
❈❤❛♣✐%&❡ ✺

❘❛♣♣❡❧% ❡& ❝♦♠♣❧*♠❡♥&% %✉- ❧✬✐♥&*❣-❛&✐♦♥

✺✳✶ ❋♦♥❝'✐♦♥) ❝♦♥'✐♥✉❡) ♣❛. ♠♦.❝❡❛✉①

❉!✜♥✐%✐♦♥ ✶

• ❯♥❡ ❢♦♥❝&✐♦♥ f : [a, b] −→ R ❡(& ❞✐&❡ ❝♦♥%✐♥✉❡ ♣❛- ♠♦-❝❡❛✉① ✭CM ♦✉ ❝✳♣✳♠✳✮ (✬✐❧ ❡①✐(&❡ ✉♥❡ (✉❜❞✐✈✐(✐♦♥

a = x0 < x1 < · · · < xn = b

❞❡ [a, b] &❡❧❧❡ 5✉❡ ❧❛ 7❡(&7✐❝&✐♦♥ ❞❡ f 8 ❝❤❛❝✉♥ ❞❡( ✐♥&❡7✈❛❧❧❡( ]xi−1, xi[ (i ∈ {1, . . . , n}) (♦✐& ♣7♦❧♦♥❣❡❛❜❧❡ ❡♥ ✉♥❡ ❢♦♥❝&✐♦♥
❝♦♥&✐♥✉❡ (✉7 [xi−1, xi].
❯♥❡ &❡❧❧❡ (✉❜❞✐✈✐(✐♦♥ ❡(& ❞✐&❡ ❛❞❛♣%!❡ ♦✉ 1✉❜♦-❞♦♥♥!❡ 8 f.
• ❯♥❡ ❢♦♥❝&✐♦♥ f : I −→ R ❡(& ❞✐&❡ ❝♦♥%✐♥✉❡ ♣❛- ♠♦-❝❡❛✉① (✐ ❡❧❧❡ ❧✬❡(& (✉7 &♦✉& (❡❣♠❡♥& [a, b] ⊂ I.

■♥%❡-♣-!%❛%✐♦♥ ✿ ❯♥❡ ❢♦♥❝&✐♦♥ f : [a, b] −→ R

❡(& ❞✐&❡ ❝♦♥%✐♥✉❡ ♣❛- ♠♦-❝❡❛✉① (✬✐❧ ❡①✐(&❡ ✉♥❡

(✉❜❞✐✈✐(✐♦♥

a = x0 < x1 < · · · < xn = b

❞❡ [a, b] &❡❧❧❡ 5✉❡ ❧❛ 7❡(&7✐❝&✐♦♥ ❞❡ f 8 ❝❤❛❝✉♥ ❞❡(
✐♥&❡7✈❛❧❧❡( ]xi−1, xi[ (i ∈ {1, . . . , n}) (♦✐& ❝♦♥&✐♥✉❡
❡& ❛❞♠❡&&❡ ❞❡( ❧✐♠✐&❡( ✜♥✐❡( ❡♥ xi−1 ❡& ❡♥ xi.

■❧❧✉1%-❛%✐♦♥ ❣-❛♣❤✐8✉❡ ✿

❙✐ ϕ : [a, b] −→ R ❡& ψ : [a, b] −→ R (♦♥& ❞❡✉① ❢♦♥❝&✐♦♥( ❝♦♥&✐♥✉❡( ♣❛7 ♠♦7❝❡❛✉①✱ ❛❧♦7( ♦♥ ♣❡✉& &7♦✉✈❡7 ✉♥❡ (✉❜❞✐✈✐♦♥

❛❞❛♣&>❡ 8 ❧❛ ❢♦✐( ♣♦✉7 ϕ ❡& ♣♦✉7 ψ. ?❛7 ❝♦♥(>5✉❡♥&✱ &♦✉&❡ ❝♦♠❜✐♥❛✐(♦♥ ❧✐♥>❛✐7❡ ❞❡ ϕ ❡& ψ ❡(& ❡♥❝♦7❡ ✉♥❡ ❢♦♥❝&✐♦♥ ❝♦♥&✐♥✉❡
♣❛7 ♠♦7❝❡❛✉①✳

❊& ❝❡❝✐ (❡ ❣>♥>7❛❧✐(❡ ❢❛❝✐❧❡♠❡♥& ♣♦✉7 ❞❡( ❢♦♥❝&✐♦♥( ❝♦♥&✐♥✉❡( ♣❛7 ♠♦7❝❡❛✉① (✉7 ✉♥ ✐♥&❡7✈❛❧❧❡ I 5✉❡❧❝♦♥5✉❡ ❞❡ R.

9-♦♣♦1✐%✐♦♥ ✶

❖♥ ♥♦&❡ CM(I,R) ♦✉ CM0(I,R) ❧✬❡♥(❡♠❜❧❡ ❞❡( ❢♦♥❝&✐♦♥( ❝♦♥&✐♥✉❡( ♣❛7 ♠♦7❝❡❛✉① (✉7 I ❡& 8 ✈❛❧❡✉7( ❞❛♥( R. ❈✬❡(& ✉♥
(♦✉(✲❡(♣❛❝❡ ✈❡❝&♦7✐❡❧ ❞❡ ❧✬❡(♣❛❝❡ ❞❡( ❛♣♣❧✐❝❛&✐♦♥( ❞❡ I ❞❛♥( R.

❖♥ ♣❡✉& ❛✉((✐ ♠♦♥&7❡7 ❧❛ ♣7♦♣♦(✐&✐♦♥ (✉✐✈❛♥&❡✳

9-♦♣♦1✐%✐♦♥ ✷

❙✐ ϕ : [a, b] −→ R ❡(& ❝♦♥&✐♥✉❡ ♣❛7 ♠♦7❝❡❛✉① (✉7 ❧❡ 1❡❣♠❡♥% [a, b] ❛❧♦7( ❡❧❧❡ ❡(& ❜♦7♥>❡✳

✽✾
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✺✳✷ ■♥%&❣(❛❧❡ ,✉( ✉♥ ,❡❣♠❡♥% ❞✬✉♥❡ ❢♦♥❝%✐♦♥ ❈▼

▲✬✐♥$%❣'❛❧❡ ❞✬✉♥❡ ❢♦♥❝$✐♦♥ ❝♦♥$✐♥✉❡ 0✉' ✉♥ 0❡❣♠❡♥$ ❛ %$% ❞%✜♥✐❡ ❡♥ ♣'❡♠✐4'❡ ❛♥♥%❡✳ ◆♦✉0 ❡♥ '❡♣❛'❧❡'♦♥0 ❞❛♥0 ❧❡ ♣❛'❛❣'❛♣❤❡

0✉✐✈❛♥$✳ ❖♥ ❞%✜♥✐$ ✐❝✐ ❧✬✐♥$%❣'❛❧❡ ❞✬✉♥❡ ❢♦♥❝$✐♦♥ ❝♦♥$✐♥✉❡ ♣❛' ♠♦'❝❡❛✉① 0✉' ✉♥ 0❡❣♠❡♥$✳

❉$✜♥✐"✐♦♥ ✷

❙♦✐$ f : [a, b] −→ R ✉♥❡ ❢♦♥❝$✐♦♥ ❝♦♥$✐♥✉❡ ♣❛' ♠♦'❝❡❛✉① ❡$ a = x0 < x1 < · · · < xn = b ✉♥❡ 0✉❜❞✐✈✐0✐♦♥ ❛❞❛♣$%❡ = f ✳ >♦✉'
i ∈ {1, . . . , n}, ♦♥ ♥♦$❡ fi ❧❛ '❡0$'✐❝$✐♦♥ ❞❡ f = ]xi−1, xi[ ♣'♦❧♦♥❣%❡ ♣❛' ❝♦♥$✐♥✉✐$% 0✉' [xi−1, xi]. ❖♥ ♣❡✉$ ❞♦♥❝ ❝❛❧❝✉❧❡'

❧✬✐♥$%❣'❛❧❡ ❞❡ fi 0✉' ❝❡ 0❡❣♠❡♥$✳ ❖♥ ❛❞♠❡$ ?✉❡
∫ x1

x0

f1(t)dt+

∫ x2

x1

f2(t)dt+ · · ·
∫ xn

xn−1

fn(t)dt

♥❡ ❞%♣❡♥❞ ♣❛0 ❞❡ ❧❛ 0✉❜❞✐✈✐0✐♦♥ ❝❤♦✐0✐❡ ♣♦✉' f ❡$ ♦♥ ❧✬❛♣♣❡❧❧❡ ✐♥$%❣'❛❧❡ ❞❡ f 0✉' [a, b].
∫ b

a

f(t)dt =

∫ x1

x0

f1(t)dt+

∫ x2

x1

f2(t)dt+ · · ·
∫ xn

xn−1

fn(t)dt.

■♥"❡4♣4$"❛"✐♦♥ ❣4❛♣❤✐'✉❡ ✿

❆ ♥♦"❡4 ✿

• +♦✉4 ❥✉*"✐✜❡4 ❧✬❡①✐*"❡♥❝❡ ❞❡ ❧✬✐♥"$❣4❛❧❡ ❞✬✉♥❡ ❢♦♥❝"✐♦♥ *✉4 ✉♥ *❡❣♠❡♥"✱ ✐❧ *✉✣" ❞♦♥❝ ❞❡ ♣4$❝✐*❡4

'✉✬❡❧❧❡ ❡*" ❝♦♥"✐♥✉❡ ♣❛4 ♠♦4❝❡❛✉① *✉4 ❝❡ *❡❣♠❡♥"✳

• ▲❛ ✈❛❧❡✉' ❞❡

∫ b

a

f(t)dt ♥❡ ❞%♣❡♥❞ ♣❛0 ❞❡ f(x0), f(x1), . . . , f(xn).

• ❙✐ f : [a, b] → C ❛❧♦'0 f ❡0$ ❝♦♥$✐♥✉❡ ♣❛' ♠♦'❝❡❛✉① 0✉' [a, b] 0✐ ❡$ 0❡✉❧❡♠❡♥$ 0✐ ❘❡(f) ❡$ ■♠(f) ❧❡ 0♦♥$✱ ❡$ ❞❛♥0 ❝❡ ❝❛0✱
♦♥ ❛ ❧✬%❣❛❧✐$% ✿

∫ b

a

f =

∫ b

a

❘❡(f) + i

∫ b

a

■♠(f).

✺✳✸ 8(♦♣(✐&%&,

▲❡0 ♣'♦♣'✐%$%0 ❞❡ ❧✬✐♥$%❣'❛❧❡ ❞✬✉♥❡ ❢♦♥❝$✐♦♥ ❝♦♥$✐♥✉❡ 0✉' ✉♥ 0❡❣♠❡♥$ 0♦♥$ ❡♥❝♦'❡ ✈❛❧❛❜❧❡0 ?✉❛♥❞ ♦♥ 0✉♣♣♦0❡ ❧❛ ❢♦♥❝$✐♦♥

0❡✉❧❡♠❡♥$ ❝♦♥$✐♥✉❡ ♣❛' ♠♦'❝❡❛✉①✳ ❖♥ ❧❡0 '❛♣♣❡❧❧❡ ✐❝✐ ❛✈❡❝ K = R ♦✉ C✳

+4♦♣♦*✐"✐♦♥ ✸ ✭▲✐♥$❛4✐"$✮

❙♦✐❡♥$ f, g ∈ CM([a, b],K) ❡$ λ, µ ∈ K. ❖♥ ❛
∫ b

a

(λf(t) + µg(t))dt = λ

∫ b

a

f(t)dt+ µ

∫ b

a

g(t)dt.

+4♦♣♦*✐"✐♦♥ ✹ ✭+♦*✐"✐✈✐"$✮

❙♦✐❡♥$ f, g ∈ CM([a, b],R)✳

• ❙✐ f ❡0$ ♣♦0✐$✐✈❡✱ ❛❧♦'0
∫ b

a

f(t)dt > 0.

• ❙✐ ♣♦✉' $♦✉$ t ∈ [a, b] ♦♥ ❛ f(t) 6 g(t) ❛❧♦'0

∫ b

a

f(t)dt 6

∫ b

a

g(t)dt.

+4♦♣♦*✐"✐♦♥ ✺ ✭■♥$❣❛❧✐"$ "4✐❛♥❣✉❧❛✐4❡ ✐♥"$❣4❛❧❡✮

❙♦✐❡♥$ f ∈ CM([a, b],K)✳ ❖♥ ❛ ∣

∣

∣

∣

∣

∫ b

a

f(t)dt

∣

∣

∣

∣

∣

6

∫ b

a

|f(t)|dt.

✾✵



▼❛"❤$♠❛"✐'✉❡* +❙■ ❙✳ ❉✐♦♥

+2♦♣♦*✐"✐♦♥ ✻ ✭❘❡❧❛"✐♦♥ ❞❡ ❈❤❛*❧❡*✮

❙♦✐❡♥% f ∈ CM(I,K) ♦& I ❡'% ✉♥ '❡❣♠❡♥%✳ ,♦✉- %♦✉' a, b, c ∈ I, ♦♥ ❛

∫ b

a

f(t)dt =

∫ c

a

f(t)dt+

∫ b

c

f(t)dt.

✺✳✹ #$✐♠✐'✐✈❡* ❡' ✐♥',❣$❛❧❡ ❞✬✉♥❡ ❢♦♥❝'✐♦♥ ❝♦♥'✐♥✉❡

❖♥ -❛♣♣❡❧❧❡ ❧❡' ♣♦✐♥%' '✉✐✈❛♥%'✳ ■❝✐ I ❡'% ✉♥ ✐♥"❡2✈❛❧❧❡ ❞❡ R.

• ❙✐ f ❡'% ✉♥❡ ❛♣♣❧✐❝❛%✐♦♥ ❞❡ I ❞❛♥' K✱ ✉♥❡ ♣-✐♠✐%✐✈❡ ❞❡ f '✉- I ❡'% ✉♥❡ ❛♣♣❧✐❝❛%✐♦♥ F ❞$2✐✈❛❜❧❡ '✉- I %❡❧❧❡ 7✉❡ F ′ = f.

• ❙✐ f ❡'% ❝♦♥%✐♥✉❡ '✉- I ❛❧♦-' ❡❧❧❡ ❛❞♠❡% ❞❡' ♣-✐♠✐%✐✈❡' '✉- I ✭✈♦✐- %❤:♦-;♠❡ ❢♦♥❞❛♠❡♥%❛❧ ❝✐✲❞❡''♦✉'✮✳

• ❙♦✐% f ✉♥❡ ❛♣♣❧✐❝❛%✐♦♥ ❝♦♥%✐♥✉❡ '✉- ✉♥ ✐♥"❡2✈❛❧❧❡ I. ❙✐ F ❡% G '♦♥% ❞❡' ♣-✐♠✐%✐✈❡' ❞❡ f '✉- I ❛❧♦-' ✐❧ ❡①✐'%❡ ✉♥❡ ❝♦♥'%❛♥%❡
c ∈ K %❡❧❧❡' 7✉❡ F = G+ c.

• ◆♦"❛"✐♦♥ ✿ ▲❡' ♣-✐♠✐%✐✈❡' ❣:♥:-✐7✉❡' ❞✬✉♥❡ ❢♦♥❝%✐♦♥ f ❝♦♥%✐♥✉❡ '✉- ✉♥ ✐♥%❡-✈❛❧❧❡ I '♦♥% ♥♦%:❡' ✿

x 7−→
∫ x

f(t)dt ♦✉ x 7−→
∫

f(x)dx ♦✉ x 7−→
∫

f

❆✐♥'✐✱ ♣❛- ❡①❡♠♣❧❡✱

∫ x dt

1 + t2
= Arctan(x) + Cst.

+2♦♣♦*✐"✐♦♥ ✼ ✭❚❤$♦2A♠❡ ❢♦♥❞❛♠❡♥"❛❧ ❞❡ ❧✬❆♥❛❧②*❡✮

❙♦✐% f : I → K ✉♥❡ ❢♦♥❝%✐♦♥ ❝♦♥"✐♥✉❡ ❡% a ✉♥ ♣♦✐♥% ❞❡ I. ❆❧♦-' ❧❛ ❢♦♥❝%✐♦♥ ✿

Fa :







I −→ K

x 7−→ Fa(x) =

∫ x

a

f(t)dt

❡'% ❧❛ ♣-✐♠✐%✐✈❡ ❞❡ f 7✉✐ '✬❛♥♥✉❧❡ ❡♥ a.
❈❡❧❛ '✐❣♥✐✜❡ 7✉❡ Fa ❡'% ❞:-✐✈❛❜❧❡ '✉- I ❡% 7✉❡ ♣♦✉- %♦✉% x ∈ I ♦♥ ❛ F ′a(x) = f(x) ❡% Fa(a) = 0.

❊①❡2❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶ ✲ ➱♣2❡✉✈❡ $❝2✐"❡ ❊✸❆ +❙■ ✷✵✷✷✮

❙♦✐% f : R −→ R ✉♥ ❢♦♥❝%✐♦♥ ❝♦♥%✐♥✉❡ ❡% T ♣:-✐♦❞✐7✉❡✳ ▼♦♥%-❡- 7✉❡ ∀x ∈ R,

∫ x+T

x

f(u)du =

∫ T

0

f(u)du.

❈♦2♦❧❧❛✐2❡ ✶

❙♦✐% f : I → K ✉♥❡ ❢♦♥❝%✐♦♥ ❝♦♥"✐♥✉❡ ❡% a, b ❞❡✉① ♣♦✐♥%' ❞❡ I. ❙✐ F ❡'% ✉♥❡ ♣-✐♠✐%✐✈❡ ❞❡ f '✉- I✱ ♦♥ ❛ ✿

∫ b

a

f(t)dt =
[

F (t)
]b

a
= F (b)− F (a).

✾✶
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❈♦3♦❧❧❛✐3❡ ✷

❙♦✐# f : I → K ✉♥❡ ❢♦♥❝#✐♦♥ ❞❡ ❝❧❛,,❡ C1✳ ❆❧♦/,✱ ♣♦✉/ #♦✉# (a, x) ∈ I2, ♦♥ ❛

f(x)− f(a) =
[

f(t)
]x

a
=

∫ x

a

f ′(t)dt.

❈♦3♦❧❧❛✐3❡ ✸ ✭8 *❛✈♦✐3 3❡"3♦✉✈❡3✮

❙♦✐# f : I → K ✉♥❡ ❢♦♥❝#✐♦♥ ❝♦♥"✐♥✉❡ ❡# α, β ❞❡✉① ❢♦♥❝#✐♦♥, ❞3/✐✈❛❜❧❡, ,✉/ ✉♥ ✐♥#❡/✈❛❧❧❡ J ❡# 6 ✈❛❧❡✉/, ❞❛♥, I. ❆❧♦/, ❧❛
❢♦♥❝#✐♦♥ ϕ ❞3✜♥✐❡ ,✉/ J ♣❛/

∀x ∈ J, ϕ(x) =

∫ β(x)

α(x)

f(t)dt

❡,# ❞3/✐✈❛❜❧❡ ,✉/ J ❡# ♣♦✉/ #♦✉# x ∈ J ♦♥ ❛ ϕ′(x) = β′(x)f(β(x))− α′(x)f(α(x)).

+3❡✉✈❡✳

✷

+3♦♣♦*✐"✐♦♥ ✽

❙♦✐# f : [a, b] −→ R ✉♥❡ ❢♦♥❝#✐♦♥ ❝♦♥"✐♥✉❡ ❡# ♣♦*✐"✐✈❡✳ ❖♥ ❛

∫ b

a

f(t)dt = 0 =⇒ ∀t ∈ [a, b], f(t) = 0.

+3❡✉✈❡✳✭❉✶✮

✾✷
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✷

❘❡♠❛3'✉❡ ✶ ✿  ❛" ❝♦♥&"❛♣♦()❡✱ ❝❡&&❡ ♣"♦♣♦(✐&✐♦♥ (✬)♥♦♥❝❡ ❛✉((✐ ❞❡ ❧❛ ♠❛♥✐2"❡ (✉✐✈❛♥&❡✳

❙✐ f : [a, b] −→ R ❡(& ✉♥❡ ❢♦♥❝&✐♦♥ ❝♦♥"✐♥✉❡✱ ♣♦*✐"✐✈❡ ❡& ♥♦♥ ✐❞❡♥"✐'✉❡♠❡♥" ♥✉❧❧❡✱ ❛❧♦"(

∫ b

a

f(t)dt > 0.

❘❡♠❛3'✉❡ ✷ ✿ ❈❡ ")(✉❧&❛& ♥✬❡(& ♣❧✉( ✈❛❧❛❜❧❡ (✐ f ❡(& (❡✉❧❡♠❡♥&

❝♦♥&✐♥✉❡ ♣❛" ♠♦"❝❡❛✉①✳

 ❛" ❡①❡♠♣❧❡✱ (✐ ♦♥ ♥♦&❡ E ❧❛ ❢♦♥❝&✐♦♥ ♣❛"&✐❡ ❡♥&✐2"❡✱

∫ 1

0

E(t)dt = 0

❡& ♣♦✉"&❛♥& t 7−→ E(t) ♥✬❡(& ♣❛( ✐❞❡♥&✐:✉❡♠❡♥& ♥✉❧❧❡ (✉" [0, 1].

✺✳✺ ❈❛❧❝✉❧' ♣)❛*✐,✉❡'

✺✳✺✳✶ ■♥%&❣(❛%✐♦♥ ♣❛( ♣❛(%✐❡.

+3♦♣♦*✐"✐♦♥ ✾ ✭■♥"$❣3❛"✐♦♥ ♣❛3 ♣❛3"✐❡* *✉3 ✉♥ *❡❣♠❡♥"✮

❙✐ u ❡& v (♦♥& ❞❡✉① ❢♦♥❝&✐♦♥( ❞❡ ❝❧❛((❡ C1 (✉" ❧❡ (❡❣♠❡♥& [a, b] ❡& < ✈❛❧❡✉"( ❞❛♥( K = R ♦✉ C ❛❧♦"( ♦♥ ❛

∫ b

a

u(t)v′(t)dt =
[

u(t)v(t)
]b

a
−
∫ b

a

u′(t)v(t)dt.

+3❡✉✈❡✳

✷

✾✸
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✺✳✺✳✷ ❈❤❛♥❣❡♠❡♥* ❞❡ ✈❛-✐❛❜❧❡

+2♦♣♦*✐"✐♦♥ ✶✵ ✭❈❤❛♥❣❡♠❡♥" ❞❡ ✈❛2✐❛❜❧❡ *✉2 ✉♥ *❡❣♠❡♥"✮

❙♦✐❡♥% I ❡% J ❞❡✉① ✐♥%❡)✈❛❧❧❡- ❞❡ R✱ f : I → K ✉♥❡ ❢♦♥❝%✐♦♥ ❝♦♥%✐♥✉❡ ❡% ϕ : J → I ✉♥❡ ❢♦♥❝%✐♦♥ ❞❡ ❝❧❛--❡ C1. 1♦✉) %♦✉%
(α, β)2 ∈ J2

♦♥ ❛ ❧✬3❣❛❧✐%3 -✉✐✈❛♥%❡✳

∫ ϕ(β)

ϕ(α)

f(t)dt =

∫ β

α

f(ϕ(u))ϕ′(u)du.

+2❡✉✈❡✳

✷

✺✳✺✳✸ ❘❛♣♣❡❧4 4✉- ❧❡4 4♦♠♠❡4 ❞❡ ❘✐❡♠❛♥♥

+2♦♣♦*✐"✐♦♥ ✶✶

❙♦✐% f : [a, b] −→ ❝♦♥%✐♥✉❡✳ ❖♥ ❛♣♣❡❧❧❡ -♦♠♠❡- ❞❡ ❘✐❡♠❛♥♥ ❛--♦❝✐3❡ : f -✉) [a, b] ✿

S(1)
n =

b− a
n

n−1
∑

k=0

f

(

a+ k
b− a
n

)

S(2)
n =

b− a
n

n
∑

k=1

f

(

a+ k
b− a
n

)

❙✐ f ❡-% ❝♦♥%✐♥✉❡✱ ♦♥ ❛ lim
n→+∞

S(1)
n = lim

n→+∞
S(2)
n =

∫ b

a

f(t)dt.

✾✹



h : t ∈ [0, 1] 7−→ h(t) = a+ t(b−a) ∈ [a, b] [0, 1] [a, b].
h−1, [0, 1] :

∀t ∈ [0, 1], g(t) = f ◦ h(t) = f(a+ t(b− a)).

f [0, 1]

S(1)
n =

1

n

n−1
∑

k=0

f

(

k

n

)

S(2)
n =

1

n

n
∑

k=1

f

(

k

n

)

un =
n
∑

k=1

1

k2 + n2
.
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✺✳✻ #$✐♠✐'✐✈❡* ❞❡ $,❢,$❡♥❝❡

❋♦♥❝$✐♦♥& '(✐♠✐$✐✈❡& ❉♦♠❛✐♥❡& ❞❡ ✈❛❧✐❞✐$0

(x− a)α ❛✈❡❝ α ∈ Rr {−1} (x− a)α+1

α+ 1
R ♦✉ Rr {a}

1

x− a ln |x− a| Rr {a}

ln(x) x ln(x)− x ]0,+∞[

eαx ❛✈❡❝ α ∈ R∗
eαx

α
R

cos(x) sin(x) R

sin(x) − cos(x) R

ch(x) sh(x) R

sh(x) ch(x) R

1

1 + x2
Arctan(x) R

1

a2 + x2
1

a
Arctan

(x

a

)

R

1

1− x2 =
1

2(1− x) +
1

2(1 + x)

1

2
ln

∣

∣

∣

∣

1 + x

1− x

∣

∣

∣

∣

Rr {−1, 1}

1√
1− x2

❆(❝&✐♥(x) =
π

2
−❆(❝❝♦&(x) ]− 1, 1[

✾✻
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✺✳✼ ◗✉❡❧'✉❡( )*❣❧❡( ♣)❛.✐'✉❡( ❞✬✐♥.3❣)❛.✐♦♥

✺✳✼✳✶ ❈❛❧❝✉❧ ❞❡

∫

e
αx

P (x)dx ♦, P ❡-. ✉♥ ♣♦❧②♥2♠❡ ❡♥ x

❖♥ ✐♥#$❣&❡ (✉❝❝❡((✐✈❡♠❡♥# ♣❛& ♣❛&#✐❡(✱ ♣♦✉& ❢❛✐&❡ ❝❤✉#❡& ❧❡ ❞❡❣&5 ❞❡ P. ❖♥ ♦❜#✐❡♥# ❛❧♦&( ✉♥ ♣♦❧②♥8♠❡ Q ❞❡ ♠9♠❡ ❞❡❣&5

:✉❡ P #❡❧ :✉❡
∫

eαxP (x)dx = eαxQ(x) + ❝(#.

❊①❡♠♣❧❡ ✺✳✷✳ ❈❛❧❝✉❧❡&

∫

e−x(x2 − 1)dx.

✺✳✼✳✷ ❈❛❧❝✉❧ ❞❡

∫

e
αx cos(ax)dx ♦✉

∫

e
αx sin(ax)dx

❖♥ ♣♦✉&&❛ ❡✛❡❝#✉❡& ✉♥❡ ❞♦✉❜❧❡ ✐♥#5❣&❛#✐♦♥ ♣❛& ♣❛&#✐❡(✱ ♣♦✉& &❡✈❡♥✐& (✉& ❧✬✐♥#5❣&❛❧❡ ❞❡ ❞5♣❛&#✱ ♦✉ ❜✐❡♥ ♣❛((❡& ♣❛& ❧❡(

✐♥#5❣&❛❧❡( ❞❡ ❢♦♥❝#✐♦♥( ❝♦♠♣❧❡①❡( ❡♥ 5❝&✐✈❛♥#

e(α+ia)x = eαx cos(ax) + ieαx sin(ax).

❊①❡♠♣❧❡ ✺✳✸✳ ❈❛❧❝✉❧❡&

∫ π

0

e−x sin(2x)dx.

✾✼
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✺✳✼✳✸ ❈❛❧❝✉❧ ❞❡ ♣,✐♠✐/✐✈❡1 ❞❡ ❢,❛❝/✐♦♥1 ,❛/✐♦♥♥❡❧❧❡1

❉❛♥# ✉♥ ♣&❡♠✐❡& *❡♠♣#✱ ♦♥ ❞.❝♦♠♣♦#❡ ❧❛ ❢&❛❝*✐♦♥ ❡♥ .❧.♠❡♥*# #✐♠♣❧❡# ✭✈♦✐& ❛♥♥❡①❡✮✳ 7❛& ❧✐♥.❛&✐*.✱ ♦♥ ❡#* ❛♠❡♥. 8 ❝❛❧❝✉❧❡&

❧❡# ✐♥*.❣&❛❧❡# ❞❡# ❢&❛❝*✐♦♥# .❧.♠❡♥*❛✐&❡# #✉✐✈❛♥*❡#

1

(x− a)n ❡*

ax+ b

(x2 + px+ q)n
❛✈❡❝ ∆ = p2 − 4q < 0,

❡* .✈❡♥*✉❡❧❧❡♠❡♥* ❞✬✉♥ ♣♦❧②♥<♠❡✳

•
∫

dx

x− a = ln |x− a|+ ❝#*✳

• 7♦✉& n ∈ Nr {0, 1}, ♦♥ ❛
∫

dx

(x− a)n =

∫

(x− a)−ndx =
−1

(n− 1)(x− a)n−1
+ ❝#*✳

• 7♦✉& ❝❛❧❝✉❧❡&
∫

dx

x2 + px+ q
✭❛✈❡❝ ∆ = p2 − 4q < 0✮✱ .❝&✐&❡ x2 + px+ q #♦✉# ❧❛ ❢♦&♠❡ u2 + a2, ❡✛❡❝*✉❡& ❧❡ ❝❤❛♥❣❡♠❡♥*

❞❡ ✈❛&✐❛❜❧❡ ❝♦&&❡#♣♦♥❞❛♥* ♣✉✐# ✉*✐❧✐#❡&

∫

du

u2 + a2
=

1

a

∫

1/a

(u/a)
2
+ 1

du =
1

a
Arctan

(u

a

)

+ ❝#*.

✾✽
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❊①❡♠♣❧❡ ✺✳✹✳ ❈❛❧❝✉❧❡&

∫ 1

−1

dx

1 + x+ x2
.

•  ♦✉# ❝❛❧❝✉❧❡#
∫

ax+ b

x2 + px+ q
dx ✭❛✈❡❝ ∆ = p2 − 4q < 0✮✱ ❢❛✐#❡ ❛♣♣❛#❛/0#❡ ❧❛ ❞2#✐✈2❡ ❞✉ ❞2♥♦♠✐♥❛0❡✉# ❛✉ ♥✉♠2#❛0❡✉#

♣✉✐5 52♣❛#❡# ❡♥ ❞❡✉① ❢#❛❝0✐♦♥5✳

▲✬✉♥❡ ❞✬❡❧❧❡ ❡50 ❞✉ 0②♣❡

u′(x)

u(x)
, ❧✬❛✉0#❡ 5❡ ❝❛❧❝✉❧❡ ❝♦♠♠❡ ♣#2❝2❞❡♠♠❡♥0✳

❊①❡♠♣❧❡ ✺✳✺✳ ❈❛❧❝✉❧❡&

∫ 1

−1

x− 1

1 + x+ x2
dx.

✾✾
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•  ♦✉# ❝❛❧❝✉❧❡# ❡♥✜♥
∫

ax+ b

(x2 + px+ q)n
dx ✭❛✈❡❝ ∆ = p2 − 4q < 0✮✱ ❝♦♠♠❡ ♣#0❝0❞❡♠♠❡♥2✱ 30♣❛#❡# ❧✬✐♥20❣#❛❧❡ ❡♥ ❞❡✉①✳

▲✬✉♥❡ #❡✈✐❡♥2 : ✐♥20❣#❡#

u′(x)

un(x)
, ❧✬❛✉2#❡✱ ❛♣#;3 ❝❤❛♥❣❡♠❡♥2 ❞❡ ✈❛#✐❛❜❧❡✱ 3❡ #❛♠;♥❡ ❛✉ ❝❛❧❝✉❧ ❞❡

∫

dx

(1 + x2)n
. ❖♥ ❝❛❧❝✉❧❡

❝❡22❡ ❞❡#♥✐;#❡ ♣❛# ✐♥20❣#❛2✐♦♥3 3✉❝❝❡33✐✈❡3 ❡♥ ♣❛#2❛♥2 ❞❡

∫

dx

1 + x2
.

❊①❡♠♣❧❡ ✺✳✻✳ ❈❛❧❝✉❧❡&

∫ 1

0

dx

(1 + x2)2
.

✶✵✵
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✺✳✽ ❆♥♥❡①❡

✺✳✽✳✶ ❉%❝♦♠♣♦*✐,✐♦♥ ❡♥ %❧%♠❡♥,* *✐♠♣❧❡*

❖♥ ❞#✜♥✐& ❧✬❡*♣❛❝❡ ✈❡❝&♦0✐❡❧ *✉0 R ❞❡* ❢0❛❝&✐♦♥* 0❛&✐♦♥♥❡❧❧❡* ♣❛0 ❧✬#❣❛❧✐&#

R(X) =

{

F (X) =
P (X)

Q(X)

/

P (X), Q(X) ∈ R[X] ❛✈❡❝ Q(X) 6= 0

}

.

▲❛ ♥♦&✐♦♥ ❞❡ ❞#❝♦♠♣♦*✐&✐♦♥ ❡♥ #❧#♠❡♥&* *✐♠♣❧❡* ❞❛♥* R(X) ♥✬❡*& ♣❛* ❛✉ ♣0♦❣0❛♠♠❡ ❞❡ 6❙■✱ ♠❛✐* ✐❧ *❡0❛ *♦✉✈❡♥& ✉&✐❧❡ ❞✬❡♥
❝♦♥♥❛:&0❡ ❧❡* ♣0✐♥❝✐♣❡* ♣♦✉0 ❡✛❡❝&✉❡0 ❝❡0&❛✐♥* ❝❛❧❝✉❧* ✭♣0✐♠✐&✐✈❡*✱ ❞#✈❡❧♦♣♣❡♠❡♥&* ❡♥ *#0✐❡ ❡♥&✐=0❡✮✳ ▲❡* ✓ #❧#♠❡♥&* *✐♠♣❧❡* ✔ ❞❡

R(X) *♦♥& ❧❡* *✉✐✈❛♥&*✳
α

(X − a)n ❡&

βX + γ

(X2 + pX + r)n
❛✈❡❝ ∆ = p2 − 4r < 0.

❉✐✈✐*✐♦♥ ❡✉❝❧✐❞✐❡♥♥❡ ❞❡ P ♣❛7 Q.

❖♥ *❛✐& B✉✬✐❧ ❡①✐*&❡ ✉♥ ✉♥✐B✉❡ ❝♦✉♣❧❡ (A,R) ∈ (R[X])2 &❡❧ B✉❡

P (X) = A(X)Q(X) +R(X) ❡& deg(R) < deg(Q).

❊♥ 0❡♣♦0&❛♥& ❞❛♥* F ✱ ♦♥ ♦❜&✐❡♥&

F (X) =
P (X)

Q(X)
=
A(X)Q(X) +R(X)

Q(X)
= A(X) +

R(X)

Q(X)
.

❖♥ ❡*& ❞♦♥❝ 0❛♠❡♥# ❛✉ ♣0♦❜❧=♠❡ *✉✐✈❛♥&✳

❉$❝♦♠♣♦*✐"✐♦♥ ❞❡

R(X)

Q(X)
❛✈❡❝ deg(R) < deg(Q).

❖♥ ❡✛❡❝&✉❡ ❧❛ ❞#❝♦♠♣♦*✐&✐♦♥ ❡♥ ♣0♦❞✉✐&* ❞❡ ❢❛❝&❡✉0* ✐00#❞✉❝&✐❜❧❡* ❞❡ R[X] ❞✉ ♣♦❧②♥G♠❡ Q(X) ✿

Q(X) = λ
r
∏

i=1

(X − ai)ni ×
s
∏

j=1

(X2 + pjX + qj)
mj .

❆❧♦0*✱ ♦♥ ❛ ✉♥❡ ❞#❝♦♠♣♦*✐&✐♦♥ ✉♥✐B✉❡ ❞❡

R(X)

Q(X)
*♦✉* ❧❛ ❢♦0♠❡

R(X)

Q(X)
=

r
∑

i=1

(

α1,i

(X − ai)
+

α2,i

(X − ai)2
+ · · ·+ αni,i

(X − ai)ni

)

+
s

∑

j=1

(

β1,jX + γ1,j
(X2 + pjX + rj)

+
β2,jX + γ2,j

(X2 + pjX + rj)2
+ · · ·+ βmj ,jX + γmj ,j

(X2 + pjX + rj)mj

)

.

❊①❡♠♣❧❡ ✺✳✼✳ ❉!"❡$♠✐♥❡$ ❧❛ ❞!❝♦♠♣♦.✐"✐♦♥ ❡♥ !❧!♠❡♥". .✐♠♣❧❡. F (X) =
X4 + 1

(X − 1)2(X2 + 1)
.

✶✵✶
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✺✳✽✳✷ ❋♦&♠✉❧❡+ ❞❡ ❚❛②❧♦&

❙♦✐# f ∈ Cn(I,K) ❡# a ∈ I. ❖♥ ❞(✜♥✐# ❧❡ ♣♦❧②♥-♠❡ ❞❡ ❚❛②❧♦1 ❞❡ f 2 ❧✬♦1❞1❡ n ❡♥ a ♣❛1 ✿

Tn(x) =
n
∑

k=0

(x− a)k
k!

f (k)(a).

❖♥ ♣❡✉# ✈♦✐1 7✉❡✱ 9♦✉9 ❝❡1#❛✐♥❡9 ❝♦♥❞✐#✐♦♥9✱ ❝❡ ♣♦❧②♥-♠❡ ✓ ❛♣♣1♦❝❤❡ ✔ ❝♦♥✈❡♥❛❜❧❡♠❡♥# f ❛✉ ✈♦✐%✐♥❛❣❡ ❞❡ a. *♦✉+ ♠❡%✉+❡+

❝❡..❡ ❛♣♣+♦①✐♠❛.✐♦♥✱ ♦♥ %✬✐♥.3+❡%%❡ 4 ❧❛ ❞✐✛3+❡♥❝❡ f(x)−Tn(x) ❡. ♦♥ +❡❣❛+❞❡ %✐ ❡❧❧❡ ❡%. ✓ ♣❡.✐.❡ ✔✳ ❖♥ ❛♣♣❡❧❧❡ ❝❡..❡ ❞✐✛3+❡♥❝❡

 ❡"#❡ ❞❡ ❚❛②❧♦ ❞❡ f * ❧✬♦ ❞ ❡ n ❡♥ a ❡. ♦♥ ❧❛ ♥♦.❡ Rn(x). ❆✐♥%✐✱ ♦♥ ❛ ✿

f(x) = Tn(x) + Rn(x).

▲❛ ❢♦ ♠✉❧❡ ❞❡ ❚❛②❧♦ ❛✈❡❝  ❡"#❡ ✐♥#4❣ ❛❧❡ ❞♦♥♥❡ ✉♥❡ ❡①♣+❡%%✐♦♥ ❡①❛❝.❡ ❞❡ Rn(x) %♦✉% ❢♦+♠❡ ❞✬✉♥❡ ✐♥.3❣+❛❧❡ ❧♦+%>✉❡ f
❡%. ❞❡ ❝❧❛%%❡ Cn+1.

6 ♦♣♦"✐#✐♦♥ ✶✷ ✭❋♦ ♠✉❧❡ ❞❡ ❚❛②❧♦ ❛✈❡❝  ❡"#❡ ✐♥#4❣ ❛❧❡✮

❙♦✐. f : I → K ❡%. ❞❡ ❝❧❛%%❡ Cn+1
✳ ▼♦♥.+❡+ >✉❡ ♣♦✉+ .♦✉. (a, x) ∈ I2 ♦♥ ❛ ✿

f(x) =
n
∑

k=0

f (k)(a)

k!
(x− a)k +

∫ x

a

(x− t)n
n!

f (n+1)(t)dt.

✶✵✷
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+2❡✉✈❡✳ ✭❉✶✮

✷

✶✵✸
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❊♥ ♣❛$%❛♥% ❞❡ ❧✬*❣❛❧✐%* ❞❡ ❚❛②❧♦$ ❛✈❡❝ $❡2%❡ ✐♥%*❣$❛❧❡✱ ♦♥ ❞*♠♦♥%$❡ ❧✬✐♥$❣❛❧✐"$ ❞❡ ❚❛②❧♦8✲▲❛❣8❛♥❣❡✱ 5✉✐ ❡❧❧❡ ❡2% ❛✉ ♣$♦✲

❣$❛♠♠❡✳ ❊❧❧❡ ❞♦♥♥❡ ✉♥❡ ♠❛❥♦$❛%✐♦♥ ✭❡♥ ✈❛❧❡✉$ ❛❜2♦❧✉❡✮ ❞✉ $❡2%❡ ✐♥%*❣$❛❧❡✱ ✈❛❧❛❜❧❡ 2✉$ ✉♥ ✐♥%❡$✈❛❧❧❡ ✭♣$♦♣$✐*%* ❣❧♦❜❛❧❡✮✳

+8♦♣♦*✐"✐♦♥ ✶✸ ✭■♥$❣❛❧✐"$ ❞❡ ❚❛②❧♦8✲▲❛❣8❛♥❣❡ ✲ ✶✮

❙♦✐% a, b ∈ R ❛✈❡❝ a 6 b. ❙✐ f ∈ Cn+1([a, b],K) ❡% 2✐ M ❡2% ✉♥ ♠❛❥♦$❛♥% ❞❡ |f (n+1)| 2✉$ [a, b] ❛❧♦$2 ♦♥ ❛ ✿
∣

∣

∣

∣

∣

f(b)−
n
∑

k=0

f (k)(a)

k!
(b− a)k

∣

∣

∣

∣

∣

6M
(b− a)n+1

(n+ 1)!
.

+8❡✉✈❡✳

✷

❖♥ ❞♦♥♥❡ ✉♥ *♥♦♥❝* ♥❡ ❞✐2%✐♥❣✉❛♥% ♣❧✉2 ❧❛ ♣♦2✐%✐♦♥ $❡❧❛%✐✈❡ ❞❡2 ❜♦$♥❡2 a ❡% x.

+8♦♣♦*✐"✐♦♥ ✶✹ ✭■♥$❣❛❧✐"$ ❞❡ ❚❛②❧♦8✲▲❛❣8❛♥❣❡ ✲ ✷✮

❙✐ f ∈ Cn+1(I,K) ❡% 2✐ M ❡2% ✉♥ ♠❛❥♦$❛♥% ❞❡ |f (n+1)| 2✉$ I ❛❧♦$2 ♣♦✉$ %♦✉% (a, x) ∈ I2 ♦♥ ❛ ✿

|Rn(x)| = |f(x)− Tn(x)| =
∣

∣

∣

∣

∣

f(x)−
n
∑

k=0

f (k)(a)

k!
(x− a)k

∣

∣

∣

∣

∣

6M
|x− a|n+1

(n+ 1)!
.

❊♥✜♥✱ ❧❛ ❢♦8♠✉❧❡ ❞❡ ❚❛②❧♦8✲❨♦✉♥❣ ❞♦♥♥❡ ✉♥ ♦$❞$❡ ❞❡ ❣$❛♥❞❡✉$ ❞✉ $❡2%❡✱ 2❡✉❧❡♠❡♥% ❛✉ ✈♦✐2✐♥❛❣❡ ❞✬✉♥ ♣♦✐♥% ✭♣$♦♣$✐*%*

❧♦❝❛❧❡✮✳ ❊❧❧❡ ♣❡$♠❡% ❞✬♦❜%❡♥✐$ ❧❡2 ♣$❡♠✐❡$2 ❞*✈❡❧♦♣♣❡♠❡♥%2 ❧✐♠✐%*2 ❞✉ ❝♦✉$2✳

+8♦♣♦*✐"✐♦♥ ✶✺ ✭❋♦8♠✉❧❡ ❞❡ ❚❛②❧♦8✲❨♦✉♥❣✮

❙♦✐% f : I → K ❡2% ❞❡ ❝❧❛22❡ Cn ❡% a ✉♥ *❧*♠❡♥% ❞❡ I✳ ❆❧♦$2 Rn(x) = o
x→a

((x− a)n)✱ ❝✬❡2%✲B✲❞✐$❡

∀x ∈ I, f(x) =
n
∑

k=0

f (k)(a)

k!
(x− a)k + o

x→a
((x− a)n).

✶✵✹


