❛ τ(i,j) ❧❛ %#❛♥+♣♦+✐%✐♦♥ ❞✬✐♥❞✐❝❡+ (i, j) ❝✬❡+%✲6✲❞✐#❡ ❧❛ ♣❡#♠✉%❛%✐♦♥ 7✉✐ 3❝❤❛♥❣❡ i ❡% j✳

❉$✜♥✐"✐♦♥ ✶✶ ✭❙✐❣♥❛"✉6❡✮

❙♦✐% σ ✉♥ 3❧3♠❡♥% ❞❡ Sn✳ ❖♥ ❞✐% 7✉✬✉♥ ❝♦✉♣❧❡ (i, j) ❡+% ✉♥❡ ✐♥✈❡#+✐♦♥ ❞❡ σ +✐ i < j ❡% σ(i) > σ(j).
❖♥ ♥♦%❡ I(σ) ❧❡ ♥♦♠❜#❡ ❞✬✐♥✈❡#+✐♦♥ ❞❡ σ. ▲❛ +✐❣♥❛%✉#❡ ❞❡ σ ❡+% ❛❧♦#+

ε(σ) = (−1)I(σ) ∈ {−1, 1}.

❖♥ ♣❡✉% ❞3♠♦♥%#❡# 7✉❡ ❧❛ +✐❣♥❛%✉#❡ ❞✬✉♥❡ %#❛♥+♣♦+✐%✐♦♥ ✈❛✉% −1✱ ❡% 7✉❡ ❧❛ +✐❣♥❛%✉#❡ ❞❡ ❧❛ ❝♦♠♣♦+3❡ ❞❡ ❞❡✉① ♣❡#♠✉%❛%✐♦♥+
❡+% ❧❡ ♣#♦❞✉✐% ❞❡ ❧❡✉#+ +✐❣♥❛%✉#❡+✳

▲❛ ❢♦#♠✉❧❡ ❞✉ ❞3%❡#♠✐♥❛♥% ♣♦✉# ✉♥❡ ♠❛%#✐❝❡ 2×2 ♦✉ 3×3 ❡♥ ❢♦♥❝%✐♦♥ ❞❡+ ❝♦❡✣❝✐❡♥%+ +❡ ❣3♥3#❛❧✐+❡ ♣❛# ❧❛ ♣#♦♣♦+✐%✐♦♥ +✉✐✈❛♥%❡
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σ∈Sn

ε(σ)x1,σ(1)x2,σ(2) · · ·xn,σ(n).
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