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❘❛♣♣❡❧% ❡& ❝♦♠♣❧*♠❡♥&% ❞✬❛❧❣/❜1❡ ❧✐♥*❛✐1❡

❉❛♥# $♦✉$ ❝❡ )✉✐ #✉✐$✱ K ❞-#✐❣♥❡/❛ ✐♥❞✐✛-/❡♠♠❡♥$ ❧❡ ❝♦/♣# R ♦✉ ❧❡ ❝♦/♣# C.

✼✳✶ ❊$♣❛❝❡$ ❱❡❝*♦,✐❡❧$

✼✳✶✳✶ ❉$✜♥✐(✐♦♥* ❡( ,❛♣♣❡❧*

❉!✜♥✐%✐♦♥ ✶

❙♦✐$ E ✉♥ ❡♥#❡♠❜❧❡ ♠✉♥✐ ❞✬✉♥❡ ❧♦✐ ❞❡ ❝♦♠♣♦#✐$✐♦♥ ✐♥$❡/♥❡ ♥♦$-❡ + :

{
E × E −→ E

(u, v) 7−→ u+ v

❡$ ❞✬✉♥❡ ❛♣♣❧✐❝❛$✐♦♥ ✭❛♣♣❡❧-❡ ❧♦✐ ❡①$❡/♥❡✮ ♥♦$-❡ . :

{
K× E −→ E

(λ, v) 7−→ λ.v

❖♥ ❞✐$ )✉❡ E ❡#$ ✉♥ K−❡#♣❛❝❡ ✈❡❝$♦/✐❡❧✱ #✐ ❧❡# ❝♦♥❞✐$✐♦♥# #✉✐✈❛♥$❡# #♦♥$ /-❛❧✐#-❡#✳

• (E,+) ❡#$ ✉♥ ❣/♦✉♣❡ ❝♦♠♠✉$❛$✐❢✱ ✭+ ♣♦##>❞❡ ✉♥ -❧-♠❡♥$ ♥❡✉$/❡✱ + ❡#$ ❛##♦❝✐❛$✐✈❡ ❡$ ❝♦♠♠✉$❛$✐✈❡✱ ❡$ $♦✉$ -❧-♠❡♥$ ❞❡

E ♣♦##>❞❡ ✉♥ #②♠-$/✐)✉❡ ✭♦♣♣♦#-✮ ♣♦✉/ +✮

• ∀(u, v) ∈ E2, ∀(λ, µ) ∈ K2 :
(λ+ µ).u = λ.u+ µ.u,

λ.(u+ v) = λ.u+ λ.v,

λ.(µ.u) = (λ× µ).u,
1.u = u.

▲❡# -❧-♠❡♥$# ❞❡ E #♦♥$ ❛♣♣❡❧-# ✈❡❝$❡✉/#✱ ❝❡✉① ❞❡ K #♦♥$ ❛♣♣❡❧-# #❝❛❧❛✐/❡#✳

❊①❡♠♣❧❡ ✼✳✶✳

✲ Kn,Mn(K),K[X],F(X,K),F(X,Kn) !♦♥$ ❞❡! K−❡!♣❛❝❡! ✈❡❝$♦+✐❡❧!✳

✲ C ❡!$ ✉♥ R−❡!♣❛❝❡ ✈❡❝$♦+✐❡❧✳

❉!✜♥✐%✐♦♥ ✷

❙♦✐$ (E,+, .) ✉♥ K−❡#♣❛❝❡ ✈❡❝$♦/✐❡❧✳ ❯♥ #♦✉#✲❡#♣❛❝❡ ✈❡❝$♦/✐❡❧ ✭#✳❡✳✈✳✮ ❞❡ E ❡#$ ✉♥ #♦✉# ❡♥#❡♠❜❧❡ F ⊂ E )✉✐✱ ♠✉♥✐ ❞❡#

❧♦✐# + ❡$ .✱ ❡#$ ✉♥ ❡#♣❛❝❡ ✈❡❝$♦/✐❡❧✳

12♦♣♦3✐%✐♦♥ ✶

❙♦✐$ (E,+, .) ✉♥ K−❡#♣❛❝❡ ✈❡❝$♦/✐❡❧ ❡$ F ✉♥ #♦✉#✲❡♥#❡♠❜❧❡ ❞❡ E. ❖♥ ❛ ❧✬-)✉✐✈❛❧❡♥❝❡ #✉✐✈❛♥$❡✳

F #✳❡✳✈✳ ❞❡ E ⇐⇒

{
F 6= ∅,
∀(u, v) ∈ F 2, ∀(λ, µ) ∈ K2 : λ.u+ µ.v ∈ F.

✶✹✶
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❊①❡♠♣❧❡ ✼✳✷✳

• {0E} ❡!" ❧❡ ♣❧✉! ♣❡"✐" !✳❡✳✈✳ ❞❡ E.

• ❧✬✐♥"❡,!❡❝"✐♦♥ ❞❡ ❞❡✉① !✳❡✳✈✳ ❞❡ E ❡!" ✉♥ !✳❡✳✈✳ ❞❡ E, ♠❛✐! ♣❛! ❧❛ ,2✉♥✐♦♥ ✦

• ❙✐ u1, . . . , un !♦♥" ❞❡! ✈❡❝"❡✉,! ❞❡ E, ❛❧♦,! ♦♥ ❞2✜♥✐" F = Vect{u1, . . . , un} ♣❛, ✿

u ∈ Vect{u1, . . . , un} ⇐⇒ ∃(λ1, . . . , λn) ∈ Kn, u = λ1u1 + · · ·+ λnun.

❆❧♦,! F = Vect{u1, . . . , un} ❡!" ✉♥ !✳❡✳✈✳ ❞❡ E.

• ❙✐ F ❡" G !♦♥" ❞❡! !✳❡✳✈✳ ❞❡ E ❛❧♦,! F +G = {f + g, f ∈ F, g ∈ G} ❡!" ❛✉!!✐ ✉♥ !✳❡✳✈✳ ❞❡ E.

✼✳✶✳✷ $%♦❞✉✐* ❞✬❡-♣❛❝❡- ✈❡❝*♦%✐❡❧-

❖♥ "❡ ❞♦♥♥❡ ❞❡✉① ❡"♣❛❝❡" ✈❡❝,♦-✐❡❧" (F, .,+) ❡, (G, .,+) "✉- ❧❡ ❝♦-♣" K = R ♦✉ C. ❖♥ ❛♣♣❡❧❧❡ ❡♥"❡♠❜❧❡ ♣-♦❞✉✐, E = F ×G

❧✬❡♥"❡♠❜❧❡ "✉✐✈❛♥,✳

E = F ×G = {(x, y), x ∈ F ❡, y ∈ G}.

❙✉- ❝❡, ❡♥"❡♠❜❧❡✱ ♦♥ ❞6✜♥✐, ❧❡" ❧♦✐" "✉✐✈❛♥,❡"✳

• ▲❛ ❧♦✐ . ✿ ∀(x, y) ∈ F ×G, ∀λ ∈ K, λ.(x, y) = (λ.x, λ.y).

• ▲❛ ❧♦✐ + ✿ ∀(x, y) ∈ F ×G, ∀(x′, y′) ∈ F ×G, (x, y) + (x′, y′) = (x+ x′, y + y′).

❖♥ ♣❡✉, "❛♥" ❞✐✣❝✉❧,6 6,❡♥❞-❡ ❝❡" ♥♦,✐♦♥" ❛✉ ♣-♦❞✉✐, ❞❡ N ❡"♣❛❝❡" ✈❡❝,♦-✐❡❧" "✉- ✉♥ ♠;♠❡ ❝♦-♣" K. ❖♥ ❛ ❛❧♦-" ❧❛ ♣-♦♣♦"✐,✐♦♥

"✉✐✈❛♥,❡✳

+8♦♣♦*✐"✐♦♥ ✷

❙✐ E1, . . . , Ep "♦♥, ❞❡" K− ❡"♣❛❝❡" ✈❡❝,♦-✐❡❧" ❛❧♦-" E = E1 × · · · × Ep =

p
∏

i=1

Ei ❡", ✉♥ K− ❡"♣❛❝❡ ✈❡❝,♦-✐❡❧✳

✼✳✶✳✸ ❙♦♠♠❡ ❞✐%❡❝*❡ ❞❡ -♦✉-✲❡-♣❛❝❡- ✈❡❝*♦%✐❡❧-

❉$✜♥✐"✐♦♥ ✸

❙♦✐, E ✉♥ K−❡"♣❛❝❡ ✈❡❝,♦-✐❡❧✱ ❡, (Ei)i∈{1,...,n} ✉♥❡ ❢❛♠✐❧❧❡ ✜♥✐❡ ❞❡ "✳❡✳✈✳ ❞❡ E. ❖♥ ❛♣♣❡❧❧❡ *♦♠♠❡ ❞❡ ❧❛ ❢❛♠✐❧❧❡

(Ei)i∈{1,...,n} ❧✬❡♥"❡♠❜❧❡ "✉✐✈❛♥,✳

∑

i∈{1,...,n}

Ei = E1 + · · ·+ En = {u1 + · · ·+ un, (u1, . . . , un) ∈ E1 × · · · × En} .

❖♥ ❛❞♠❡, ❛❧♦-" ❧❛ ♣-♦♣♦"✐,✐♦♥ "✉✐✈❛♥,❡✳

+8♦♣♦*✐"✐♦♥ ✸

❙♦✐, E ✉♥ K−❡"♣❛❝❡ ✈❡❝,♦-✐❡❧✱ ❡, (Ei)i∈I ✉♥❡ ❢❛♠✐❧❧❡ ✜♥✐❡ ❞❡ "✳❡✳✈✳ ❞❡ E. ▲✬❡♥"❡♠❜❧❡ E1 + · · · + En ❡", ✉♥ "♦✉"✲❡"♣❛❝❡

✈❡❝,♦-✐❡❧ ❞❡ E ❡, ❝✬❡", ❧❡ ♣❧✉" ♣❡,✐, ❡"♣❛❝❡ ✈❡❝,♦-✐❡❧ ❝♦♥,❡♥❛♥, ❧❛ -6✉♥✐♦♥ ❞❡" Ei.

❆✈❡❝ ❝❡" ♥♦,❛,✐♦♥"✱ ♦♥ ❛ ❧❛ ♣-♦♣♦"✐,✐♦♥ "✉✐✈❛♥,❡✳

+8♦♣♦*✐"✐♦♥ ✹

❙♦✐, E ✉♥ K−❡"♣❛❝❡ ✈❡❝,♦-✐❡❧✱ ❡, (Ei)i∈{1,...,n} ✉♥❡ ❢❛♠✐❧❧❡ ✜♥✐❡ ❞❡ "✳❡✳✈✳ ❞❡ E. ❆❧♦-" ❧❡" ❞❡✉① ❛""❡-,✐♦♥" "✉✐✈❛♥,❡" "♦♥,

6?✉✐✈❛❧❡♥,❡"✳

✭✐✮ B♦✉- ,♦✉,❡" ❢❛♠✐❧❧❡" (u1, . . . , un) ❡, (v1, . . . , vn) ❞❡ ✈❡❝,❡✉-" ❞❡ (Ei)i∈{1,...,n}✱ ♦♥ ❛ ✿

u1 + · · ·+ un = v1 + · · ·+ vn =⇒ ∀i ∈ {1, . . . , n}, ui = vi.

❆✉,-❡♠❡♥, ❞✐, ✿ ▲❛ ✓ ❞2❝♦♠♣♦!✐"✐♦♥ ✔ ❞✬✉♥ ✈❡❝"❡✉, ❞❡ E1 + · · ·+ En ❡!" ✉♥✐;✉❡✳

✶✹✷
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✭✐✐✮ #♦✉& '♦✉'❡ ❢❛♠✐❧❧❡ (u1, . . . , un) ❞❡ ✈❡❝'❡✉&0 ❞❡ (Ei)i∈{1,...,n}✱ ♦♥ ❛ ✿

u1 + · · ·+ un = 0 =⇒ ∀i ∈ {1, . . . , n}, ui = 0.

▲♦&05✉❡ ❝❡0 ❝♦♥❞✐'✐♦♥0 0♦♥' &6❛❧✐06❡0✱ ♦♥ ❞✐' 5✉❡ ❧❛ 0♦♠♠❡ E1 + · · ·+ En ❡0' ❞✐3❡❝"❡ ❡' ♦♥ ❧❛ ♥♦'❡

⊕

i∈{1,...,n}

Ei = E1 ⊕ · · · ⊕ En.

+3❡✉✈❡✳ ❖♥ &❛✐0♦♥♥❡ ♣❛& ❞♦✉❜❧❡ ✐♠♣❧✐❝❛"✐♦♥✳

❙✉♣♣♦0♦♥0 ✭✐✮ ❡' ♠♦♥'&♦♥0 ✭✐✐✮✳

❘6❝✐♣&♦5✉❡♠❡♥'✱ ✭✐✐✮ ❡' ♠♦♥'&♦♥0 ✭✐✮✳

✷

#❛& ❡①❡♠♣❧❡✱ ❞❛♥0 ❧❡ ❝❛0 ❞❡ ❞❡✉① ❡0♣❛❝❡0 ✈❡❝'♦&✐❡❧0✱ ♦♥ ❛ ❧❛ ♣&♦♣♦0✐'✐♦♥ 0✉✐✈❛♥'❡✳

+3♦♣♦*✐"✐♦♥ ✺

❙♦✐' E ✉♥ K−❡0♣❛❝❡ ✈❡❝'♦&✐❡❧✱ ❡' F,G ❞❡✉① 0✳❡✳✈✳ ❞❡ E. ❖♥ ❛ ❧✬65✉✐✈❛❧❡♥❝❡ 0✉✐✈❛♥'❡✳

▲❛ 0♦♠♠❡ F +G ❡0' ❞✐&❡❝'❡ ⇐⇒ F ∩G = {0}.

+3❡✉✈❡✳ ✭❉✶✮ ❖♥ &❛✐0♦♥♥❡ ♣❛& ❞♦✉❜❧❡ ✐♠♣❧✐❝❛"✐♦♥✳

❙✉♣♣♦0♦♥0 5✉❡ ❧❛ 0♦♠♠❡ F +G ❡0' ❞✐&❡❝'❡ ❡' ♠♦♥'&♦♥0 5✉❡ F ∩G = {0}.

✶✹✸
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❘!❝✐♣%♦'✉❡♠❡♥,✱ .✉♣♣♦.♦♥. '✉❡ F ∩G = {0} ❡, ♠♦♥,%♦♥. '✉❡ ❧❛ .♦♠♠❡ F +G ❡., ❞✐%❡❝,❡

✷

❘❡♠❛3'✉❡ ✿ ❈❡, !♥♦♥❝! ♣❡✉, .✬❛❞❛♣,❡% ♣♦✉% ♣❧✉.✐❡✉%. .♦✉.✲❡.♣❛❝❡. ✈❡❝,♦%✐❡❧. ✭❝❢ ♣%♦♣♦.✐,✐♦♥ .✉✐✈❛♥,❡✮✳

❈❡♣❡♥❞❛♥,✱ ✐❧ ❡., ✐♥❝♦%%❡❝, ❞❡ ❞✐%❡ '✉❡ .✐ F ∩G = G∩H = F ∩H = {0} ❛❧♦%. ❧❛ .♦♠♠❡ F +G+H ❡., ❞✐%❡❝,❡✳ :❛% ❡①❡♠♣❧❡✱

❞❛♥. E = R2, ♦♥ ♥♦,❡ F = Vect{(1, 0)}, G = Vect{(0, 1)} ❡, H = Vect{(1, 1)}.
■❧ ❡., ❝❧❛✐% '✉❡ F ∩G = G ∩H = F ∩H = {(0, 0)}✳
❏✉.,✐✜❡% ♣♦✉%,❛♥, '✉❡ ❧❛ .♦♠♠❡ F +G+H ♥✬❡., ♣❛. ❞✐%❡❝,❡✳

❱♦✐❝✐ ✉♥❡ ❣!♥!%❛❧✐.❛,✐♦♥ ♣♦..✐❜❧❡ ❞❡ ❧❛ ♣%♦♣♦.✐,✐♦♥ ♣%!❝!❞❡♥,❡ ♠❛✐. '✉✐ ♥✬❡., ♣❛. ❡①♣❧✐❝✐,❡♠❡♥, ❛✉ ♣%♦❣%❛♠♠❡✳

❊①❡3❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✸✮

❙♦✐, E ✉♥ K−❡.♣❛❝❡ ✈❡❝,♦%✐❡❧✱ ❡, E1, . . . , En ❞❡. .✳❡✳✈✳ ❞❡ E. ❖♥ ❛ ❧✬!'✉✐✈❛❧❡♥❝❡ .✉✐✈❛♥,❡✳

▲❛ .♦♠♠❡ E1 + · · ·+ En ❡., ❞✐%❡❝,❡ ⇐⇒ ∀i ∈ {1, . . . , n}, Ei ∩




∑

j 6=i

Ej



 = {0}.

✶✹✹
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❖♥ "❛♣♣❡❧❧❡ ❛✉((✐ ❧❛ ❞+✜♥✐-✐♦♥ (✉✐✈❛♥-❡ ❡- ♦♥ ❧❛ ❣+♥+"❛❧✐(❡ 1 ♣❧✉(✐❡✉"( (♦✉(✲❡(♣❛❝❡( ✈❡❝-♦"✐❡❧(✳

❉$✜♥✐"✐♦♥ ✹

❙♦✐- E ✉♥ K−❡(♣❛❝❡ ✈❡❝-♦"✐❡❧✳

✶✳ ❙♦✐❡♥- F,G ❞❡✉① (✳❡✳✈✳ ❞❡ E.

❖♥ ❞✐- 8✉❡ F ❡- G (♦♥- *✉♣♣❧$♠❡♥"❛✐6❡* ❞❛♥( E, (✐ E = F ⊕ G, ❛✉-"❡♠❡♥- ❞✐- (✐ ♣♦✉" -♦✉- ✈❡❝-❡✉" u ❞❡ E, ✐❧

❡①✐(-❡ ✉♥ ✉♥✐8✉❡ f ∈ F ❡- ✉♥ ✉♥✐8✉❡ g ∈ G -❡❧( 8✉❡ u = f + g.

∀u ∈ E, ∃!f ∈ F, ∃!g ∈ G : u = f + g.

✷✳ ❙♦✐❡♥- E1, . . . , En ❞❡( (✳❡✳✈✳ ❞❡ E.

❖♥ ❞✐- 8✉❡ E1, . . . , En (♦♥- *✉♣♣❧$♠❡♥"❛✐6❡* ❞❛♥( E, (✐ E = E1 ⊕ · · · ⊕En, ❛✉-"❡♠❡♥- ❞✐- (✐ ♣♦✉" -♦✉- ✈❡❝-❡✉" u

❞❡ E, ✐❧ ✉♥ ✉♥✐8✉❡ (u1, . . . , un) ∈ E1 × · · · × En -❡❧( 8✉❡ u = u1 + · · ·+ un.

∀u ∈ E, ∃!(u1, . . . , un) ∈ E1 × · · · × En : u = u1 + · · ·+ un.

▲❛ ♣"♦♣♦(✐-✐♦♥ ✺ (✬+❝"✐- ❛❧♦"( ✿

+6♦♣♦*✐"✐♦♥ ✻

❙♦✐- E ✉♥ K−❡(♣❛❝❡ ✈❡❝-♦"✐❡❧✱ ❡- F,G ❞❡✉① (✳❡✳✈✳ ❞❡ E. ❖♥ ❛ ❧✬+8✉✐✈❛❧❡♥❝❡ (✉✐✈❛♥-❡✳

E = F ⊕G ⇐⇒

{
E = F +G,

F ∩G = {0}.

@♦✉" ❞+♠♦♥-"❡" 8✉❡ ❞❡✉① (♦✉(✲❡(♣❛❝❡( ✈❡❝-♦"✐❡❧( (♦♥- (✉♣♣❧+♠❡♥-❛✐"❡(✱ ♦♥ ♣♦✉""❛ ✉-✐❧✐(❡" ✉♥ "❛✐(♦♥♥❡♠❡♥- ♣❛" ❛♥❛❧②*❡ ❡"

*②♥"❤9*❡✳

❊①❡6❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❖♥ ♥♦-❡ E = F(R,R), P (♦♥ (♦✉(✲❡♥(❡♠❜❧❡ ❞❡( ❢♦♥❝-✐♦♥( ♣❛✐"❡( ❡- I ❝❡❧✉✐ ❞❡( ❢♦♥❝-✐♦♥( ✐♠♣❛✐"❡(✳ ❖♥ "❛♣♣❡❧❧❡ 8✉❡ P ❡-
I (♦♥- ❞❡( (♦✉(✲❡(♣❛❝❡( ✈❡❝-♦"✐❡❧( ❞❡ E. ▼♦♥-"❡" 8✉✬✐❧( (♦♥- (✉♣♣❧+♠❡♥-❛✐"❡(✳

❆♥❛❧②*❡ ✿

✶✹✺
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❙②♥"❤3*❡ ✿

❊①❡7❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✷✮

❖♥ ♥♦#❡ E = K[X] ❧✬❡'♣❛❝❡ ✈❡❝#♦,✐❡❧ ❞❡' ♣♦❧②♥0♠❡' 2 ❝♦❡✣❝✐❡♥#' ❞❛♥' K. ❖♥ ❞4'✐❣♥❡ ♣❛, Kn[X] ❧✬❡♥'❡♠❜❧❡ ❞❡' ♣♦❧②♥0♠❡'
❞❡ K[X] ❞❡ ❞❡❣,4 ✐♥❢4,✐❡✉, ♦✉ 4❣❛❧ 2 n ∈ N. ❈✬❡'# ✉♥ '♦✉'✲❡'♣❛❝❡ ✈❡❝#♦,✐❡❧ ❞❡ E. ❖♥ '❡ ❞♦♥♥❡ ✉♥ ♣♦❧②♥0♠❡ P ∈ K[X] ❡#
♦♥ ♣♦'❡ ✿

K[X].P = {Q.P, Q ∈ K[X]}

❧✬❡♥'❡♠❜❧❡ ❞❡' ♠✉❧#✐♣❧❡' ❞❡ P.

✶✳ ▼♦♥#,❡, ?✉❡ K[X].P ❡'# ✉♥ '♦✉'✲❡'♣❛❝❡ ✈❡❝#♦,✐❡❧ ❞❡ E.

✷✳ ❙♦✐# n ∈ N #❡❧ ?✉❡ n+ 1 '♦✐# ❧❡ ❞❡❣,4 ❞❡ P.
❘❛♣♣❡❧❡, ❧❛ ❞4✜♥✐#✐♦♥ ❞❡ ❧❛ ❞✐✈✐'✐♦♥ ❡✉❝❧✐❞✐❡♥♥❡ ❞✬✉♥ ♣♦❧②♥0♠❡ A ∈ K[X] ♣❛, ❧❡ ♣♦❧②♥0♠❡ P.
❊♥ ❞4❞✉✐,❡ ?✉❡ K[X].P ❡# Kn[X] '♦♥# '✉♣♣❧4♠❡♥#❛✐,❡' ❞❛♥' E.

✶✹✻
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✼✳✷ ❋❛♠✐❧❧❡) ❞❡ ✈❡❝-❡✉/)

✼✳✷✳✶ ❋❛♠✐❧❧❡* ❧✐❜,❡*✱ ❢❛♠✐❧❧❡* ❣0♥0,❛2,✐❝❡*

❖♥ "❛♣♣❡❧❧❡ ❞✬❛❜♦"❞ ❧❡ ❝❛, ❞❡, ❢❛♠✐❧❧❡, ✜♥✐❡,✳

❉$✜♥✐"✐♦♥ ✺

❙♦✐3 E ✉♥ K−❡,♣❛❝❡ ✈❡❝3♦"✐❡❧✱ ❡3 F = {u1, . . . , un} ✉♥❡ ❢❛♠✐❧❧❡ ❞❡ E. ❖♥ ❞✐3 7✉❡ ✿

• F ❡,3 ✉♥❡ ❢❛♠✐❧❧❡ ❧✐❜"❡ ✭♦✉ ❧✐♥:❛✐"❡♠❡♥3 ✐♥❞:♣❡♥❞❛♥3❡✮ ,✐ ✿

∀(λ1, . . . , λn) ∈ K
n,

(

λ1u1 + · · ·+ λnun = 0 =⇒ λ1 = · · · = λn = 0
)

.

• F ❡,3 ✉♥❡ ❢❛♠✐❧❧❡ ❧✐:❡ ,✐ ✿

∃(λ1, . . . , λn) ∈ K
n
r {(0, . . . , 0)}, λ1u1 + · · ·+ λnun = 0.

• F ❡,3 ✉♥❡ ❢❛♠✐❧❧❡ ❣:♥:"❛3"✐❝❡ ❞❡ E ,✐ ✿

∀u ∈ E, ∃(λ1, . . . , λn) ∈ K
n, u = λ1u1 + · · ·+ λnun.

❆✐♥,✐✱ F ❡,3 ✉♥❡ ❢❛♠✐❧❧❡ ❣:♥:"❛3"✐❝❡ ❞❡ E ,✐ E =✈❡❝3{u1, . . . , un}.

❊①❡♠♣❧❡ ✼✳✸✳ ❙♦✐# u ∈ E. ▼♦♥#&❡& (✉❡ ✿

{u} ❡+# ❧✐❜&❡ +✐ ❡# +❡✉❧❡♠❡♥# +✐ u 6= 0.

❊①❡♠♣❧❡ ✼✳✹✳ ❙♦✐❡♥# u, v ∈ E. ▼♦♥#&❡& ❧✬0(✉✐✈❛❧❡♥❝❡ +✉✐✈❛♥#❡✳

{u, v} ❡+# ❧✐0❡ ⇐⇒







∃λ ∈ K, u = λv

♦✉

v = 0.

✶✹✼
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❊①❡♠♣❧❡ ✼✳✺✳ ❖♥ ❞✐$ %✉✬✉♥❡ ❢❛♠✐❧❧❡ {P1, . . . , PN} ❞❡ K[X] ❡-$ .❝❤❡❧♦♥♥.❡ ❡♥ ❞❡❣3.- -✐

deg(P1) < deg(P2) < · · · < deg(PN ).

❚♦✉$❡ ❢❛♠✐❧❧❡ ❞❡ ♣♦❧②♥7♠❡- ♥♦♥ ♥✉❧-✱ .❝❤❡❧♦♥♥.❡ ❡♥ ❞❡❣3.- ❡-$ ❧✐❜3❡✳ ❊♥ ❡✛❡$ ✿

❊①❡8❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❙♦✐# n ∈ N∗
❡# %♦✐❡♥# ❞❡% ()❡❧% #❡❧% +✉❡ α1 < α2 < · · · < αn.

-♦✉( #♦✉# i ∈ {1, . . . , n}✱ ♦♥ ♥♦#❡ fi : x 7−→ eαix.

▼♦♥#(❡( +✉❡ F = {f1, . . . , fn} ❡%# ✉♥❡ ❢❛♠✐❧❧❡ ❧✐❜(❡ ❞❡ C(R,R).

❖♥ ♠♦♥#(❡ ❝❡ ()%✉❧#❛# ♣❛( ()❝✉((❡♥❝❡ %✉( n.

• ■♥✐"✐❛❧✐*❛"✐♦♥ ✿ ❙✐ n = 1✱ %♦✐# α1 ∈ R✳ ❆❧♦(% f1 : x 7−→ eα1x
♥✬❡%# ♣❛% ❧❛ ❢♦♥❝#✐♦♥ ♥✉❧❧❡ ❞♦♥❝ {f1} ❡%# ❧✐❜(❡✳

• ❍$8$❞✐"$ ✿ ❙♦✐# n ∈ N∗. ❙✉♣♣♦%♦♥% ❧❡ ()%✉❧#❛# ❞)♠♦♥#() ♣♦✉( ❝❡ n✳ ❖♥ %❡ ❞♦♥♥❡ ❞❡% ()❡❧% α1 < α2 < · · · < αn+1. ❡# ♦♥

♥♦#❡ fi : x 7−→ eαix. ▼♦♥#(♦♥% +✉❡ F = {f1, . . . , fn+1} ❡%# ✉♥❡ ❢❛♠✐❧❧❡ ❧✐❜(❡ ❞❡ C(R,R).

✶✹✽
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✼✳✷✳✷ ❇❛%❡%

❉$✜♥✐"✐♦♥ ✻

❙♦✐# E ✉♥ K−❡'♣❛❝❡ ✈❡❝#♦,✐❡❧✱ ❡# B = (e1, . . . , en) ✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ✈❡❝#❡✉,' ❞❡ E. ❖♥ ❞✐,❛ 3✉❡ B ❡'# ✉♥❡ ❜❛'❡ ❞❡ E '✐ ❡❧❧❡

❡'# 5 ❧❛ ❢♦✐' ❧✐❜,❡ ❡# ❣7♥7,❛#,✐❝❡ ❞❡ E.

❊①❡♠♣❧❡ ✼✳✻✳

• ❜❛"❡ ❝❛♥♦♥✐(✉❡ ❞❡ Kn,

• (1, X, . . . , Xn) ❡"+ ✉♥❡ ❜❛"❡ ❞❡ Kn[X].

❖♥ ,❛♣♣❡❧❧❡ ❛❧♦,' ❧❛ ❝❛,❛❝#7,✐'❛#✐♦♥ '✉✐✈❛♥#❡ ✈✉❡ ❡♥ ♣,❡♠✐8,❡ ❛♥♥7❡✳

+9♦♣♦*✐"✐♦♥ ✼

❙♦✐# E ✉♥ K−❡'♣❛❝❡ ✈❡❝#♦,✐❡❧✱ ❡# B = (e1, . . . , en) ✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ✈❡❝#❡✉,' ❞❡ E. ❖♥ ❛ ✿

B ❡'# ✉♥❡ ❜❛'❡ ❞❡ E ⇐⇒ ∀u ∈ E, ∃!(λ1, . . . , λn) ∈ K
n : u = λ1e1 + · · ·λnen.

❚♦✉# ✈❡❝#❡✉, u ❞❡ E '✬7❝,✐# ❛❧♦,' ❞❡ ♠❛♥✐8,❡ ✉♥✐3✉❡ ❝♦♠♠❡ ❝♦♠❜✐♥❛✐'♦♥ ❧✐♥7❛✐,❡ ❞❡ e1, . . . , en. ▲❡ n−✉♣❧❡# (λ1, . . . , λn)
❡'# ❛♣♣❡❧7 ❝♦♦,❞♦♥♥7❡' ✭♦✉ ❝♦♠♣♦'❛♥#❡'✮ ❞❡ u ❞❛♥' ❧❛ ❜❛'❡ B.

✼✳✷✳✸ ❊%♣❛❝❡% ✈❡❝,♦.✐❡❧% ❞❡ ❞✐♠❡♥%✐♦♥ ✜♥✐❡

❉$✜♥✐"✐♦♥ ✼

❙♦✐# E ✉♥ K−❡'♣❛❝❡ ✈❡❝#♦,✐❡❧✳ ❖♥ ❞✐,❛ 3✉❡ E ❡'# ❞❡ ❞✐♠❡♥'✐♦♥ ✜♥✐❡ '✐ E ♣♦''8❞❡ ✉♥❡ ❢❛♠✐❧❧❡ ❣7♥7,❛#,✐❝❡ ✜♥✐❡✱ ❛✉#,❡♠❡♥#

❞✐#✱ '✐ ❧✬♦♥ ♣❡✉# #,♦✉✈❡, ❞❡' ✈❡❝#❡✉,' u1, . . . , up ∈ E #❡❧' 3✉❡

E = ✈❡❝#{u1, . . . , up}.

+9♦♣♦*✐"✐♦♥ ✽

❙♦✐# E ✉♥ K−❡'♣❛❝❡ ✈❡❝#♦,✐❡❧ 3✉✐ ♣♦''8❞❡ ✉♥❡ ❢❛♠✐❧❧❡ ❣7♥7,❛#,✐❝❡ ✜♥✐❡ G = (u1, . . . , un). ❆❧♦,' #♦✉#❡ ❢❛♠✐❧❧❡ ❧✐❜,❡ ❝♦♥#❡♥✉❡

❞❛♥' G ♣❡✉# B#,❡ ❝♦♠♣❧7#7❡ ♣❛, ❞❡' 7❧7♠❡♥#' ❞❡ G ❡♥ ✉♥❡ ❜❛'❡ ❞❡ E.

❊# ❞♦♥❝✱ ❞❡ #♦✉#❡ ❢❛♠✐❧❧❡ ❣7♥7,❛#,✐❝❡ ✜♥✐❡✱ ♦♥ ♣❡✉# ❡①#,❛✐,❡ ✉♥❡ ❜❛'❡✳ ❆✐♥'✐✱ #♦✉# ❡'♣❛❝❡ ✈❡❝#♦,✐❡❧ ❞❡ ❞✐♠❡♥'✐♦♥ ✜♥✐❡ ♣♦''8❞❡

❛✉ ♠♦✐♥' ✉♥❡ ❜❛'❡✳ ❖♥ ,❛♣♣❡❧❧❡ ❧❡' ♣,♦♣♦'✐#✐♦♥' '✉✐✈❛♥#❡'✳

+9♦♣♦*✐"✐♦♥ ✾

❉❛♥' #♦✉# ❡'♣❛❝❡ ✈❡❝#♦,✐❡❧ E ❞❡ ❞✐♠❡♥'✐♦♥ ✜♥✐❡✱ ✐❧ ❡①✐'#❡ ❛✉ ♠♦✐♥' ✉♥❡ ❜❛'❡✳ ❚♦✉#❡' ❧❡' ❜❛'❡' ❞❡ E ♦♥# ❛❧♦,' ♠B♠❡

❝❛,❞✐♥❛❧✱ ♦♥ ❛♣♣❡❧❧❡ ❝❡ ♥♦♠❜,❡ ❞✐♠❡♥'✐♦♥ ❞❡ E ✭♥♦#7❡ ❞✐♠(E)✮✳

✶✹✾
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▲❛ ♣#♦♣♦%✐'✐♦♥ ✽ ❛ ♣♦✉# ❝♦♥%,-✉❡♥❝❡ ❞✐#❡❝'❡ ❧❡% ❞❡✉① ♣#♦♣♦%✐'✐♦♥% %✉✐✈❛♥'❡%✳

+2♦♣♦*✐"✐♦♥ ✶✵ ✭❚❤$♦28♠❡ ❞❡ ❧❛ ❇❛*❡ ❊①"2❛✐"❡✮

❙♦✐' E ✉♥ K−❡%♣❛❝❡ ✈❡❝'♦#✐❡❧ ❞❡ ❞✐♠❡♥%✐♦♥ ✜♥✐❡✳ ❆❧♦#% ❞❡ '♦✉'❡ ❢❛♠✐❧❧❡ ❣,♥,#❛'#✐❝❡ ❞❡ E ♦♥ ♣❡✉' ❡①'#❛✐#❡ ✉♥❡ ❜❛%❡ ❞❡ E.

+2♦♣♦*✐"✐♦♥ ✶✶ ✭❚❤$♦28♠❡ ❞❡ ❧❛ ❇❛*❡ ■♥❝♦♠♣❧8"❡✮

❙♦✐' E ✉♥ K−❡%♣❛❝❡ ✈❡❝'♦#✐❡❧ ❞❡ ❞✐♠❡♥%✐♦♥ ✜♥✐❡✳ ❆❧♦#% '♦✉'❡ ❢❛♠✐❧❧❡ ❧✐❜#❡ ❞❡ E ♣❡✉' ;'#❡ ❝♦♠♣❧,',❡ ❡♥ ✉♥❡ ❜❛%❡ ❞❡ E.

❊①❡♠♣❧❡ ✼✳✼✳

• dim(Kn) = n,

• dim(Mn,p(K)) = n× p,

• dim(Kn[X]) = n+ 1,
• C ❡!" ✉♥ R−❡!♣❛❝❡ ❞❡ ❞✐♠❡♥!✐♦♥ 2,
• ♦♥ ❛♣♣❡❧❧❡ -❛♥❣ ❞✬✉♥❡ ❢❛♠✐❧❧❡ ✜♥✐❡ ❞❡ ✈❡❝"❡✉-!✱ ❧❛ ❞✐♠❡♥!✐♦♥ ❞❡ ❧✬❡!♣❛❝❡ ✈❡❝"♦-✐❡❧ 4✉✬✐❧! ❡♥❣❡♥❞-❡♥"✳

-❣{u1, . . . , up} = dim(✈❡❝"{u1, . . . , up}).

+2♦♣♦*✐"✐♦♥ ✶✷

❙♦✐' E ✉♥ K−❡%♣❛❝❡ ✈❡❝'♦#✐❡❧ ❞❡ ❞✐♠❡♥%✐♦♥ n ∈ N.

• ❙♦✐❡♥' u1, . . . , up ∈ E. ❙✐ (u1, . . . , up) ❡%' ❧✐❜#❡ ❛❧♦#% p 6 n,

♦✉ ❡♥❝♦#❡ '♦✉'❡ ❢❛♠✐❧❧❡ ❞❡ ❝❛#❞✐♥❛❧ ❛✉ ♠♦✐♥% n+ 1 ❡%' ❧✐,❡✳
• ❙♦✐❡♥' u1, . . . , up ∈ E. ❙✐ (u1, . . . , up) ❡%' ✉♥❡ ❢❛♠✐❧❧❡ ❣,♥,#❛'#✐❝❡ ❞❡ E, ❛❧♦#% p > n,

♦✉ ❡♥❝♦#❡✱ ✐❧ ❢❛✉' ❛✉ ♠♦✐♥% n = dim(E) ✈❡❝'❡✉#% ♣♦✉# ❡♥❣❡♥❞#❡# E.

• ❙♦✐' e1, . . . , en ∈ E. ❖♥ ❛ ❧❡% ,-✉✐✈❛❧❡♥❝❡% %✉✐✈❛♥'❡%✳

(e1, . . . , en) ❜❛%❡ ❞❡ E ⇐⇒ (e1, . . . , en) ❧✐❜#❡✱
⇐⇒ (e1, . . . , en) ❣,♥,#❛'#✐❝❡ ❞❡ E.

❆✐♥%✐✱ ❧❡% ❜❛%❡% %♦♥' ❧❡% ❢❛♠✐❧❧❡% ❧✐❜#❡% ❞❡ ❝❛#❞✐♥❛❧ ♠❛①✐♠❛❧ ♦✉ ❡♥❝♦#❡ ❧❡% ❢❛♠✐❧❧❡% ❣,♥,#❛'#✐❝❡% ❞❡ ❝❛#❞✐♥❛❧ ♠✐♥✐♠❛❧✳

✼✳✷✳✹ ❉✐♠❡♥)✐♦♥ ❞❡ )♦✉)✲❡)♣❛❝❡) ✈❡❝2♦3✐❡❧)

+2♦♣♦*✐"✐♦♥ ✶✸

❙♦✐' E ✉♥ K−❡%♣❛❝❡ ✈❡❝'♦#✐❡❧ ❞❡ ❞✐♠❡♥%✐♦♥ ✜♥✐❡✱ ❡' F ✉♥ %♦✉%✲❡%♣❛❝❡ ✈❡❝'♦#✐❡❧ ❞❡ E. ❆❧♦#% F ❡%' ❞❡ ❞✐♠❡♥%✐♦♥ ✜♥✐❡✱ ❡'

❧✬♦♥ ❛

dim(F ) 6 dim(E).

❉❡ ♣❧✉%✱ %✐ F ❡%' ✉♥ %♦✉%✲❡%♣❛❝❡ ✈❡❝'♦#✐❡❧ ❞❡ E -✉✐ ✈,#✐✜❡ dim(F ) = dim(E) ❛❧♦#% ♦♥ ❛ F = E.

❆♣♣❧✐❝❛"✐♦♥ ✿ A♦✉# ♠♦♥'#❡# -✉❡ ❞❡✉① ❡%♣❛❝❡% ✈❡❝'♦#✐❡❧% %♦♥' ,❣❛✉①✱ ✐❧ %✉✣' ❞❡ ✈,#✐✜❡# -✉✬✐❧% ♦♥' ♠;♠❡ ❞✐♠❡♥%✐♦♥ ❡' -✉❡

❧✬✉♥ ❡%' ✐♥❝❧✉% ❞❛♥% ❧✬❛✉'#❡✳

+2♦♣♦*✐"✐♦♥ ✶✹

❙♦✐' E ✉♥ K−❡%♣❛❝❡ ✈❡❝'♦#✐❡❧ ❞❡ ❞✐♠❡♥%✐♦♥ ✜♥✐❡✳

A♦✉# i = 1, . . . , n✱ ♦♥ %❡ ❞♦♥♥❡ ❞❡% %♦✉%✲❡%♣❛❝❡% ✈❡❝'♦#✐❡❧ Ei✱ ❝❤❛❝✉♥ ♠✉♥✐ ❞✬✉♥❡ ❜❛%❡ Bi = (e
(i)
1 , . . . , e

(i)
pi
)✳ ❖♥ ❛ ❛❧♦#% ❧❡%

,-✉✐✈❛❧❡♥❝❡% %✉✐✈❛♥'❡%✳

E = E1 ⊕ · · · ⊕ En ⇐⇒ B = (e
(1)
1 , . . . , e(1)p1

, . . . , e
(n)
1 , . . . , e(n)pn

) ❡%' ✉♥❡ ❜❛%❡ ❞❡ E.

❉❛♥% ❝❡ ❝❛%✱ ♦♥ ❞✐#❛ -✉❡ B ❡%' ✉♥❡ ❜❛%❡ ❛❞❛♣',❡ D ❧❛ %♦♠♠❡ ❞✐#❡❝'❡ E = E1 ⊕ · · · ⊕ En.

✶✺✵
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+2❡✉✈❡✳ ❖♥ ❧❡ ♠♦♥&'❡ (❛♥( '❡(&'❡✐♥❞'❡ ❧❛ ❣-♥-'❛❧✐&-✱ ❞❛♥( ❧❡ ❝❛( ❞❡ ❞❡✉① (♦✉(✲❡(♣❛❝❡( ✈❡❝&♦'✐❡❧( F ❡& G ❞❡ E.

❖♥ (❡ ❞♦♥♥❡ ✉♥❡ ❜❛(❡ (f1, . . . , fp) ❞❡ F ❡& ✉♥ ❜❛(❡ (g1, . . . , gq) ❞❡ G.

✷

+2♦♣♦*✐"✐♦♥ ✶✺

❙♦✐& E ✉♥ K−❡(♣❛❝❡ ✈❡❝&♦'✐❡❧ ❞❡ ❞✐♠❡♥(✐♦♥ ✜♥✐❡✱ ❡& E1, . . . , En ❞❡( (✳❡✳✈✳ ❞❡ E ❞♦♥& ❧❛ (♦♠♠❡ E1 + · · ·+En ❡(& ❞✐'❡❝&❡✳

❖♥ ❛ ❧✬-❣❛❧✐&- (✉✐✈❛♥&❡✳

dim(E1 ⊕ · · · ⊕ En) = dim(E1) + · · ·+ dim(En).

❊♥ ♣❛'&✐❝✉❧✐❡'✱ (✐ F ❡& G (♦♥& ❞❡✉① (♦✉(✲❡(♣❛❝❡( ✈❡❝&♦'✐❡❧( (✉♣♣❧-♠❡♥&❛✐'❡( ❞❛♥( E, ♦♥ ❛

dim(E) = dim(F ⊕G) = dim(F ) + dim(G).

+2❡✉✈❡✳

✷

+2♦♣♦*✐"✐♦♥ ✶✻

❙♦✐& E ✉♥ K− ❡(♣❛❝❡ ✈❡❝&♦'✐❡❧ ❡& E1, . . . , En ❞❡( (✳❡✳✈✳ ❞❡ E ❡♥ *♦♠♠❡ ❞✐2❡❝"❡✳ ❖♥ ❛ ❧✬-;✉✐✈❛❧❡♥❝❡ (✉✐✈❛♥&❡✳

E = E1 ⊕ · · · ⊕ En ⇐⇒ dim(E) = dim(E1) + · · ·+ dim(En).

✶✺✶
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+2❡✉✈❡✳

✷

❖♥ "✬✐♥%&'❡""❡ ♣❧✉" ♣'&❝✐"&♠❡♥% . ❧❛ "♦♠♠❡ ❞❡ ❞❡✉① ❡"♣❛❝❡" ✈❡❝%♦'✐❡❧"✳

❉$✜♥✐"✐♦♥ ✽

❙♦✐% E ✉♥ K−❡"♣❛❝❡ ✈❡❝%♦'✐❡❧ ❞❡ ❞✐♠❡♥"✐♦♥ ✜♥✐❡✱ ❡% F ✉♥ "♦✉"✲❡"♣❛❝❡ ✈❡❝%♦'✐❡❧ ❞❡ E. ❙♦✐% B = (e1, . . . , en) ✉♥❡ ❜❛"❡ ❞❡
E. ❖♥ ❞✐% :✉❡ B ❡"% ❛❞❛♣%&❡ . F "✬✐❧ ❡①✐"%❡ ✉♥ ❡♥%✐❡' p %❡❧ :✉❡ 1 6 p 6 n ❡% (e1, . . . , ep) ❡"% ✉♥❡ ❜❛"❡ ❞❡ F.

❖♥ ❛❞♠❡% ❧❡" ♣'♦♣♦"✐%✐♦♥" "✉✐✈❛♥%❡"✳

+2♦♣♦*✐"✐♦♥ ✶✼

❙♦✐% E ✉♥ K−❡"♣❛❝❡ ✈❡❝%♦'✐❡❧✱ ❡% F ✉♥ "♦✉"✲❡"♣❛❝❡ ✈❡❝%♦'✐❡❧ ❞❡ E. ❙✐ F ❡"% ❞❡ ❞✐♠❡♥"✐♦♥ ✜♥✐❡✱ ❛❧♦'" ✐❧ ♣♦"";❞❡ ❛✉ ♠♦✐♥"

✉♥ "✉♣♣❧&♠❡♥%❛✐'❡ ❞❛♥" E.

+2♦♣♦*✐"✐♦♥ ✶✽ ✭❋♦2♠✉❧❡ ❞❡ ●2❛**♠❛♥✮

❙♦✐% E ✉♥ K−❡"♣❛❝❡ ✈❡❝%♦'✐❡❧ ❞❡ ❞✐♠❡♥"✐♦♥ ✜♥✐❡✱ ❡% F,G ❞❡✉① "♦✉"✲❡"♣❛❝❡" ✈❡❝%♦'✐❡❧" ❞❡ E. ❆❧♦'"

dim(F +G) = dim(F ) + dim(G)− dim(F ∩G).

+2♦♣♦*✐"✐♦♥ ✶✾

❙♦✐% E ✉♥ K−❡"♣❛❝❡ ✈❡❝%♦'✐❡❧ ❞❡ ❞✐♠❡♥*✐♦♥ ✜♥✐❡ ❡% F ❡% G "♦♥% ❞❡✉① "♦✉"✲❡"♣❛❝❡" ✈❡❝%♦'✐❡❧" ❞❡ E✳ ❖♥ ❛ ❧❡" &:✉✐✈❛❧❡♥❝❡"
"✉✐✈❛♥%❡"✳

E = F ⊕G ⇐⇒

{
F ∩G = {0}
dim(E) = dim(F ) + dim(G)

⇐⇒

{
F +G = E

dim(E) = dim(F ) + dim(G)

❖♥ ❞♦♥♥❡ ❡♥✜♥ ❧❛ ♣'♦♣♦"✐%✐♦♥ "✉✐✈❛♥%❡✳

+2♦♣♦*✐"✐♦♥ ✷✵

❙✐ E1, . . . , Ep "♦♥% ❞❡" K− ❡"♣❛❝❡" ✈❡❝%♦'✐❡❧" ❞❡ ❞✐♠❡♥"✐♦♥ ✜♥✐❡ ❛❧♦'" E1×· · ·×Ep ❡"% ✉♥ K− ❡"♣❛❝❡ ✈❡❝%♦'✐❡❧ ❞❡ ❞✐♠❡♥"✐♦♥
✜♥✐❡ ❡%

dim(E1 × · · · × Ep) = dim(E1) + · · ·+ dim(Ep).

✶✺✷
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✼✳✸ ❆♣♣❧✐❝❛)✐♦♥, ❧✐♥-❛✐.❡,

✼✳✸✳✶ ❉%✜♥✐)✐♦♥+

❉$✜♥✐"✐♦♥ ✾

❙♦✐❡♥% E ❡% F ❞❡' K✲❡'♣❛❝❡' ✈❡❝%♦-✐❡❧' ❡% ✉♥❡ ❛♣♣❧✐❝❛%✐♦♥ f : E −→ F. ❖♥ ❞✐% 1✉❡ f ❡'% ✉♥❡ ❛♣♣❧✐❝❛%✐♦♥ ❧✐♥2❛✐-❡ '✐ ❧✬✉♥❡

❞❡' ❞❡✉① ❝♦♥❞✐%✐♦♥' 21✉✐✈❛❧❡♥%❡' '✉✐✈❛♥%❡' ❡'% ✈2-✐✜2❡✳

✶✳ ∀(u, v) ∈ E2, ∀(λ, µ) ∈ K2, f(λu+ µv) = λf(u) + µf(v).

✷✳ ∀(u, v) ∈ E2, f(u+ v) = f(u) + f(v) ❡% ∀u ∈ E, ∀λ ∈ K, f(λu) = λf(u).

❖♥ ♥♦%❡ L(E,F ) ❧✬❡♥'❡♠❜❧❡ ❞❡' ❛♣♣❧✐❝❛%✐♦♥' ❧✐♥2❛✐-❡'✱ ❝✬❡'% ✉♥ K−❡'♣❛❝❡ ✈❡❝%♦-✐❡❧✳
❖♥ ❛♣♣❡❧❧❡ ❢♦-♠❡ ❧✐♥2❛✐-❡ ✉♥❡ ❛♣♣❧✐❝❛%✐♦♥ ❧✐♥2❛✐-❡ ❞❡ E ❞❛♥' K = F, ❡% ❡♥❞♦♠♦-♣❤✐'♠❡ ✉♥❡ ❛♣♣❧✐❝❛%✐♦♥ ❧✐♥2❛✐-❡ ❞❡ E

❞❛♥' E = F.

❖♥ ♥♦%❡-❛ L(E) ❧✬❡'♣❛❝❡ ✈❡❝%♦-✐❡❧ ❞❡' ❡♥❞♦♠♦-♣❤✐'♠❡' ❞❡ E.

❙✐ f ∈ L(E,F ) ❡'% ❜✐❥❡❝%✐✈❡✱ ♦♥ ❞✐-❛ 1✉❡ f ❡'% ✉♥ ✐'♦♠♦-♣❤✐'♠❡ ❞❡ E '✉- F, ♦✉ 1✉❡ E ❡% F '♦♥% ✐'♦♠♦-♣❤❡'✳ ❖♥ ❛♣♣❡❧❧❡

❛✉%♦♠♦-♣❤✐'♠❡ ❞❡ E, ✉♥ ❡♥❞♦♠♦-♣❤✐'♠❡ ❞❡ E 1✉✐ ❡'% ❜✐❥❡❝%✐❢✳ ❖♥ ♥♦%❡-❛ GL(E) ❧✬❡'♣❛❝❡ ✈❡❝%♦-✐❡❧ ❞❡' ❛✉%♦♠♦-♣❤✐'♠❡' ❞❡

E.

❊①❡♠♣❧❡ ✼✳✽✳ ▲❛ ❞#$✐✈❛'✐♦♥ ❡+' ✉♥❡ ❛♣♣❧✐❝❛'✐♦♥ ❧✐♥#❛✐$❡✱ ❧✬✐♥'#❣$❛'✐♦♥ #❣❛❧❡♠❡♥' ♣✉✐+4✉❡ ✿

(λf + µg)′ = λf ′ + µg′ ❡'

∫

(λf + µg) = λ

∫

f + µ

∫

g

❊①❡♠♣❧❡ ✼✳✾✳ ▲❛ +♣#❝✐❛❧✐+❛'✐♦♥ ❡+' ✉♥❡ ❢♦$♠❡ ❧✐♥#❛✐$❡✳ ❊♥ ❡✛❡'✱ ♦♥ +❡ ♣❧❛❝❡ ♣❛$ ❡①❡♠♣❧❡ +✉$ E = F(I,R). ❙♦✐' a ∈ I.

▼♦♥'$❡$ 4✉❡ ❧✬❛♣♣❧✐❝❛'✐♦♥ ϕ : f ∈ E 7−→ f(a) ❡+' ✉♥❡ ❢♦$♠❡ ❧✐♥#❛✐$❡✳

❉$✜♥✐"✐♦♥ ✶✵

❙♦✐❡♥% E ❡% F ❞❡' K−❡'♣❛❝❡' ✈❡❝%♦-✐❡❧'✱ ❡% f : E −→ F ✉♥❡ ❛♣♣❧✐❝❛%✐♦♥ ❧✐♥2❛✐-❡✳

❖♥ ❛♣♣❡❧❧❡ ♥♦②❛✉ ❞❡ f ❧✬❡♥'❡♠❜❧❡ ❑❡-(f) = {x ∈ E, f(x) = 0}. ❆✐♥'✐ ✿

∀x ∈ E : x ∈ ❑❡-(f) ⇐⇒ f(x) = 0.

❖♥ ❛♣♣❡❧❧❡ ✐♠❛❣❡ ❞❡ f ❧✬❡♥'❡♠❜❧❡ ■♠(f) = {f(x), x ∈ E} = {y ∈ F, ∃x ∈ E, y = f(x)}. ❆✐♥'✐ ✿

∀y ∈ F : y ∈ ■♠(f) ⇐⇒ ∃x ∈ E, y = f(x).

+>♦♣♦*✐"✐♦♥ ✷✶

❙♦✐❡♥% E ❡% F ❞❡' K−❡'♣❛❝❡' ✈❡❝%♦-✐❡❧'✱ ❡% f ∈ L(E,F ).
❆❧♦-' ❑❡-(f) ❡'% ✉♥ '♦✉'✲❡'♣❛❝❡ ✈❡❝%♦-✐❡❧ ❞❡ E ❡% ■♠(f) ❡'% ✉♥ '♦✉'✲❡'♣❛❝❡ ✈❡❝%♦-✐❡❧ ❞❡ F.

+>❡✉✈❡✳

✶✺✸



▼❛"❤$♠❛"✐'✉❡* +❙■ ❙✳ ❉✐♦♥

✷

+2♦♣♦*✐"✐♦♥ ✷✷

❙♦✐❡♥% E ❡% F ❞❡' K−❡'♣❛❝❡' ✈❡❝%♦,✐❡❧'✱ ❡% f ∈ L(E,F ). ❖♥ ❛ ❧❡' 01✉✐✈❛❧❡♥❝❡' '✉✐✈❛♥%❡'✳

f ❡'% ✐♥❥❡❝%✐✈❡ ⇐⇒ ❑❡,(f) = {0},

⇐⇒
(

∀x ∈ E, f(x) = 0⇒ x = 0
) f ❡'% '✉,❥❡❝%✐✈❡ ⇐⇒ ■♠(f) = F

+2❡✉✈❡✳

✷

✼✳✸✳✷ $♦❧②♥)♠❡, ❞✬❡♥❞♦/♠♦/♣❤✐,♠❡,

❉$✜♥✐"✐♦♥ ✶✶

❙♦✐% E ✉♥ K✲❡'♣❛❝❡ ✈❡❝%♦,✐❡❧ ❡% u ✉♥ ❡♥❞♦♠♦2♣❤✐*♠❡ ❞❡ E✳

• ❖♥ ♣♦'❡ u0 = IdE ❡! ♣♦✉% k ∈ N∗
✱ uk = u ◦ u ◦ · · · ◦ u

︸ ︷︷ ︸

k fois

✳

• ❙✐ P (X) = a0 + a1X + · · ·+ anX
n ∈ K[X]✱ ♦♥ ♣♦+❡ P (u) = a0u

0 + a1u
1 + · · · anu

n = a0IdE + a1u+ · · · anu
n.

❖♥ %❡♠❛%/✉❡ /✉❡ uk
❡! P (u) +♦♥! ❞❡+ ❡♥❞♦♠♦%♣❤✐+♠❡+ ❞❡ E.

❉!✜♥✐%✐♦♥ ✶✷

❙♦✐! E ✉♥ K✲❡+♣❛❝❡ ✈❡❝!♦%✐❡❧✱ u ✉♥ ❡♥❞♦♠♦%♣❤✐+♠❡ ❞❡ E ❡! P ∈ K[X]✳ ❖♥ ❞✐! /✉❡ P ❡+! ✉♥ ♣♦❧②♥,♠❡ ❛♥♥✉❧❛%❡✉1 ❞❡

u +✐ P (u) = 0L(E) ✭❡♥❞♦♠♦%♣❤✐+♠❡ ♥✉❧✮✳

8❛% ❡①❡♠♣❧❡✱ ♦♥ %❡✈❡%%❛ /✉✬✉♥❡ +②♠<!%✐❡ s ✈❡%✐✜❡ s ◦ s = IdE ♦✉ ❡♥❝♦%❡ s2 − IdE = 0.
❆✐♥+✐ P (X) = X2 − 1 ❡+! ✉♥ ♣♦❧②♥?♠❡ ❛♥♥✉❧❛!❡✉% ❞❡ s✳

✶✺✹



▼❛"❤$♠❛"✐'✉❡* +❙■ ❙✳ ❉✐♦♥

❖♥ ♣❡✉% ❞'♠♦♥%*❡* ❧❛ ♣*♦♣♦-✐%✐♦♥ -✉✐✈❛♥%❡✳

+2♦♣♦*✐"✐♦♥ ✷✸

❙♦✐% E ✉♥K✲❡-♣❛❝❡ ✈❡❝%♦*✐❡❧✱ u ✉♥ ❡♥❞♦♠♦*♣❤✐-♠❡ ❞❡ E ❡% P,Q ∈ K[X].

• (P ×Q)(u) = P (u) ◦Q(u),

• ❊% ❝♦♠♠❡ P ×Q = Q× P ✱ P (u) ◦Q(u) = Q(u) ◦ P (u) ✭✐✳❡✳ ❧❡- ❡♥❞♦♠♦*♣❤✐-♠❡- P (u) ❡% Q(u) ❝♦♠♠✉%❡♥%✮✳

• ❙✐ P ❡-% ✉♥ ♣♦❧②♥:♠❡ ❛♥♥✉❧❛%❡✉* ❞❡ u✱ ❛❧♦*- %♦✉- -❡- ♠✉❧%✐♣❧❡- ❧❡ -♦♥% ❛✉--✐✳

❆♣♣❧✐❝❛"✐♦♥ ❛✉ ❝❛❧❝✉❧ ❞❡ ♣✉✐**❛♥❝❡ ✿

❊①❡2❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✷✮

❙♦✐% E ✉♥ K✲❡-♣❛❝❡ ✈❡❝%♦*✐❡❧✱ u ✉♥ ❡♥❞♦♠♦*♣❤✐-♠❡ ❞❡ E ✈'*✐✜❛♥% u2 − 3u+ 2IdE = 0.
<♦✉* n ∈ N, ❡①♣*✐♠❡* un

❝♦♠♠❡ ❝♦♠❜✐♥❛✐-♦♥ ❧✐♥'❛✐*❡ ❞❡ u ❡% ❞❡ IdE .

■❞$❡ ✿ ❖♥ ✈❡✉% %*♦✉✈❡* ✓ ❝♦♠❜✐❡♥ ✔ ♦♥ ♣❡✉% ♣*❡♥❞*❡ ❞❡ u2 − 3u+ 2IdE ❞❛♥- u
n
✱ ♦✉ ❡♥❝♦*❡ ✓ ❝♦♠❜✐❡♥ ✔ ♦♥ ♣❡✉% ♣*❡♥❞*❡ ❞❡

X2 − 3X + 2 ❞❛♥- Xn
✳ ❊♥ ❢❛✐%✱ ❝✬❡-% -✉*%♦✉% ❝❡ C✉✬✐❧ ✓ *❡-%❡ ✔ C✉✐ ♥♦✉- ✐♥%'*❡--❡✳

+2♦♣♦*✐"✐♦♥ ✷✹

❙♦✐% E ✉♥ K✲❡-♣❛❝❡ ✈❡❝%♦*✐❡❧✱ u ✉♥ ❡♥❞♦♠♦*♣❤✐-♠❡ ❞❡ E✳ <♦✉* %♦✉% ♣♦❧②♥:♠❡ P ∈ K[X]✱ ❑❡*(P (u)) ❡-% -%❛❜❧❡ ♣❛* u✳

+2❡✉✈❡✳

✷

✶✺✺



▼❛"❤$♠❛"✐'✉❡* +❙■ ❙✳ ❉✐♦♥

✼✳✸✳✸ ▲✐❡♥' ❛✈❡❝ ❧❡' ❢❛♠✐❧❧❡' ❞❡ ✈❡❝/❡✉1'

❖♥ "❛♣♣❡❧❧❡ ❧❡' ♣"♦♣♦'✐*✐♦♥' '✉✐✈❛♥*❡'✳

+2♦♣♦*✐"✐♦♥ ✷✺

❙♦✐❡♥* E ✉♥ K−❡'♣❛❝❡ ✈❡❝*♦"✐❡❧ ❞❡ ❞✐♠❡♥'✐♦♥ ✜♥✐❡✱ ❞♦♥* ♦♥ ❝❤♦✐'✐* ✉♥❡ ❜❛'❡ B = (e1, . . . , en) ❡* F ✉♥ K−❡'♣❛❝❡ ✈❡❝*♦"✐❡❧✳
❙♦✐* (f1, . . . , fn) ✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ✈❡❝*❡✉"' ❞❡ F ✳ ❆❧♦"' ✐❧ ❡①✐'*❡ ✉♥❡ ✉♥✐9✉❡ ❛♣♣❧✐❝❛*✐♦♥ ❧✐♥:❛✐"❡ f : E −→ F ✈:"✐✜❛♥* ✿

∀i = 1, . . . , n, f(ei) = fi.

❆✉*"❡♠❡♥* ❞✐*✱ ✉♥❡ ❛♣♣❧✐❝❛*✐♦♥ ❧✐♥:❛✐"❡ ❞❡ E ❞❛♥' F ❡'* ❡♥*✐<"❡♠❡♥* ❞:*❡"♠✐♥:❡ ♣❛" ❧❛ ❞♦♥♥:❡ ❞❡ ❧✬✐♠❛❣❡ ❞❡' ✈❡❝*❡✉"'

❞✬✉♥❡ ❜❛'❡ ❞❡ E.

+2♦♣♦*✐"✐♦♥ ✷✻

❙♦✐❡♥* E ✉♥ K−❡'♣❛❝❡ ✈❡❝*♦"✐❡❧ ❞❡ ❞✐♠❡♥'✐♦♥ ✜♥✐❡✱ F ✉♥ K−❡'♣❛❝❡ ✈❡❝*♦"✐❡❧ ❡* (e1, . . . , en) ✉♥❡ ❢❛♠✐❧❧❡ ❞❡ E.

❙♦✐* f ∈ L(E,F ), ♦♥ ❛ ✿

✶✳ ❙✐ (e1, . . . , en) ❡'* ✉♥❡ ❢❛♠✐❧❧❡ ❣:♥:"❛*"✐❝❡ ❞❡ E ❛❧♦"' (f(e1), . . . , f(en)) ❡'* ✉♥❡ ❢❛♠✐❧❧❡ ❣:♥:"❛*"✐❝❡ ❞❡ ■♠(f),

✷✳ ❙✐ (e1, . . . , en) ❡'* ✉♥❡ ❜❛'❡ ❞❡ E✱ ♦♥ ❛ ✿

• f ❡'* '✉"❥❡❝*✐✈❡ ⇐⇒ (f(e1), . . . , f(en)) ❡'* ✉♥❡ ❢❛♠✐❧❧❡ ❣:♥:"❛*"✐❝❡ ❞❡ F ❡* ❞❛♥' ❝❡ ❝❛' ♦♥ ❛ n = dim(E) > dim(F ).

• f ❡'* ✐♥❥❡❝*✐✈❡ ⇐⇒ (f(e1), . . . , f(en)) ❡'* ✉♥❡ ❢❛♠✐❧❧❡ ❧✐❜"❡ ❞❡ F ❡* ❞❛♥' ❝❡ ❝❛' n = dim(E) 6 dim(F ).

• f ❡'* ✉♥ ✐'♦♠♦"♣❤✐'♠❡ ⇐⇒ (f(e1), . . . , f(en)) ❡'* ✉♥❡ ❜❛'❡ ❞❡ F.

❆♣♣❧✐❝❛"✐♦♥ ✿ ❉❡✉① ❡'♣❛❝❡' ✈❡❝*♦"✐❡❧' ❞❡ ❞✐♠❡♥'✐♦♥' ✜♥✐❡' '♦♥* ✐'♦♠♦"♣❤❡' '✐ ❡* '❡✉❧❡♠❡♥* '✐ ✐❧' ♦♥* ♠D♠❡ ❞✐♠❡♥'✐♦♥✳ ❊*

❞♦♥❝✱ *♦✉* K−❡'♣❛❝❡ ✈❡❝*♦"✐❡❧ ❞❡ ❞✐♠❡♥'✐♦♥ n ∈ N ❡'* ✐'♦♠♦"♣❤❡ F Kn.

❖♥ "❛♣♣❡❧❧❡ :❣❛❧❡♠❡♥* ❧❛ ♣"♦♣♦'✐*✐♦♥ '✉✐✈❛♥*❡✳

+2♦♣♦*✐"✐♦♥ ✷✼

❙♦✐❡♥* E ❡* F ❞❡✉① K−❡'♣❛❝❡' ✈❡❝*♦"✐❡❧' ❞❡ ❞✐♠❡♥'✐♦♥' ✜♥✐❡'✳ ❆❧♦"' ♦♥ ❛

dim(E × F ) = dim(E) + dim(F ),

dim(L(E,F )) = dim(E)× dim(F ).

✼✳✸✳✹ ❋♦1♠✉❧❡ ❞✉ 1❛♥❣

❉$✜♥✐"✐♦♥ ✶✸

❙♦✐❡♥* E ❡* F ❞❡' K−❡'♣❛❝❡' ✈❡❝*♦"✐❡❧'✱ ❡* f ∈ L(E,F ). ❖♥ ❛♣♣❡❧❧❡ "❛♥❣ ❞❡ f ❧❛ ❞✐♠❡♥'✐♦♥ ❞❡ ■♠(f) 9✉❛♥❞ ❡❧❧❡ ❡'* ✜♥✐❡✳
❖♥ ♥♦*❡ rg(f) = dim(■♠(f)).

❖♥ "❛♣♣❡❧❧❡ ❧❛ ♣"♦♣♦'✐*✐♦♥ '✉✐✈❛♥*❡✳

+2♦♣♦*✐"✐♦♥ ✷✽ ✭❋♦2♠✉❧❡ ❞✉ 2❛♥❣✮

❙♦✐❡♥* E ❡* F ❞❡'K−❡'♣❛❝❡' ✈❡❝*♦"✐❡❧'✱ ❡* f ∈ L(E,F ).❖♥ '✉♣♣♦'❡ 9✉❡ E ❡'* ❞❡ ❞✐♠❡♥'✐♦♥ ✜♥✐❡✳ ❙♦✐* G ✉♥ '✉♣♣❧:♠❡♥*❛✐"❡
❞❡ ❑❡"(f) ❞❛♥' E✳

✶✳ ▲❛ "❡'*"✐❝*✐♦♥ ❞❡ f F G ❞:✜♥✐* ✉♥ ✐'♦♠♦"♣❤✐'♠❡ ❞❡ G '✉" ■♠(f).

✷✳ ❊♥ ❝♦♥':9✉❡♥❝❡✱ ♦♥ ❛ dim(E) = dim(❑❡"(f)) + dim(■♠(f)) = dim(❑❡"(f)) + rg(f).

+2❡✉✈❡✳ ✭❉✷✮

✶✺✻
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✷

✶✺✼
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❖♥ "❡♠❛"&✉❡ &✉❡ (✐ F ❡(* ❞❡ ❞✐♠❡♥(✐♦♥ ✜♥✐❡✱ ❛❧♦"( "❣(f) 6 dim(F ), ❛✈❡❝ 3❣❛❧✐*3 (✐ ❡* (❡✉❧❡♠❡♥* (✐ f ❡(* (✉"❥❡❝*✐✈❡✳ ❉❡ ♠7♠❡✱
♦♥ ❛ "❣(f) = dim(✈❡❝*{f(e1), . . . , f(en)} 6 dim(E), ❛✈❡❝ 3❣❛❧✐*3 (✐ ❡* (❡✉❧❡♠❡♥* (✐ f ❡(* ✐♥❥❡❝*✐✈❡✳

+2♦♣♦*✐"✐♦♥ ✷✾ ✭❈❛2❛❝"$2✐*❛"✐♦♥ ❞❡* ■*♦♠♦2♣❤✐*♠❡*✮

❙♦✐❡♥* E ❡* F ❞❡( K−❡(♣❛❝❡( ✈❡❝*♦"✐❡❧( ❞❡ ♠;♠❡ ❞✐♠❡♥*✐♦♥ ✜♥✐❡ n ∈ N, ❡* f ∈ L(E,F ). ❖♥ ❛ ❧❡( 3&✉✐✈❛❧❡♥❝❡(
(✉✐✈❛♥*❡(✳

f ❡(* ✉♥ ✐(♦♠♦"♣❤✐(♠❡ ⇐⇒ f ❡(* ✐♥❥❡❝*✐✈❡

⇐⇒ f ❡(* (✉"❥❡❝*✐✈❡

⇐⇒ "❣(f) = n

+2♦♣♦*✐"✐♦♥ ✸✵

❙♦✐❡♥* E,F,G ❞❡( K−❡(♣❛❝❡( ✈❡❝*♦"✐❡❧( ❞❡ ❞✐♠❡♥(✐♦♥( ✜♥✐❡( ❡* f ∈ L(E,F )✱ g ∈ L(F,G). ❖♥ ❛ ❧❡( ❛(((❡"*✐♦♥( (✉✐✈❛♥*❡(✳

• rg(g ◦ f) 6 min{rg(f), rg(g)}.

• ❙✐ f ❡(* ✉♥ ✐(♦♠♦"♣❤✐(♠❡✱ ❛❧♦"( rg(g) = rg(g ◦ f)✳

• ❙✐ g ❡(* ✉♥ ✐(♦♠♦"♣❤✐(♠❡✱ ❛❧♦"( rg(f) = rg(g ◦ f)✳

+2❡✉✈❡✳✭❉✸✮

• ❖♥ ❛ ❞✬❛❜♦"❞ ■♠(g ◦ f) ⊂■♠(g)✱ ❞♦♥❝ rg(g ◦ f) 6 rg(g).
❉❡ ♠7♠❡✱ ❑❡"(f) ⊂❑❡"(g ◦ f) ❞♦♥❝ dim(❑❡"(f)) 6 dim(❑❡"(g ◦ f))✳ ❊* ♣❛" ❧❛ ❢♦"♠✉❧❡ ❞✉ "❛♥❣✱ ♦♥ ♦❜*✐❡♥* ✿

dim(E)− dim(■♠(f)) 6 dim(E)− dim(■♠(g ◦ f))

❖♥ ❛ ❜✐❡♥ ❛✉((✐ rg(g ◦ f) 6 rg(f).

• ❖♥ (✉♣♣♦(❡ &✉❡ f ❡(* ✉♥ ✐(♦♠♦"♣❤✐(♠❡ ✭❧❛ (✉"❥❡❝*✐✈✐*3 (✉✣*✮✳ ❙♦✐* B = (e1, . . . , en) ✉♥❡ ❜❛(❡ ❞❡ E ❛❧♦"( ✿

E✉✐(&✉❡ f ❡(* ✉♥ ✐(♦♠♦"♣❤✐(♠❡ (e′1, . . . , e
′
n) = (f(e1), . . . , f(en)) ❡(* ✉♥❡ ❜❛(❡ ❞❡ F ❡* ❞♦♥❝

rg(g ◦ f) = rg(g(f(e1)), . . . , g(f(en))) (♣❛" ❞3✜♥✐*✐♦♥ ❞✉ "❛♥❣ ❞❡ f)

= rg(g(e′1), . . . , g(e
′
n)) = rg(g) (♣❛" ❞3✜♥✐*✐♦♥ ❞✉ "❛♥❣ ❞❡ g)

• ❖♥ (✉♣♣♦(❡ &✉❡ g ❡(* ✉♥ ✐(♦♠♦"♣❤✐(♠❡ ✭❧✬✐♥❥❡❝*✐✈✐*3 (✉✣*✮✳ ❙♦✐* H ✉♥ (✉♣♣❧3♠❡♥*❛✐"❡ ❞❡ Ker(f) ❞❛♥( E✳ ❖♥ (❡ ❞♦♥♥❡ ✉♥❡
❜❛(❡ ❛❞❛♣*3❡ F ❧❛ (♦♠♠❡ ❞✐"❡❝*❡ E = H ⊕Ker(f) ✿

B = (e1, . . . , ep
︸ ︷︷ ︸

❜❛(❡ ❞❡ H

, ep+1, . . . , en
︸ ︷︷ ︸

❜❛(❡ ❞❡ Ker(f)

).

❆❧♦"(✱ ♦♥ ❛ rg(f) = p = dim(H).
❉✬❛✉*"❡ ♣❛"*✱ rg(g ◦ f) = rg(g(f(e1)), . . . , g(f(ep)), g(f(ep+1)

︸ ︷︷ ︸

=0

), . . . , g(f(en)
︸ ︷︷ ︸

=0

)) = rg(g(f(e1)), . . . , g(f(ep))✳

❊* ❝♦♠♠❡ (f(e1)), . . . , f(ep)) ❡(* ✉♥❡ ❢❛♠✐❧❧❡ ❣3♥3"❛*"✐❝❡ ❞❡ Im(f) ❡* &✉✬❡❧❧❡ ❡(* ❞❡ ❝❛"❞✐♥❛❧ p = dim(Im(f))✱ ❝✬❡♥ ❡(* ✉♥❡ ❜❛(❡
❞❡ Im(f) ✳
E❛" ❝♦♥(3&✉❡♥*✱ (f(e1)), . . . , f(ep)) ❡(* ✉♥❡ ❢❛♠✐❧❧❡ ❧✐❜"❡ ❡* ♣✉✐(&✉❡ g ❡(* ✐♥❥❡❝*✐✈❡✱ (♦♥ ✐♠❛❣❡ ♣❛" g ❧✬❡(* ❛✉((✐✳ ❙♦♥ "❛♥❣ ❡(*

❞♦♥❝ (♦♥ ❝❛"❞✐♥❛❧✱ ❝✬❡(*✲F✲❞✐"❡ p.

❖♥ ❛ ❞♦♥❝ ✜♥❛❧❡♠❡♥* ✿

rg(f) = p = rg(g(f(e1)), . . . , g(f(ep)) = rg(g ◦ f).

✷

❘❡♠❛2'✉❡ ✿ ❊①"2❛✐" ❞❡ ❈❡♥"2❛❧❡ +❙■ ♠❛"❤* ✶ ✷✵✷✸✳ ❉!♠♦♥%&❡& (✉❡✱ +✐ A ∈ GLn(R)✱ ❛❧♦&+ ❧✬❛♣♣❧✐❝❛%✐♦♥ M ∈

Mn(R) 7−→ AM ❝♦♥+❡&✈❡ ❧❡ &❛♥❣✳

✶✺✽
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✼✳✸✳✺ $%♦❥❡❝*❡✉%, ❡* ,②♠/*%✐❡,

❉$✜♥✐"✐♦♥ ✶✹

❙♦✐# E ✉♥ K−❡'♣❛❝❡ ✈❡❝#♦,✐❡❧✳

✶✳ ❖♥ ❛♣♣❡❧❧❡ ♣6♦❥❡❝"❡✉6 ❞❡ E #♦✉# ❡♥❞♦♠♦,♣❤✐'♠❡ p ∈ L(E) ✈4,✐✜❛♥# p ◦ p = p.

✷✳ ❙✐ E = F ⊕G ❛❧♦,' #♦✉# ✈❡❝#❡✉, x ∈ E '✬4❝,✐# ❞❡ ♠❛♥✐8,❡ ✉♥✐9✉❡ '♦✉' ❧❛ ❢♦,♠❡ x = xF +xG ❛✈❡❝ xF ∈ F ❡# xG ∈ G.

❖♥ ❛♣♣❡❧❧❡ ♣6♦❥❡❝"✐♦♥ '✉, F ❞❛♥' ❧❛ ❞✐,❡❝#✐♦♥ ❞❡ G ❧✬❛♣♣❧✐❝❛#✐♦♥ '✉✐✈❛♥#❡✳

p :

{
E −→ E

x 7−→ xF

■❧❧✉*"6❛"✐♦♥ ❣6❛♣❤✐'✉❡ ✿

+6♦♣♦*✐"✐♦♥ ✸✶

❯♥❡ ♣,♦❥❡❝#✐♦♥ ❡'# ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❧✐♥4❛✐,❡✳

+6❡✉✈❡✳

✷

+6♦♣♦*✐"✐♦♥ ✸✷

❙♦✐# E ✉♥ K−❡'♣❛❝❡ ✈❡❝#♦,✐❡❧✳

✶✳ ❙♦✐# p ✉♥ ♣,♦❥❡❝#❡✉, ❞❡ E✳ ❆❧♦,' E =■♠(p)⊕❑❡,(p) ❡# p ❡'# ❧❛ ♣,♦❥❡❝#✐♦♥ '✉, ■♠(p) ❞❛♥' ❧❛ ❞✐,❡❝#✐♦♥ ❞❡ ❑❡,(p).
✷✳ ❙✐ E = F ⊕G ❡# '✐ p ❡'# ❧❛ ♣,♦❥❡❝#✐♦♥ '✉, F ❞❛♥' ❧❛ ❞✐,❡❝#✐♦♥ ❞❡ G ❛❧♦,' p ❡'# ✉♥ ♣,♦❥❡❝#❡✉, ❡# ♦♥ ❛ ✿

F =■♠(p) ❡# G =❑❡,(p)✳

+6❡✉✈❡✳

✶✺✾
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✷

❊①❡♠♣❧❡ ✼✳✶✵✳ ❙♦✐# E ✉♥ ❡'♣❛❝❡ ✈❡❝#♦,✐❡❧ ❞❡ E✱ ♠♦♥#,❡, 1✉❡ '✐ p ∈ L(E) ❡'# ✉♥ ♣,♦❥❡❝#❡✉, ❞❡ E ❛❧♦,' ✿

Im(p) = Ker(IdE−p) = Ker(p−IdE).

▼$"❤♦❞❡ ✶ ✿ ❡♥ ✉"✐❧✐*❛♥" ❧❛ ❝❛<❛❝"$<✐*❛"✐♦♥ ❞❡* ♣<♦❥❡❝"❡✉<*✳

❆✈❡❝ ❧❡' ♥♦#❛#✐♦♥' ♣,5❝5❞❡♥#❡'✱ ♦♥ ❛ xG = x− xF = (IdE − p)(x). ❆✐♥'✐✱ '✐ p ❡'# ❧❛ ♣,♦❥❡❝#✐♦♥ '✉, F ❞❛♥' ❧❛ ❞✐,❡❝#✐♦♥ ❞❡ G

❛❧♦,' IdE − p ❡'# ❧❛ ♣,♦❥❡❝#✐♦♥ '✉, G ❞❛♥' ❧❛ ❞✐,❡❝#✐♦♥ ❞❡ F ✭❡# ,5❝✐♣,♦1✉❡♠❡♥#✮✳

❊♥ ♣❛,#✐❝✉❧✐❡,✱ ♦♥ ❛ F = Im(p) = Ker(IdE − p).

▼$"❤♦❞❡ ✷ ✿ ♣❛< ❞♦✉❜❧❡ ✐♥❝❧✉*✐♦♥✳

❊①❡♠♣❧❡ ✼✳✶✶✳ ❙♦✐# E ✉♥ K−❡'♣❛❝❡ ✈❡❝#♦,✐❡❧ ❞❡ ❞✐♠❡♥'✐♦♥ ✜♥✐❡ n ❡# p ✉♥ ♣,♦❥❡❝#❡✉, ❞❡ E✳ ❙♦✐# B ✉♥❡ ❜❛'❡ ❛❞❛♣#5❡ <

E = Im(p)⊕Ker(p)✳ ❊❝,✐,❡ ❧❛ ♠❛#,✐❝❡ ❞❡ p ❞❛♥' ❝❡##❡ ❜❛'❡ ❡# ✈5,✐✜❡, 1✉❡ rg(p) = Tr(p).

✶✻✵
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❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶ ✲ ▼$"❤♦❞❡ ; ❝♦♥♥❛<"4❡✮

❖♥ ♥♦#❡ E = R3. ❖♥ ❝♦♥&✐❞)*❡ ❧❡& &♦✉&✲❡&♣❛❝❡& ✈❡❝#♦*✐❡❧& &✉✐✈❛♥#& ❞❡ E.

F = {(x, y, z) ∈ R
3, 2x− y + z = 0} ❡# G = Vect{(1, 2, 1)}.

▼♦♥#*❡* 2✉❡ E = F ⊕G ❡# ❞3#❡*♠✐♥❡* ❧❛ ♠❛#*✐❝❡ ❞❛♥& ❧❛ ❜❛&❡ ❝❛♥♦♥✐2✉❡ ❞❡ E, ❞❡ ❧❛ ♣*♦❥❡❝#✐♦♥ p &✉* F ❞❛♥& ❧❛ ❞✐*❡❝#✐♦♥

❞❡ G✳

✶✻✶
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❉$✜♥✐"✐♦♥ ✶✺

❙♦✐# E ✉♥ K−❡'♣❛❝❡ ✈❡❝#♦,✐❡❧✳

✶✳ ❖♥ ❛♣♣❡❧❧❡ ❡♥❞♦♠♦6♣❤✐*♠❡ ✐♥✈♦❧✉"✐❢ ❞❡ E #♦✉# ❡♥❞♦♠♦,♣❤✐'♠❡ s ∈ L(E) ✈4,✐✜❛♥# s ◦ s = IE .

✷✳ ❙✐ E = F ⊕G ❛❧♦,' #♦✉# ✈❡❝#❡✉, x ∈ E '4❝,✐# ❞❡ ♠❛♥✐7,❡ ✉♥✐8✉❡ '♦✉' ❧❛ ❢♦,♠❡ x = xF +xG ❛✈❡❝ xF ∈ F ❡# xG ∈ G.

❖♥ ❛♣♣❡❧❧❡ *②♠$"6✐❡ ♣❛, ,❛♣♣♦,# : F ❞❛♥' ❧❛ ❞✐,❡❝#✐♦♥ ❞❡ G ❧✬❛♣♣❧✐❝❛#✐♦♥ s :

{
E −→ E

x 7−→ xF − xG

■❧❧✉*"6❛"✐♦♥ ❣6❛♣❤✐'✉❡ ✿

❖♥ ♣♦✉,,❛✐# ❞4♠♦♥#,❡, ❧❡' 4♥♦♥❝4' '✉✐✈❛♥#'✳

+6♦♣♦*✐"✐♦♥ ✸✸

❯♥❡ '②♠4#,✐❡ ❡'# ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❧✐♥4❛✐,❡✳

+6♦♣♦*✐"✐♦♥ ✸✹

❙♦✐# E ✉♥ K−❡'♣❛❝❡ ✈❡❝#♦,✐❡❧✳

✶✳ ❙♦✐# s ✉♥ ❡♥❞♦♠♦,♣❤✐'♠❡ ✐♥✈♦❧✉#✐❢ ❞❡ E✳ ❆❧♦,' E =❑❡,(s − IE)⊕❑❡,(s + IE) ❡# s ❡'# ❧❛ '②♠4#,✐❡ ♣❛, ,❛♣♣♦,# :

❑❡,(s− IE) ❞❛♥' ❧❛ ❞✐,❡❝#✐♦♥ ❞❡ ❑❡,(s+ IE)✳
✷✳ ❙✐ E = F ⊕G ❡# '✐ s ❡'# ❧❛ '②♠4#,✐❡ ♣❛, ,❛♣♣♦,# : F ❞❛♥' ❧❛ ❞✐,❡❝#✐♦♥ ❞❡ G ❛❧♦,' s ❡'# ✉♥ ❡♥❞♦♠♦,♣❤✐'♠❡ ✐♥✈♦❧✉#✐❢ ❡#

♦♥ ❛ ✿

F =❑❡,(s− IE) ❡# G =❑❡,(s+ IE)✳

✶✻✷
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❆✈❡❝ ❧❡% ♥♦(❛(✐♦♥% ♣,-❝-❞❡♥(❡%✱ %✐ p ❡%( ❧❛ ♣,♦❥❡❝(✐♦♥ %✉, F ❞❛♥% ❧❛ ❞✐,❡❝(✐♦♥ ❞❡ G ❡( %✐ s ❡%( ❧❛ %②♠-(,✐❡ ♣❛, ,❛♣♣♦,( 4 F ❞❛♥%

❧❛ ❞✐,❡❝(✐♦♥ ❞❡ G✱ ❛❧♦,% ♦♥ ❛ ❧❛ ,❡❧❛(✐♦♥ %✉✐✈❛♥(❡ ❡♥(,❡ p ❡( s ✭4 %❛✈♦✐, ,❡(,♦✉✈❡, ,❛♣✐❞❡♠❡♥( ✦✮✳

s = 2p− IdE

❊♥ ❡✛❡( ✿ ♣♦✉, (♦✉( x = xF + xG ∈ E ❛✈❡❝ xF ∈ F ❡( xG ∈ G, ♦♥ ❛ ❧❡% -❣❛❧✐(-% %✉✐✈❛♥(❡%✳

❊①❡♠♣❧❡ ✼✳✶✷✳ ❙♦✐# E ✉♥ K−❡'♣❛❝❡ ✈❡❝#♦,✐❡❧ ❞❡ ❞✐♠❡♥'✐♦♥ ✜♥✐❡ n✳ ❖♥ '✉♣♣♦'❡ 3✉❡ E = F ⊕G ❡# ♦♥ '❡ ❞♦♥♥❡ ✉♥❡ ❜❛'❡ B
❛❞❛♣#5❡ 6 ❝❡##❡ '♦♠♠❡ ❞✐,❡❝#❡✳

❊❝,✐,❡ ❧❛ ♠❛#,✐❝❡ ❞❛♥' ❝❡##❡ ❜❛'❡ ❞❡ ❧❛ '②♠5#,✐❡ s ♣❛, ,❛♣♣♦,# 6 F ❞❛♥' ❧❛ ❞✐,❡❝#✐♦♥ ❞❡ G✳

✼✳✹ ❍②♣❡'♣❧❛♥+

❉$✜♥✐"✐♦♥ ✶✻

❙♦✐( E ✉♥ K−❡%♣❛❝❡ ✈❡❝(♦,✐❡❧✳ ❯♥ ❤②♣❡<♣❧❛♥ ❞❡ E ❡%( ❧❡ ♥♦②❛✉ ❞✬✉♥❡ ❢♦,♠❡ ❧✐♥-❛✐,❡ ♥♦♥ ♥✉❧❧❡✳

+<♦♣♦*✐"✐♦♥ ✸✺ ✭▼+❙■✮

❙♦✐( E ✉♥ K−❡%♣❛❝❡ ✈❡❝(♦,✐❡❧ ❡( F ✉♥ %♦✉%✲❡%♣❛❝❡ ✈❡❝(♦,✐❡❧ ❞❡ E. ❖♥ ❛ ❧✬-C✉✐✈❛❧❡♥❝❡ %✉✐✈❛♥(❡✳

F ❡%( ✉♥ ❤②♣❡,♣❧❛♥ ❞❡ E ⇐⇒
❞!✜♥✐%✐♦♥

F ❡%( ❧❡ ♥♦②❛✉ ❞✬✉♥❡ ❢♦,♠❡ ❧✐♥-❛✐,❡ ♥♦♥ ♥✉❧❧❡

⇐⇒ F ❛❞♠❡( ✉♥❡ ❞,♦✐(❡ ✈❡❝(♦,✐❡❧❧❡ ♣♦✉, %✉♣♣❧-♠❡♥(❛✐,❡ ❞❛♥% E

+<❡✉✈❡✳ ❙♦✐( F ✉♥ ❤②♣❡,♣❧❛♥ ❞❡ E. ❆❧♦,%✱ ♣❛, ❞-✜♥✐(✐♦♥✱ ✐❧ ❡①✐%(❡ ✉♥❡ ❢♦,♠❡ ❧✐♥-❛✐,❡ ♥♦♥ ♥✉❧❧❡ ϕ (❡❧❧❡ C✉❡ F =❑❡,(ϕ)✳
H✉✐%C✉❡ ϕ 6= 0, ❛❧♦,% ✐❧ ❡①✐%(❡ x0 ∈ E (❡❧ C✉❡ ϕ(x0) 6= 0.
❖♥ ♠♦♥(,❡✱ ♣❛, ❛♥❛❧②%❡ ❡( %②♥(❤I%❡✱ C✉❡ E =❑❡,(ϕ)⊕Vect{x0}.

✶✻✸
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❘$❝✐♣5♦'✉❡♠❡♥" ✿ ❙✐ E = F ⊕D ❛✈❡❝ D ❞'♦✐)❡ ✈❡❝)♦'✐❡❧❧❡✳ ❆❧♦'- ✐❧ ❡①✐-)❡ x0 ∈ E ♥♦♥ ♥✉❧ )❡❧ 1✉❡ D = Vect{x0}.

✷

+5♦♣♦*✐"✐♦♥ ✸✻ ✭▼+❙■ ✲ +❈❙■✮

❙♦✐) E ✉♥ K−❡-♣❛❝❡ ✈❡❝)♦'✐❡❧ ❞❡ ❞✐♠❡♥*✐♦♥ ✜♥✐❡ n ❡) F ✉♥ -♦✉-✲❡-♣❛❝❡ ✈❡❝)♦'✐❡❧ ❞❡ E. ❖♥ ❛ ❧✬61✉✐✈❛❧❡♥❝❡ -✉✐✈❛♥)❡✳

F ❡-) ✉♥ ❤②♣❡'♣❧❛♥ ❞❡ E ⇐⇒
❞!✜♥✐%✐♦♥

F ❡-) ❧❡ ♥♦②❛✉ ❞✬✉♥❡ ❢♦'♠❡ ❧✐♥6❛✐'❡ ♥♦♥ ♥✉❧❧❡

⇐⇒ F ❛❞♠❡) ✉♥❡ ❞'♦✐)❡ ✈❡❝)♦'✐❡❧❧❡ ♣♦✉' -✉♣♣❧6♠❡♥)❛✐'❡ ❞❛♥- E

⇐⇒ dim(F ) = n− 1

✶✻✹
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❈♦3♦❧❧❛✐3❡ ✶

❙♦✐# E ✉♥ K−❡'♣❛❝❡ ✈❡❝#♦,✐❡❧ ❞❡ ❞✐♠❡♥'✐♦♥ ✜♥✐❡ ❡# B = (e1, . . . , en) ✉♥❡ ❜❛'❡ ❞❡ E. ❙✐ x ❡'# ✉♥ ✈❡❝#❡✉, ❞❡ E, ♦♥ ♥♦#❡

(x1, . . . , xn) '❡' ❝♦♦,❞♦♥♥2❡' ❞❛♥' ❧❛ ❜❛'❡ B. ❚♦✉# ❤②♣❡,♣❧❛♥ ❞❡ E ❛❞♠❡# ✉♥❡ 26✉❛#✐♦♥ ❞✉ #②♣❡

x1a1 + · · ·+ xnan = 0.

❈❡##❡ 26✉❛#✐♦♥ ❡'# ✉♥✐6✉❡ 8 ✉♥ '❝❛❧❛✐,❡ ♠✉❧#✐♣❧✐❝❛#✐❢ ♣,:'✳

+3❡✉✈❡✳

✷

❊①❡♠♣❧❡ ✼✳✶✸✳ ❉❛♥# R3, ❧❡# ❤②♣❡)♣❧❛♥# #♦♥+ ❧❡# ♣❧❛♥#✳

-❛) ❡①❡♠♣❧❡✱ H : x− 2y + z = 0 ❡#+ ❧✬23✉❛+✐♦♥ ❞✬✉♥ ❤②♣❡)♣❧❛♥ ❞❡ R3.

✼✳✺ ❆♥♥❡①❡

✼✳✺✳✶ $♦❧②♥)♠❡, ❞❡ ▲❛❣1❛♥❣❡

+3♦♣♦*✐"✐♦♥ ✸✼

❙♦✐❡♥# a0, . . . , an ∈ K ❞✐'#✐♥❝#'✳ ▲✬❛♣♣❧✐❝❛#✐♦♥ '✉✐✈❛♥#❡ ❡'# ✉♥ ✐'♦♠♦,♣❤✐'♠❡✳

ϕ :

{
Kn[X] −→ Kn+1

P 7−→
(

P (a0), . . . , P (an)
)

+3❡✉✈❡✳✭❊✶✮

✷

✶✻✺
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+2♦♣♦*✐"✐♦♥ ✸✽

❙♦✐❡♥% a0, . . . , an ∈ K ❞✐'%✐♥❝%'✳ ■❧ ❡①✐'%❡ ✉♥❡ ✉♥✐.✉❡ ❜❛'❡ B = (L0, . . . , Ln) ❞❡ Kn[X] %❡❧❧❡ .✉❡ ✿

∀(i, j) ∈ [[0, n]]2, Li(aj) = δi,j =







1 '✐ i = j

0 '✐ i 6= j

❈❡%%❡ ❜❛'❡ ❡'% ❛♣♣❡❧4❡ ❜❛'❡ ❞❡ ▲❛❣7❛♥❣❡ ❛''♦❝✐4❡ ❛✉① '❝❛❧❛✐7❡' a0, . . . , an, ❡% ♦♥ ❛ ✿ ∀i ∈ [[0, n]], Li(X) =
∏

06j6n
j 6=i

X − aj

ai − aj
.

+2❡✉✈❡✳

✷

❊①❡2❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❙♦✐❡♥% a0, . . . , an ∈ K ❞✐'%✐♥❝%' ❡% B = (L0, . . . , Ln) ❞❡ Kn[X] ❧❛ ❜❛'❡ ❞❡ ▲❛❣7❛♥❣❡ ❛''♦❝✐4❡ 8 a0, . . . , an.

✶✳ ❉4%❡7♠✐♥❡7 ❧❡' ❝♦♦7❞♦♥♥4❡' ❞✬✉♥ ♣♦❧②♥>♠❡ P ∈ Kn[X] ❞❛♥' ❝❡%%❡ ❜❛'❡✳

✷✳ ❘❡❝♦♥♥❛✐%7❡ L0(X) + · · ·+ Ln(X) ❡% a0L0(X) + · · ·+ anLn(X)

✶✻✻
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✼✳✺✳✷ $♦✉' ❛❧❧❡' ♣❧✉, ❧♦✐♥ ✭❍♦',✲$'♦❣'❛♠♠❡✮

❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✸✮

❙♦✐# E ✉♥ K−❡'♣❛❝❡ ✈❡❝#♦,✐❡❧✱ ❡# u ∈ L(E). ▼♦♥#,❡, ❧✬✐♠♣❧✐❝❛#✐♦♥ '✉✐✈❛♥#❡ ✭▲❛ #$❝✐♣#♦)✉❡ ❡,- $✈✐❞❡♥-❡✮✳

(

∀x ∈ E, ∃λ ∈ K, u(x) = λx
)

=⇒
(

∃λ ∈ K, ∀x ∈ E, u(x) = λx
︸ ︷︷ ︸

i.e u=λIdE

)

✶✻✼
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✶✻✽


