
❈❤❛♣✐%&❡ ✸

❙✉✐#❡% ♥✉♠()✐*✉❡%

✸✳✶ ▲✐♠✐&❡(

✸✳✶✳✶ ❉$✜♥✐(✐♦♥*

❉!✜♥✐%✐♦♥ ✶

❙♦✐# (un)n∈N ✉♥❡ '✉✐#❡ ( ✈❛❧❡✉,' ❞❛♥' K = R ♦✉ C.

❙♦✐# ℓ ∈ K✳ ❖♥ ❞✐# 0✉❡ ❧❛ '✉✐#❡ (un)n∈N ❝♦♥✈❡,❣❡ ✈❡,' ℓ '✐ ♦♥ ❛

∀ε > 0, ∃n0 ∈ N, ∀n ∈ N : n > n0 =⇒ |un − ℓ| 6 ε.

❖♥ 3❝,✐# ✿ lim
n→+∞

un = ℓ.

■❧❧✉+%,❛%✐♦♥ ❣,❛♣❤✐1✉❡ ✿

❉!✜♥✐%✐♦♥ ✷

❙♦✐# (un)n∈N ✉♥❡ '✉✐#❡ ,3❡❧❧❡✳ ❖♥ ❞✐# 0✉❡ ❧❛ '✉✐#❡ (un)n∈N ❞✐✈❡,❣❡ ✈❡,' +∞ '✐ ♦♥ ❛

∀A ∈ R, ∃n0 ∈ N, ∀n ∈ N : n > n0 =⇒ un > A.

❖♥ 3❝,✐# ✿ lim
n→+∞

un = +∞.

❉!✜♥✐%✐♦♥ ✸

❙♦✐# (un)n∈N ✉♥❡ '✉✐#❡ ,3❡❧❧❡✳ ❖♥ ❞✐# 0✉❡ ❧❛ '✉✐#❡ (un)n∈N ❞✐✈❡,❣❡ ✈❡,' −∞ '✐ ♦♥ ❛

∀A ∈ R, ∃n0 ∈ N, ∀n ∈ N : n > n0 =⇒ un 6 A.

❖♥ 3❝,✐# ✿ lim
n→+∞

un = −∞.

✹✸
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+2♦♣♦*✐"✐♦♥ ✶

❚♦✉#❡ %✉✐#❡ ❝♦♥✈❡*❣❡♥#❡ ❡%# ❜♦*♥-❡✳

+2❡✉✈❡✳✭❉✶✮

✷

+2♦♣♦*✐"✐♦♥ ✷

❙♦✐# (un)n∈N ✉♥❡ %✉✐#❡ *-❡❧❧❡ ❝♦♥✈❡*❣❡❛♥# ✈❡*% ℓ✳
❙✐ ℓ > 0 ❛❧♦*% ✐❧ ❡①✐%#❡ ✉♥ *-❡❧ m > 0 ❡# ✉♥ *❛♥❣ n0 ∈ N, #❡❧% 3✉❡ ❧✬♦♥ ❛✐# ∀n > n0, un > m.

+2❡✉✈❡✳

✷

+2♦♣♦*✐"✐♦♥ ✸

❙♦✐❡♥# (un)n∈N ❡# (vn)n∈N ❞❡✉① %✉✐#❡% 6 ✈❛❧❡✉*% ❞❛♥% K = R ♦✉ C ❡# ❝♦♥✈❡*❣❡❛♥# *❡%♣❡❝#✐✈❡♠❡♥# ✈❡*% ℓ ❡# ℓ′. ❖♥ ❛ ✿

✶✳ <♦✉* #♦✉# (a, b) ∈ K
2
❧❛ %✉✐#❡ (a.un + b.vn)n∈N ❝♦♥✈❡*❣❡ ✈❡*% aℓ+ bℓ′.

✷✳ ▲❛ %✉✐#❡ (un.vn)n∈N ❝♦♥✈❡*❣❡ ✈❡*% ℓℓ
′.

✸✳ ❙✐ ℓ′ 6= 0✱ ❛❧♦*% ❧❛ %✉✐#❡

(

un

vn

)

n∈N

❡%# ❞-✜♥✐❡ 6 ♣❛*#✐* ❞✬✉♥ ❝❡*#❛✐♥ *❛♥❣ ❡# ❝♦♥✈❡*❣❡ ✈❡*%

ℓ

ℓ′
.

✹✳ +❛**❛❣❡ ; ❧❛ ❧✐♠✐"❡ ❞❛♥% ✉♥❡ ✐♥-❣❛❧✐#- ✿

❙✐ ❧❡% %✉✐#❡% (un)n∈N ❡# (vn)n∈N %♦♥# 2$❡❧❧❡* ❡# %✐ ♣♦✉* #♦✉# n ∈ N, ♦♥ ❛ un 6 vn ❛❧♦*% ♦♥ ❛ ❛✉%%✐ ℓ 6 ℓ′✳

✹✹
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✸✳✶✳✷ ❙✉✐'❡) ❡①'+❛✐'❡)

❉$✜♥✐"✐♦♥ ✹

❙♦✐# (un)n∈N ✉♥❡ '✉✐#❡ ()❡❧❧❡ ♦✉ ❝♦♠♣❧❡①❡✳ ❖♥ ❛♣♣❡❧❧❡ '✉✐#❡ ❡①#(❛✐#❡ ❞❡ (un)n∈N✱ #♦✉#❡ '✉✐#❡ (uϕ(n))n∈N ♦4 ϕ : N −→ N

❡'# ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ '#(✐❝#❡♠❡♥# ❝(♦✐''❛♥#❡✳

❊①❡♠♣❧❡ ✸✳✶✳ ▲❡" "✉✐%❡" (u2n)n∈N ❡% (u2n+1)n∈N "♦♥% ❞❡" "✉✐%❡" ❡①%*❛✐%❡" ❞❡ (un)n∈N✳

+:♦♣♦*✐"✐♦♥ ✹

❙♦✐# (un)n∈N ✉♥❡ '✉✐#❡ ()❡❧❧❡ ♦✉ ❝♦♠♣❧❡①❡✳

❙✐ (un)n∈N ❝♦♥✈❡(❣❡ ✈❡(' ℓ, ❛❧♦(' #♦✉#❡ '✉✐#❡ ❡①#(❛✐#❡ ❞❡ (un)n∈N ❝♦♥✈❡(❣❡ ❛✉''✐ ✈❡(' ℓ.

❊①❡♠♣❧❡ ✸✳✷✳ ❉.♠♦♥%*❡* 0✉❡ ❧❛ "✉✐%❡ (un)n∈N ❞.✜♥✐❡ ♣❛* un = sin
(nπ

6

)

❡"% ❞✐✈❡*❣❡♥%❡✳

❖♥ ♣♦✉((❛✐# )❣❛❧❡♠❡♥#✱ ❡♥ ✉#✐❧✐'❛♥# ❧❛ ❞)✜♥✐#✐♦♥ ❞❡ ❧✐♠✐#❡✱ ♠♦♥#(❡( ❧❛ ♣(♦♣♦'✐#✐♦♥ '✉✐✈❛♥#❡✳

+:♦♣♦*✐"✐♦♥ ✺

❙♦✐# (un)n∈N ✉♥❡ '✉✐#❡ ()❡❧❧❡ ♦✉ ❝♦♠♣❧❡①❡✳ ❙✐ (u2n)n∈N ❡# (u2n+1)n∈N ❝♦♥✈❡(❣❡♥# ✈❡(' ℓ, ❛❧♦(' (un)n∈N ❝♦♥✈❡(❣❡ ✈❡(' ℓ.

✸✳✷ ❘❡❧❛'✐♦♥+ ❞❡ ❝♦♠♣❛0❛✐+♦♥

✸✳✷✳✶ ❈♦♠♣❛+❛✐)♦♥ ❧♦❝❛❧❡ ❞❡ )✉✐'❡)

❉$✜♥✐"✐♦♥ ✺

❖♥ ❝♦♥'✐❞8(❡ ❞❡✉① '✉✐#❡' ♥✉♠)(✐9✉❡' (un)n∈N ❡# (vn)n∈N.

✶✳ ❖♥ ❞✐# 9✉❡ (un)n∈N ❡"% ❞♦♠✐♥.❡ ♣❛* (vn)n∈N '✬✐❧ ❡①✐'#❡ ✉♥❡ '✉✐#❡ ❜♦:♥$❡ (wn)n∈N #❡❧❧❡ 9✉✬< ♣❛(#✐( ❞✬✉♥ ❝❡(#❛✐♥ (❛♥❣

♦♥ ❛✐#

un = vnwn.

❖♥ ♥♦#❡ un = O
n→+∞

(vn).

✷✳ ❖♥ ❞✐# 9✉❡ (un)n∈N ❡"% ♥.❣❧✐❣❡❛❜❧❡ ❞❡✈❛♥% (vn)n∈N '✬✐❧ ❡①✐'#❡ ✉♥❡ '✉✐#❡ (wn)n∈N "❡♥❞❛♥" ✈❡:* ✵ #❡❧❧❡ 9✉✬< ♣❛(#✐(

❞✬✉♥ ❝❡(#❛✐♥ (❛♥❣ ♦♥ ❛✐#

un = vnwn.

❖♥ ♥♦#❡ un = o
n→+∞

(vn).

✸✳ ❖♥ ❞✐# 9✉❡ (un)n∈N ❡"% .0✉✐✈❛❧❡♥%❡ 7 (vn)n∈N '✬✐❧ ❡①✐'#❡ ✉♥❡ '✉✐#❡ (wn)n∈N "❡♥❞❛♥" ✈❡:* ✶ #❡❧❧❡ 9✉✬< ♣❛(#✐( ❞✬✉♥

❝❡(#❛✐♥ (❛♥❣ ♦♥ ❛✐#

un = vnwn.

❖♥ ♥♦#❡ un ∼
n→+∞

vn.

✹✺
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❘❡♠❛3'✉❡ ✿ ❙✐ ❧❛ $✉✐&❡ (vn)n∈N ♥❡ $✬❛♥♥✉❧❡ ♣❛$ ✭, ♣❛-&✐- ❞✬✉♥ ❝❡-&❛✐♥ -❛♥❣✮✱ ♦♥ ♣❡✉& ❞✐✈✐$❡- &♦✉&❡$ ❧❡$ 5❣❛❧✐&5$ ♣❛- vn ❡& ♦♥

♦❜&✐❡♥& ❧❛ ♣-♦♣♦$✐&✐♦♥ $✉✐✈❛♥&❡✳

+3♦♣♦*✐"✐♦♥ ✻

❖♥ ❝♦♥$✐❞9-❡ ❞❡✉① $✉✐&❡$ ♥✉♠5-✐<✉❡$ (un)n∈N ❡& (vn)n∈N ❡& ♦♥ $✉♣♣♦$❡ <✉❡ (vn)n∈N ♥❡ $✬❛♥♥✉❧❡ ♣❛$ ✭, ♣❛-&✐- ❞✬✉♥ ❝❡-&❛✐♥

-❛♥❣ n0✮✳ ❖♥ ❛ ❧❡$ 5<✉✐✈❛❧❡♥❝❡$ $✉✐✈❛♥&❡$✳

un = O
n→+∞

(vn) ⇐⇒ ❧❛ $✉✐&❡

(

un

vn

)

n>n0

❡$& ❜♦-♥5❡

un = o
n→+∞

(vn) ⇐⇒ lim
n→+∞

(

un

vn

)

= 0

un ∼
n→+∞

vn ⇐⇒ lim
n→+∞

(

un

vn

)

= 1

❊①❡♠♣❧❡ ✸✳✸✳ ❉!♠♦♥%&❡& (✉❡

n ln(n)

n3 + 3n+ 1
= o

n→+∞

(

1

n3/2

)

.

✸✳✷✳✷ #$❡♠✐($❡) ♣$♦♣$✐,-,)

• ▲❛ -❡❧❛&✐♦♥ un = o
n→+∞

(1) $✐❣♥✐✜❡ ✿

• ▲❛ -❡❧❛&✐♦♥ un = O
n→+∞

(1) $✐❣♥✐✜❡ ✿

• ❆ -❡&❡♥✐- ✿

un ∼
n→+∞

vn ⇐⇒ un − vn = o
n→+∞

(vn)

⇐⇒ un = vn + o
n→+∞

(vn)

• ❚3❛♥*✐"✐✈✐"$ ✿
❙✐ un = o

n→+∞
(vn) ❡& vn = o

n→+∞
(wn) ❛❧♦-$ un = o

n→+∞
(wn) ❀ ❝✬❡$& ❧❛ &-❛♥$✐&✐✈✐&5 ❞❡ ❧❛ -❡❧❛&✐♦♥ o.

❙✐ un = O
n→+∞

(vn) ❡& vn = O
n→+∞

(wn) ❛❧♦-$ un = O
n→+∞

(wn) ❀ ❝✬❡$& ❧❛ &-❛♥$✐&✐✈✐&5 ❞❡ ❧❛ -❡❧❛&✐♦♥ O.

• ▲✐♥$❛3✐"$ ✿
❙✐ un = o

n→+∞
(wn) ❡& vn = o

n→+∞
(wn) ❛❧♦-$ aun + bvn = o

n→+∞
(wn).

❙✐ un = O
n→+∞

(wn) ❡& vn = O
n→+∞

(wn) ❛❧♦-$ aun + bvn = O
n→+∞

(wn).

✹✻



▼❛"❤$♠❛"✐'✉❡* +❙■ ❙✳ ❉✐♦♥

• ❖♥ "❡ ♠%✜❡'❛ ❞❡ ❧✬%,✉✐✈❛❧❡♥0 un ∼
n→+∞

0, ,✉❛"✐♠❡♥0 0♦✉❥♦✉'" ❢❛✉① ✦

❈❡❧❧❡✲❝✐ "✐❣♥✐✜❡ ,✉❡ ❧❛ "✉✐0❡ (un)n∈N ❡"0 ♥✉❧❧❡ 3 ♣❛5"✐5 ❞✬✉♥ ❝❡5"❛✐♥ 5❛♥❣✳

• ❖♣$5❛"✐♦♥* *✉5 ❧❡* $'✉✐✈❛❧❡♥"* ✿
❖♥ ♣❡✉0 ♠✉❧0✐♣❧✐❡' ❡0 ❞✐✈✐"❡' ❞❡" %,✉✐✈❛❧❡♥0"✳ ❖♥ ♥❡ ♣❡✉0 ♣❛" ❝♦♠♣♦"❡' ❞❡" %,✉✐✈❛❧❡♥0" ♣❛' ✉♥❡ ❢♦♥❝0✐♦♥✳ ❖♥ ♥❡ ♣❡✉0

♣❛" ❛❥♦✉0❡' ❞❡" %,✉✐✈❛❧❡♥0"✳ ❈❡♣❡♥❞❛♥0✱ ♦♥ ♣♦✉''❛ ✉0✐❧✐"❡' ❧❛ ♣'♦♣'✐%0% "✉✐✈❛♥0❡✳

vn = o
n→+∞

(un) ⇐⇒ un + vn ∼
n→+∞

un.

• ❊'✉✐✈❛❧❡♥"* ❡" ❧✐♠✐"❡* ✿ ❙♦✐❡♥0 (un)n∈N ❡0 (vn)n∈N ❞❡✉① "✉✐0❡" ♥✉♠%'✐,✉❡" 0❡❧❧❡" ,✉❡ un ∼
n→+∞

vn ❡0 "♦✐0 ℓ ∈ R∪{±∞}.
❖♥ ❛ ❧✬✐♠♣❧✐❝❛0✐♦♥ "✉✐✈❛♥0❡ ✿

lim
n→+∞

un = ℓ =⇒ lim
n→+∞

vn = ℓ.

• ❖♥ "✉♣♣♦"❡ ,✉❡ lim
n→+∞

un = ℓ ∈ K. ❙✐ ℓ 6= 0 ❛❧♦'" un ∼
n→+∞

ℓ.

• ❊'✉✐✈❛❧❡♥"* ❡" *✐❣♥❡* ✿ ❙✐ un ∼
n→+∞

vn ❛❧♦'" ♣♦✉' n ❛""❡③ ❣'❛♥❞✱ un ❡0 vn "♦♥0 ❞❡ ♠@♠❡ "✐❣♥❡✳

✸✳✸ ❚❤$♦&'♠❡* ❞✬❡①✐*/❡♥❝❡

✸✳✸✳✶ ❙✉✐&❡ ♠♦♥♦&♦♥❡

+5♦♣♦*✐"✐♦♥ ✼ ✭❚❤$♦5A♠❡ ❞❡ ❧❛ ❧✐♠✐"❡ ♠♦♥♦"♦♥❡✮

❙♦✐❡♥0 (un)n∈N ✉♥❡ "✉✐0❡ '%❡❧❧❡ ❝'♦✐""❛♥0❡✳

✶✳ ❙✐ (un)n∈N ❡"0 ♠❛❥♦'%❡ ❛❧♦'" ❡❧❧❡ ❝♦♥✈❡'❣❡✳

✷✳ ❙✐ (un)n∈N ♥✬❡"0 ♣❛" ♠❛❥♦'%❡ ❛❧♦'" ❡❧❧❡ ❞✐✈❡'❣❡ ✈❡'" +∞.

✸✳✸✳✷ ❚❤.♦/0♠❡ ❞✬❡♥❝❛❞/❡♠❡♥&

+5♦♣♦*✐"✐♦♥ ✽ ✭❚❤$♦5A♠❡ ❞✬❡♥❝❛❞5❡♠❡♥"✮

❙♦✐❡♥0 (un)n∈N, (vn)n∈N ❡0 (wn)n∈N 0'♦✐" "✉✐0❡" '%❡❧❧❡" 0❡❧❧❡" ,✉❡ lim
n→+∞

un = lim
n→+∞

wn = ℓ.

❖♥ "✉♣♣♦"❡ ,✉❡ ♣♦✉' 0♦✉0 n ∈ N ✭♦✉ ❞✉ ♠♦✐♥" D ♣❛'0✐' ❞✬✉♥ ❝❡'0❛✐♥ '❛♥❣✮✱ ♦♥ ❛ un 6 vn 6 wn✳

❆❧♦'" ❧❛ "✉✐0❡ (vn)n∈N ❡"0 ❝♦♥✈❡'❣❡♥0❡ ❡0 "❛ ❧✐♠✐0❡ ✈❛✉0 ℓ.

❆""❡♥"✐♦♥ ✿ ❖♥ ❝♦♥❢♦♥❞ "♦✉✈❡♥0 ❧❡ 0❤%♦'H♠❡ ❞✬❡♥❝❛❞'❡♠❡♥0 ✭,✉✐ ❞♦♥♥❡ ❧✬❡①✐"0❡♥❝❡ ❡0 ❧❛ ✈❛❧❡✉' ❞✬✉♥❡ ❧✐♠✐0❡✮ ❡0 ❧❡ ♣❛""❛❣❡

D ❧❛ ❧✐♠✐0❡ ❞❛♥" ❞❡" ✐♥%❣❛❧✐0%" ,✉✐ ♥%❝❡""✐0❡ ❞❡ ❝♦♥♥❛E"5❡ ❛✉ ♣5$❛❧❛❜❧❡ ❧✬❡①✐"0❡♥❝❡ ❞❡" ❧✐♠✐0❡"✳

✸✳✸✳✸ ❙✉✐&❡5 ❛❞❥❛❝❡♥&❡5

❉$✜♥✐"✐♦♥ ✻

❙♦✐❡♥0 (un)n∈N ❡0 (vn)n∈N ❞❡✉① "✉✐0❡" '%❡❧❧❡"✳ ❖♥ ❞✐'❛ ,✉❡ ❝❡" "✉✐0❡" "♦♥0 ❛❞❥❛❝❡♥"❡*✱ "✐ ✿

✶✳ ∀n ∈ N, un 6 vn,

✷✳ (un)n∈N ❡"0 ❝'♦✐""❛♥0❡ ❡0 (vn)n∈N ❡"0 ❞%❝'♦✐""❛♥0❡✱

✸✳ lim
n→+∞

(vn − un) = 0.

❘❡♠❛5'✉❡ ✿ ▲❡" ♣♦✐♥0" ✷✳ ❡0 ✸✳ ❡♥0'❛K♥❡♥0 ❧❡ ♣♦✐♥0 ✶✳ ■❧ ♥✬❡"0 ❞♦♥❝ ♣❛" ♥%❝❡""❛✐'❡ ❞❡ ✈%'✐✜❡' ,✉❡ un 6 vn.

✹✼
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+2♦♣♦*✐"✐♦♥ ✾

❙✐ ❞❡✉① &✉✐'❡& (un)n∈N ❡' (vn)n∈N &♦♥' ❛❞❥❛❝❡♥'❡& ❛❧♦.& ❡❧❧❡& ❝♦♥✈❡.❣❡♥' ❡' ❡❧❧❡& ❝♦♥✈❡.❣❡♥' ✈❡.& ✉♥❡ ♠2♠❡ ❧✐♠✐'❡ ℓ.

❉❡ ♣❧✉&✱ ♦♥ ❛ ∀n ∈ N, un 6 ℓ 6 vn.

❉$✜♥✐"✐♦♥ ✼ ✭❱❛❧❡✉2* ❛♣♣2♦❝❤$❡*✮

❙♦✐❡♥' ℓ ∈ R ✉♥ .6❡❧ ✭♣❛. ❡①❡♠♣❧❡ ✉♥❡ ❧✐♠✐'❡ ❞❡ &✉✐'❡✮✳

❖♥ ❞✐' ;✉❡ α ∈ R ❡&' ✉♥❡ ✈❛❧❡✉. ❛♣♣.♦❝❤6❡ ❞❡ ℓ = ε > 0 ♣.>& &✐ |ℓ− α| < ε.

❖♥ ❞✐.❛ ❞❡ ♣❧✉&✱ ;✉❡ α ❡&' ✉♥❡ ✈❛❧❡✉. ❛♣♣.♦❝❤6❡ = ε ♣.>& ♣❛. ❞6❢❛✉' ✭.❡&♣✳ ♣❛. ❡①❝>&✮ &✐ ℓ−ε < α 6 ℓ ✭.❡&♣✳ ℓ > α < ℓ+ε✮✳

❊①❡♠♣❧❡ ✸✳✹✳ ❖♥ ❝♦♥$✐❞'(❡ ❧❡$ $✉✐,❡$ (un)n∈N ❡, (vn)n∈N ❞-✜♥✐❡$ ♣❛( u0 = 2✱ v0 = 1 ❡, ✿

∀n ∈ N, un+1 =
1

2
(un + vn) ❡, vn+1 =

√
unvn.

✶✳ ❏✉$,✐✜❡( ❧✬❡①✐$,❡♥❝❡ ❞❡ ❝❡$ ❞❡✉① $✉✐,❡$ ❡, -,✉❞✐❡( ❧❡ $✐❣♥❡ ❞❡ un − vn.

✷✳ ▼♦♥,(❡( ;✉❡ ♣♦✉( ,♦✉, n ∈ N, ♦♥ ❛ un+1 − vn+1 6
1

2
(un − vn).

✸✳ ❊♥ ❞-❞✉✐(❡ ;✉❡ (un)n∈N ❡, (vn)n∈N $♦♥, ❛❞❥❛❝❡♥,❡$✳ ❖♥ ♥♦,❡ ℓ ❧❡✉( ❧✐♠✐,❡ ❝♦♠♠✉♥❡✳

✹✽
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✹✳ ❉#$❡&♠✐♥❡& ✉♥ &❛♥❣ - ♣❛&$✐& ❞✉0✉❡❧ un ❡2$ ✉♥❡ ✈❛❧❡✉& ❛♣♣&♦❝❤#❡ ℓ - 10−4
♣&72✳

✺✳ ➱❝&✐&❡ ❡♥ :②$❤♦♥ ✉♥❡ ❢♦♥❝$✐♦♥  ✉✐#❡ ✭♥✮ 0✉✐ ♣&❡♥❞ ♣♦✉& ❛&❣✉♠❡♥$ ✉♥ ❡♥$✐❡& ♥ ❡$ 0✉✐ &❡♥✈♦✐❡ ❧❛ ❧✐2$❡ ❬un✱ vn❪✳

✶ ✐♠♣♦.# ♠❛#❤

✷ ❞❡❢  ✉✐#❡ ✭♥✮ ✿

✻✳ ➱❝&✐&❡ ❡♥ :②$❤♦♥ ✉♥❡ ❢♦♥❝$✐♦♥ ✈❛❧❡✉.✭❡♣ ✮ 0✉✐ ♣&❡♥❞ ♣♦✉& ❛&❣✉♠❡♥$ ✉♥ &#❡❧ ❡♣ > 0 ❡$ 0✉✐ &❡♥✈♦✐❡ ✉♥❡ ✈❛❧❡✉& ❛♣♣&♦❝❤#❡

❞❡ ℓ - ❡♣ ♣&72 ♣❛& ❞#❢❛✉$✳

✶ ❞❡❢ ✈❛❧❡✉.✭❡♣ ✮ ✿

✹✾
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✸✳✹ ❉❡✉① ❡①❡♠♣❧❡* + ❝♦♥♥❛012❡ ✭❝❢ ❱❛❞❡ ▼❡❝✉♠✮

✸✳✹✳✶ ❙✉✐'❡) *+❝✉**❡♥'❡) ❧✐♥+❛✐*❡) ❞✬♦*❞*❡ ✷

+2♦♣♦*✐"✐♦♥ ✶✵

❙♦✐# (un)n∈N ✉♥❡ '✉✐#❡ ( ✈❛❧❡✉,' ❞❛♥' K = R ♦✉ C. ❖♥ '✉♣♣♦'❡ 0✉✬✐❧ ❡①✐'#❡ ❞❡' ,3❡❧' b ❡# c #❡❧' 0✉❡

∀n ∈ N, un+2 + bun+1 + cun = 0.

❖♥ ♥♦#❡ (E) : x2 + bx+ c = 0 ❧✬30✉❛#✐♦♥ ❝❛,❛❝#3,✐'#✐0✉❡ ❛''♦❝✐3❡ ❡# ∆ = b2 − 4c '♦♥ ❞✐'❝,✐♠✐♥❛♥#✳

• ❙✐ ∆ 6= 0 ❛❧♦,' (E) ♣♦''7❞❡ ❞❡✉① '♦❧✉#✐♦♥' ✭3✈❡♥#✉❡❧❧❡♠❡♥# ❝♦♠♣❧❡①❡'✮ z1 ❡# z2 ❞✐'#✐♥❝#❡' ❡# ♦♥ ♣❡✉# #,♦✉✈❡, ❞❡✉①

❝♦♥'#❛♥#❡' A,B ∈ K #❡❧❧❡' 0✉❡ ✿

∀n ∈ N, un = Azn1 +Bzn2 .

• ❙✐ ∆ = 0 ❛❧♦,' (E) ♣♦''7❞❡ ✉♥❡ '♦❧✉#✐♦♥ ❞♦✉❜❧❡ ✭3✈❡♥#✉❡❧❧❡♠❡♥# ❝♦♠♣❧❡①❡✮ z0 ❡# ♦♥ ♣❡✉# #,♦✉✈❡, ❞❡✉① ❝♦♥'#❛♥#❡'

A,B ∈ K #❡❧❧❡' 0✉❡ ✿

∀n ∈ N, un = (An+B)zn0 .

• ❙✐ K = R ❡# '✐ ∆ < 0 ❛❧♦,' ❧❡' '♦❧✉#✐♦♥' ❞❡ (E) '♦♥# ❞❡ ❧❛ ❢♦,♠❡ re±iθ
❛✈❡❝ r > 0 ❡# ♦♥ ♣❡✉# #,♦✉✈❡, ❞❡✉① ❝♦♥'#❛♥#❡'

,3❡❧❧❡' A ❡# B #❡❧❧❡' 0✉❡ ✿

∀n ∈ N, un = rn(A cos(θn) +B sin(θn)).

▼✐*❡ ❡♥ ♦❡✉✈2❡ ✿ ❈❢✳ ❉◆❙✵✳

✸✳✹✳✷ ❙✉✐'❡) ❛*✐'❤♠+'✐❝♦✲❣+♦♠+'*✐8✉❡)

❉$✜♥✐"✐♦♥ ✽

❖♥ ❛♣♣❡❧❧❡ '✉✐#❡ ❛,✐#❤♠3#✐❝♦✲❣3♦♠3#,✐0✉❡✱ ✉♥❡ '✉✐#❡ ♥✉♠3,✐0✉❡ (un)n∈N ✈3,✐✜❛♥# ✉♥❡ ,❡❧❛#✐♦♥ ❞✉ #②♣❡ ✿

∀n ∈ N, un+1 = aun + b (∗)

♦G a ❡# b '♦♥# ❞❡' ❝♦♥'#❛♥#❡' ♥✉♠3,✐0✉❡' ❞♦♥♥3❡'✳

+❧❛♥ ❞✬$"✉❞❡ ✿ ❙✐ a = 1✱ ✐❧ '✬❛❣✐# ❞✬✉♥❡ '✉✐#❡ ❛,✐#❤♠3#✐0✉❡ ❡# '✐ b = 0✱ ✐❧ '✬❛❣✐# ❞✬✉♥❡ '✉✐#❡ ❣3♦♠3#,✐0✉❡✳ ❖♥ '✉♣♣♦'❡ ❞♦♥❝

❞3'♦,♠❛✐' 0✉❡ a 6= 1 ❡# 0✉❡ b 6= 0.
• ❉3#❡,♠✐♥❡, ❧✬✉♥✐0✉❡ '✉✐#❡ ❝♦♥'#❛♥#❡ ✈3,✐✜❛♥# (∗)✳ ❖♥ ♥♦#❡ ℓ ❝❡##❡ ❝♦♥'#❛♥#❡✳

• H♦'❡, vn = un − ℓ ❡# ♠♦♥#,❡, 0✉❡ ❧❛ '✉✐#❡ (vn)n∈N ❡'# ❣3♦♠3#,✐0✉❡ ❞❡ ,❛✐'♦♥ a.

• ❊♥ ❞3❞✉✐,❡ ❧✬❡①♣,❡''✐♦♥ ❞❡ vn✱ ♣✉✐' ❝❡❧❧❡ ❞❡ un = vn + ℓ.

▼✐*❡ ❡♥ ♦❡✉✈2❡ ✿ ❈❢✳ ❉◆❙✵✳

✺✵



un+1 = f(un)

I R f I R. (un)n∈N
{

u0 ∈ I,

∀n ∈ N, un+1 = f(un).

f.

(un)n∈N
{

u0 ∈]− 1, 0[,
∀n ∈ N, un+1 = ln(1 + un).

f R f(I) ⊂ I un.

{

u0 ∈ R

∀n ∈ N, un+1 = exp(un − 1)

{

v0 > 0
∀n ∈ N, vn+1 = ln(1 + vn)

f : I → R u0 ∈ I. (un)n∈N un+1 = f(un). f

I

(un)n∈N ℓ ∈ I =⇒ f(ℓ) = ℓ.

f I, (un)n∈N I

f.

✷

I
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✸✳✺✳✷ ▼♦♥♦'♦♥✐❡ ❞❡ (un)n∈N

❆""❡♥"✐♦♥✱ ❧❡* $♥♦♥❝$* '✉✐ *✉✐✈❡♥" *♦♥" ❞❛♥* ❧❡ ♣9♦❣9❛♠♠❡ ♠❛✐* ♣❛* ❡♥ "❛♥" '✉❡ ♣9♦♣♦*✐"✐♦♥✳

• +❛9 ❧✬$"✉❞❡ ❞✉ *✐❣♥❡ ❞❡ f(x)− x ✿

 ♦✉# $%✉❞✐❡# ❧❛ ♠♦♥♦%♦♥✐❡ ❞✬✉♥❡ .✉✐%❡ (un)n∈N ❞$✜♥✐❡ ♣❛# ✉♥❡ #❡❧❛%✐♦♥ un+1 = f(un)✱ ♦♥ .✬✐♥%$#❡..❡ ❛✉ .✐❣♥❡ ❞❡

un+1 − un = f(un)− un.

❆✈❡❝ ❧❡. ♥♦%❛%✐♦♥. ♣#$❝$❞❡♥%❡.✱ .✐ I ❡.% ✉♥ ✐♥%❡#✈❛❧❧❡ ❞❡ R✱ ♦♥ ❛ ❧✬✐♠♣❧✐❝❛%✐♦♥ .✉✐✈❛♥%❡✳

∀n ∈ N, un ∈ I

∀x ∈ I, f(x) > x (#❡.♣✳f(x) 6 x)







=⇒ (un)n∈N ❡.% ❝#♦✐..❛♥%❡ ✭#❡.♣✳ ❞$❝#♦✐..❛♥%❡✮

❊①❡♠♣❧❡ ✸✳✻✳ ❊!✉❞✐❡& ❧❛ ♥❛!✉&❡ ❞❡ ❧❛ *✉✐!❡ (un)n∈N ❞+✜♥✐❡ ♣❛& u0 ∈ [0, 1] ❡! un+1 = un − u2
n ✭❊✶✮✳

• ❊♥ ✉"✐❧✐*❛♥" ❧❛ ❝9♦✐**❛♥❝❡ ❞❡ f ✭❞$♠♦♥*"9❛"✐♦♥ ♣❛9 9$❝✉99❡♥❝❡✮ ✿

❙♦✐% f : I → R ❡% u0 ∈ I. ❖♥ .✉♣♣♦.❡ ;✉❡ ❧❛ .✉✐%❡ (un)n∈N ❡.% ❜✐❡♥ ❞$✜♥✐❡ ♣❛# ❧❛ #❡❧❛%✐♦♥ un+1 = f(un).
❙✐ f ❡.% ❝9♦✐**❛♥"❡✱ ❛❧♦#. ❧❛ .✉✐%❡ (un)n∈N ❡.% ♠♦♥♦"♦♥❡✳  ❧✉. ♣#$❝✐.$♠❡♥%✱ ♦♥ ❛ ✿

✲ .✐ u1 > u0 ❛❧♦#. ❧❛ .✉✐%❡ (un)n∈N ❡.% ❝#♦✐..❛♥%❡✳

✲ .✐ u1 6 u0 ❛❧♦#. ❧❛ .✉✐%❡ (un)n∈N ❡.% ❞$❝#♦✐..❛♥%❡✳

+9❡✉✈❡✳ ✭❉✶✮ ❈❡ #$.✉❧%❛% .❡ ♠♦♥%#❡ %#@. .✐♠♣❧❡♠❡♥% ♣❛# #$❝✉##❡♥❝❡✳ ❖♥ ♣#♦✉✈❡ ❧❡ ♣#❡♠✐❡# ♣♦✐♥%✳ ❖♥ .✉♣♣♦.❡ ;✉❡ f ❡.%

❝#♦✐..❛♥%❡ ❡% ;✉❡ ❧✬♦♥ ❛ u1 > u0.

 ♦✉# n ∈ N, ♦♥ ♥♦%❡ Pn ❧❛ ♣#♦♣#✐$%$ .✉✐✈❛♥%❡ ✿

Pn : un+1 > un.

■♥✐%✐❛❧✐.❛%✐♦♥ ✿

✺✷



f u1 6 u0

✷

f : I → R u0 ∈ I. (un)n∈N
un+1 = f(un).

f f ◦ f

(u2n)n∈N (u2n+1)n∈N

vn = u2n wn = u2n+1.

f(vn) = u2n+1

f(f(vn)) = f(u2n+1) = u2n+2 = vn+1.

(vn)n∈N

f ◦ f(vn) = vn+1

f ◦ f (vn)n∈N
(wn)n∈N

f

(vn)n∈N (wn)n∈N
✷



f : [a, b]→ R [a, b] ]a, b[.

m x ∈]a, b[ m 6 f ′(x)

m(b− a) 6 f(b)− f(a).

M x ∈]a, b[ f ′(x) 6 M

f(b)− f(a) 6 M(b− a).

M > 0 x ∈]a, b[ |f ′(x)| 6 M

|f(b)− f(a)| 6 M |b− a|.

b = un a = ℓ f

|f(un)− f(ℓ)| 6 M |un − ℓ|

|un+1 − ℓ| 6 M |un − ℓ|.

∀n ∈ N, |un − ℓ| 6 Mn|u0 − ℓ|.

0 < M < 1 Mn 0 ℓ (un)n∈N.

m > 1 u0 > l (un− ℓ)n∈N +∞
(un)n∈N

f f(x) =
1

x+ 2
(un)n∈N u0 > 0

∀n ∈ N, un+1 = f(un) =
1

un + 2
.

•

• (un)n∈N
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• ❉!"❡$♠✐♥❡$ ❧❛ *❡✉❧❡ ❧✐♠✐"❡ ℓ ♣♦**✐❜❧❡ ❞❡ (un)n∈N✳

• ❖♥ *✉♣♣♦*❡ ✐❝✐ 3✉❡ u0 = 1. ➚ ❧✬❛✐❞❡ ❞❡ ❧✬✐♥!❣❛❧✐"! ❞❡* ❛❝❝$♦✐**❡♠❡♥"* ✜♥✐*✱ ❞!♠♦♥"$❡$ 3✉❡ ❧❛ *✉✐"❡ (un)n∈N ❝♦♥✈❡$❣❡

❡✛❡❝"✐✈❡♠❡♥" ✈❡$* ℓ ❡" ❞!"❡$♠✐♥❡$ ✉♥ $❛♥❣ ; ♣❛$"✐$ ❞✉3✉❡❧ un ❡*" ✉♥❡ ✈❛❧❡✉$ ❛♣♣$♦❝❤!❡ ❞❡ ℓ ; 10−5
♣$=*✳

✺✺
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✸✳✻ ◗✉❡❧'✉❡( ♦✉*✐❧( , ❝♦♥♥❛0*1❡

✸✳✻✳✶ ■♥&❣❛❧✐+&,

• ❋♦♥❝$✐♦♥& ♠❛❥♦*+❡&✱ ♠✐♥♦*+❡& ✿
∀x ∈ R, | sin(x)| 6 1, | cos(x)| 6 1, |Arctan(x)| < π

2
❡$ ch(x) > 1.

• ■♥+❣❛❧✐$+& ❞❡ ❝♦♥✈❡①✐$+ ✿
∀x > −1, ln(1 + x) 6 x ❡$ ∀x ∈ R, 1 + x 6 ex.

• ❆✉$*❡& ✐♥+❣❛❧✐$+& ✿

∀x > 0, sin(x) 6 x ❡$ ∀x ∈ R, | sin(x)| 6 |x| ❡$ |x| 6 | sh(x)|.

• ■♥+❣❛❧✐$+& $*✐❛♥❣✉❧❛✐*❡& ✿

∀(x, y) ∈ R
2, x+ y 6 |x+ y| 6 |x|+ |y| ❡$

∣

∣

∣
|x| − |y|

∣

∣

∣
6 |x− y|

✸✳✻✳✷ ▲✐♠✐+❡, ❞❡ 2&❢&2❡♥❝❡

lim
x→+∞

ex

xk
= +∞ lim

x→−∞
xkex = 0

lim
x→+∞

xk

(ln(x))l
= +∞ lim

x→0+
xk(ln(x))l = 0 (&✐ k > 0)

lim
x→0

ex − 1

x
= 1 lim

x→0

ln(1 + x)

x
= 1

lim
x→0

1− cos(x)

x2
=

1

2
lim
x→0

ch(x)− 1

x2
=

1

2

lim
x→0

sin(x)

x
= 1 lim

x→0

tan(x)

x
= 1 lim

x→0

sh(x)

x
= 1

✸✳✻✳✸ ❉&✈❡❧♦♣♣❡♠❡♥+, ❧✐♠✐+&,

❉$✈❡❧♦♣♣❡♠❡♥" ❧✐♠✐"$* ♣5♦✈❡♥❛♥" ❞❡ ❧❛ ❢♦♥❝"✐♦♥ x 7−→ 1

1− x
✿

1

1− x
= 1 + x+ x2 + · · ·+ xn + o

x→0
(xn) =

n
∑

k=0

xk + o
x→0

(xn)

1

1 + x
= 1− x+ x2 − · · ·+ (−1)nxn + o

x→0
(xn) =

n
∑

k=0

(−1)kxk + o
x→0

(xn)

ln(1− x) = −x− x2

2
− · · · − xn

n
+ o

x→0
(xn) = −

n
∑

k=1

xk

k
+ o

x→0
(xn)

ln(1 + x) = x− x2

2
+ · · ·+ (−1)n−1x

n

n
+ o

x→0
(xn) =

n
∑

k=1

(−1)k−1x
k

k
+ o

x→0
(xn)

✺✻



▼❛"❤$♠❛"✐'✉❡* +❙■ ❙✳ ❉✐♦♥

❉$✈❡❧♦♣♣❡♠❡♥"* ❧✐♠✐"$* ♣5♦✈❡♥❛♥" ❞❡ ❧❛ ❢♦♥❝"✐♦♥ ❡①♣♦♥❡♥"✐❡❧❧❡ ✿

exp(x) = 1 + x+
x2

2!
+ · · ·+ xn

n!
+ o

x→0
(xn) =

n
∑

k=0

xk

k!
+ o

x→0
(xn)

sin(x) = x− x3

3!
+ · · ·+ (−1)n x2n+1

(2n+ 1)!
+ o

x→0
(x2n+2) =

n
∑

k=0

(−1)k x2k+1

(2k + 1)!
+ o

x→0
(x2n+2)

cos(x) = 1− x2

2!
+ · · ·+ (−1)n x2n

(2n)!
+ o

x→0
(x2n+1) =

n
∑

k=0

(−1)k x2k

(2k)!
+ o

x→0
(x2n+1)

sh(x) = x+
x3

3!
+ · · ·+ x2n+1

(2n+ 1)!
+ o

x→0
(x2n+2) =

n
∑

k=0

x2k+1

(2k + 1)!
+ o

x→0
(x2n+2)

ch(x) = 1 +
x2

2!
+ · · ·+ x2n

(2n)!
+ o

x→0
(x2n+1) =

n
∑

k=0

x2k

(2k)!
+ o

x→0
(x2n+1)

Arctan(x) = x− x3

3
+ · · ·+ (−1)n x2n+1

2n+ 1
+ o

x→0
(x2n+2) =

n
∑

k=0

(−1)k x2k+1

2k + 1
+ o

x→0
(x2n+2)

❉$✈❡❧♦♣♣❡♠❡♥" ❧✐♠✐"$ ❞❡ (1 + x)α ✿

(1 + x)α = 1 + αx+ · · ·+ α(α− 1) · · · (α− n+ 1)

n!
xn + o

x→0
(xn)

= 1 +
n
∑

k=1

α(α− 1) · · · (α− k + 1)

k!
xk + o

x→0
(xn)

✸✳✼ ❆♥♥❡①❡

✸✳✼✳✶ ❘❛♣♣❡❧) )✉+ ❧❛ ❜♦+♥❡ )✉♣/+✐❡✉+❡ ✭+❡)♣✳ ✐♥❢/+✐❡✉+❡✮ ❞✬✉♥❡ ♣❛+6✐❡ ❞❡ R

❉$✜♥✐"✐♦♥ ✾ ✭▼❛❥♦5❛♥"✱ ♠✐♥♦5❛♥"✱ ♣❛5"✐❡ ❜♦5♥$❡✮

❙♦✐# A ✉♥❡ ♣❛)#✐❡ ❞❡ R ❡# M ✉♥ )+❡❧✳ ❖♥ ❞✐# /✉❡ ✿

• M ❡1# ✉♥ ♠❛❥♦)❛♥# ❞❡ A 1✐ ✿ ∀a ∈ A, a 6 M,

• m ❡1# ✉♥ ♠✐♥♦)❛♥# ❞❡ A 1✐ ✿ ∀a ∈ A, m 6 a,

• A ❡1# ✉♥❡ ♣❛)#✐❡ ❜♦)♥+❡ 1✐ ❡❧❧❡ ♣♦115❞❡ ✉♥ ♠❛❥♦)❛♥# ❡# ✉♥ ♠✐♥♦)❛♥#✱ ❝✬❡1#✲:✲❞✐)❡ 1✐ ✿

∃(m,M) ∈ R
2, ∀a ∈ A, m 6 a 6 M.

❉$✜♥✐"✐♦♥ ✶✵ ✭❜♦5♥❡ *✉♣$5✐❡✉5❡✱ ✐♥❢$5✐❡✉5❡✮

❙♦✐# A ✉♥❡ ♣❛)#✐❡ ❞❡ R✳

• ❖♥ ❛♣♣❡❧❧❡✱ 1✐ ❡❧❧❡ ❡①✐1#❡✱ ❜♦)♥❡ 1✉♣+)✐❡✉)❡ ❞❡ A✱ ❧❡ ♣❧✉1 ♣❡#✐# ❞❡ 1❡1 ♠❛❥♦)❛♥#1✳ ❖♥ ❧❛ ♥♦#❡ sup(A)✳
• ❖♥ ❛♣♣❡❧❧❡✱ 1✐ ❡❧❧❡ ❡①✐1#❡✱ ❜♦)♥❡ ✐♥❢+)✐❡✉)❡ ❞❡ A✱ ❧❡ ♣❧✉1 ❣)❛♥❞ ❞❡ 1❡1 ♠✐♥♦)❛♥#1✳ ❖♥ ❧❛ ♥♦#❡ inf(A).

+5♦♣♦*✐"✐♦♥ ✶✸ ✭❚5F* ✐♠♣♦5"❛♥"✦✮

❙✐ A ❡1# ✉♥❡ ♣❛)#✐❡ ♥♦♥ ✈✐❞❡ ❡# ♠❛❥♦5$❡ ✭)❡1♣✳ ♠✐♥♦)+❡✮ ❞❡ R✱ ❛❧♦)1 A ♣♦115❞❡ ✉♥❡ ❜♦)♥❡ 1✉♣+)✐❡✉)❡ ✭)❡1♣✳ ✐♥❢+)✐❡✉)❡✮✳

✺✼
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 ❛" ❝♦♥✈❡♥"✐♦♥ ✿

• ❙✐ A ❡'( ✉♥ ♣❛"(✐❡ ♥♦♥ ✈✐❞❡ ❡( ♥♦♥ ♠❛❥♦5$❡ ❞❡ R✱ ♦♥ 0❝"✐"❛ sup(A) = +∞✳
• ❙✐ A ❡'( ✉♥ ♣❛"(✐❡ ♥♦♥ ✈✐❞❡ ❡( ♥♦♥ ♠✐♥♦5$❡ ❞❡ R✱ ♦♥ 0❝"✐"❛ inf(A) = −∞✳

❊①❡5❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✸✮

❙♦✐( A ✉♥❡ ♣❛"(✐❡ ♥♦♥ ✈✐❞❡ ❡( ♠❛❥♦"0❡ ❞❡ R ❡( α ∈ R. ▼♦♥("❡" ❧❡' 07✉✐✈❛❧❡♥❝❡' '✉✐✈❛♥(❡' ✿

(1) α = sup(A) ⇐⇒







∀a ∈ A, a 6 α

❡(

∀ε > 0, ∃a ∈ A, α− ε < a

(2)

⇐⇒











∀a ∈ A, a 6 α

❡(

✐❧ ❡①✐'(❡ ✉♥❡ '✉✐(❡ (an)n∈N ❞✬$❧$♠❡♥"* ❞❡ A, (❡❧❧❡ 7✉❡ lim
n→+∞

an = α.
(3)

✺✽
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❊①❡4❝✐❝❡

❙♦✐❡♥% A ❡% B ❞❡✉① ♣❛+%✐❡, ♥♦♥ ✈✐❞❡, ❡% ♠❛❥♦+0❡, ❞❡ R. ▼♦♥%+❡+ 2✉❡ ✿

A ⊂ B =⇒ sup(A) 6 sup(B)

✸✳✼✳✷ ❙✉✐'❡) * ❝,♦✐))❛♥❝❡ ❝♦♥',0❧2❡

❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❙♦✐% L > 0 ❡% (un)n∈N ✉♥❡ ,✉✐%❡ +0❡❧❧❡ ♦✉ ❝♦♠♣❧❡①❡ ✈0+✐✜❛♥%

∃n0 ∈ N, ∀n ∈ N, n > n0 =⇒
∣

∣

∣

∣

un+1

un

∣

∣

∣

∣

< L.

✶✳ ✭❊✶✮ ❖♥ ,✉♣♣♦,❡ 2✉❡ L < 1. ▼♦♥%+❡+ 2✉❡ ❧❛ ,✉✐%❡ (un)n∈N ❝♦♥✈❡+❣❡ ✈❡+, 0.
✷✳ ❊,%✲❝❡ ❡♥❝♦+❡ ✈+❛✐ ♣♦✉+ L = 1?

✸✳ ❆♣♣❧✐❝❛%✐♦♥ ✿ ,♦✐% a ∈ C. ❈❛❧❝✉❧❡+ ❧❛ ❧✐♠✐%❡ lim
n→+∞

an

n!
.

✶✳✭❊✶✮

✺✾
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✷✳

✸✳

✸✳✼✳✸ ❉$✜♥✐(✐♦♥ ❞❡, -❡❧❛(✐♦♥, ❞❡ ❝♦♠♣❛-❛✐,♦♥ ❛✈❡❝ ❧❡, 4✉❛♥(✐✜❝❛(❡✉-,

❊①❡6❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✸✮

➱❝"✐"❡ ❛✈❡❝ ❧❡( )✉❛♥,✐✜❝❛,❡✉"( ❧❡( ❞/✜♥✐,✐♦♥( (✉✐✈❛♥,❡( ✭a ❡(, ✉♥ "/❡❧✮✳

✶✳ un = o
n→+∞

(vn) ✹✳ f(x) = o
x→a

(g(x))

✷✳ un = O
n→+∞

(vn) ✺✳ f(x) = O
x→a

(g(x))

✸✳ un ∼
n→+∞

vn ✻✳ f(x) ∼
x→a

g(x)

✻✵
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✸✳✼✳✹ ❚❤&♦()♠❡ ❞❡ ❈&.❛(♦ ✭▼2❙■✮

❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✸ ❡♥ ❛✉"♦♥♦♠✐❡✮

❙♦✐# (un)n∈N∗
✉♥❡ '✉✐#❡ ( ✈❛❧❡✉,' ❞❛♥' K = R ♦✉ C✳ ❖♥ '✉♣♣♦'❡ 1✉❡ ❝❡##❡ '✉✐#❡ ❝♦♥✈❡,❣❡ ❡# ♦♥ ♥♦#❡ ℓ = lim

n→+∞
un.

❆❧♦,' ❧❛ '✉✐#❡ (vn)n∈N∗
❞5✜♥✐❡ ♣❛,

∀n ∈ N
∗, vn =

u1 + u2 + · · ·+ un

n

❝♦♥✈❡,❣❡ ❛✉''✐ ✈❡,' ℓ.

+4❡✉✈❡✳

• ❙♦✐# n ∈ N
∗. ❖♥ ❛ ❧❡' ♠❛❥♦,❛#✐♦♥' '✉✐✈❛♥#❡'✳

|vn − a| =

∣

∣

∣

∣

u1 + u2 + · · ·+ un

n
− a

∣

∣

∣

∣

=
1

n
|u1 + u2 + · · ·+ un − n.a|

=
1

n
|(u1 − a) + (u2 − a) + · · ·+ (un − a)| 6

1

n

n
∑

k=1

|uk − a|

❖♥ ❛ ❞♦♥❝ ❞5♠♦♥#,5 ∀n ∈ N
∗, |vn − a| 6 1

n

n
∑

k=1

|uk − a|.

• ❖♥ ❞5♠♦♥#,❡ ( ♣,5'❡♥# ❧❡ ,5'✉❧#❛# ❡♥ ,❡✈❡♥❛♥# ( ❧❛ ❞5✜♥✐#✐♦♥ ❞❡ ❧✐♠✐#❡✳ ▲✬✐❞5❡ ❡'# ❞❡ ✓ ❝♦✉♣❡, ✔ ❧❛ '♦♠♠❡ ♣,5❝5❞❡♥#❡ ❡♥

❞❡✉①✳ ❙♦✐# ε > 0.

→֒ >❛, ❞5✜♥✐#✐♦♥ ❞❡ lim
n→+∞

un = a✱ ♦♥ ❛

∃N1 ∈ N, ∀k ∈ N
∗, k > N1 =⇒ |uk − a| 6 ε

2
.

→֒ ▲✬❡♥#✐❡, N1 5#❛♥# ❝♦♥'#❛♥#✱ ♦♥ ❛ lim
n→+∞

(

1

n

N1
∑

k=1

|uk − a|
)

= 0. ❊# ❡♥❝♦,❡ ♣❛, ❞5✜♥✐#✐♦♥✱ ♦♥ ♦❜#✐❡♥# ✿

∃N2 ∈ N, ∀n ∈ N
∗, n > N2 =⇒ 1

n

N1
∑

k=1

|uk − a| 6 ε

2
.

→֒ ❙♦✐# N0 = max(N1, N2) ❡# n > N0 + 1 ✉♥ ❡♥#✐❡,✳ ❖♥ ❛ ❧❡' ♠❛❥♦,❛#✐♦♥' '✉✐✈❛♥#❡'✳

|vn − a| 6
1

n

n
∑

k=1

|uk − a|

6
1

n

N1
∑

k=1

|uk − a|+ 1

n

n
∑

k=N1+1

|uk − a|

6
ε

2
+

1

n

n
∑

k=N1+1

ε

2
6

ε

2
+

1

n

n
∑

k=1

ε

2
=

ε

2
+

1

n
× n× ε

2
= ε

❖♥ ❛ ❞♦♥❝ ❜✐❡♥ ♣,♦✉✈5 ∀n ∈ N
∗, n > N0 =⇒ |vn − a| 6 ε. ❈✬❡'# ❧❛ ❞5✜♥✐#✐♦♥ ❞❡ lim

n→+∞
vn = a.

✷

✻✶



▼❛"❤$♠❛"✐'✉❡* +❙■ ❙✳ ❉✐♦♥

❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✸✮

✶✳ ❙♦✐% (vn)n∈N ✉♥❡ )✉✐%❡ *+❡❧❧❡ ✈+*✐✜❛♥% ✿ lim
n→+∞

(vn+1 − vn) = ℓ ∈ R.

➚ ❧✬❛✐❞❡ ❞✉ %❤+♦*5♠❡ ❞❡ ❈+)❛*♦✱ ❞+♠♦♥%*❡* 9✉❡ ❧✬♦♥ ❛ lim
n→+∞

vn

n
= ℓ.

✷✳ ❙♦✐% u0 ∈]0, 1[ ❡% (un)n∈N ❧❛ )✉✐%❡ *+❡❧❧❡ ❞+✜♥✐❡ ♣❛* un+1 = un − u2
n.

❉+♠♦♥%*❡* 9✉❡ lim
n→+∞

un = 0 ♣✉✐)✱ ❡♥ ✉%✐❧✐)❛♥% ❧❛ 9✉❡)%✐♦♥ ♣*+❝+❞❡♥%❡✱ 9✉❡ ❧✬♦♥ ❛ lim
n→+∞

1

nun
= 1.

❊♥ ❞+❞✉✐*❡ ✉♥ +9✉✐✈❛❧❡♥% ❞❡ un.

✶✳ ❖♥ ♣♦)❡ un = vn+1 − vn ❡% ♦♥ )✉♣♣♦)❡ 9✉❡ lim
n→+∞

(vn+1 − vn) = lim
n→+∞

un = ℓ ∈ R.

❉✬❛♣*5) ❧❡ %❤+♦*5♠❡ ❞❡ ❈+)❛*♦✱ ♦♥ ❛

lim
n→+∞

(

u1 + u2 + · · ·+ un

n

)

= lim
n→+∞

(

vn+1 − v1

n

)

= ℓ.

❖♥ ❛ ❞♦♥❝ lim
n→+∞

(vn+1

n

)

= lim
n→+∞

(

vn+1 − v1 + v1

n

)

= lim
n→+∞

(

vn+1 − v1

n

)

− lim
n→+∞

(v1

n

)

= ℓ.

❊% ♣❛* )✉✐%❡✱ ♣✉✐)9✉❡ n ∼
n→+∞

n+ 1, ♦♥ ❛ ❜✐❡♥ lim
n→+∞

vn+1

n+ 1
= ℓ = lim

n→+∞

vn

n
.

✷✳ ❙♦✐% f : x 7−→ x2 − x. ❯♥❡ +%✉❞❡ ❞❡ ❝❡%%❡ ❢♦♥❝%✐♦♥ ♣❡*♠❡% ❞❡ ♠♦♥%*❡* *❛♣✐❞❡♠❡♥% 9✉❡ f(]0, 1[) ⊂]0, 1[✳ ❆✐♥)✐✱ ♣✉✐)9✉❡ ❧❛

)✉✐%❡ (un)n∈N ❡)% ❞+✜♥✐❡ ♣❛* un+1 = f(un), ♦♥ ❛ ✿

∀n ∈ N, un ∈]0, 1[.

❉✬❛✉%*❡ ♣❛*%✱ ♣♦✉* %♦✉% n ∈ N, ♦♥ ❛ un+1 − un = −u2
n 6 0 ❞♦♥❝ ❧❛ )✉✐%❡ (un)n∈N ❡)% ❞+❝*♦✐))❛♥%❡✳ ❈♦♠♠❡ ❡❧❧❡ ❡)% ♠✐♥♦*+❡

♣❛* 0✱ ❡❧❧❡ ❝♦♥✈❡*❣❡ ✈❡*) ✉♥❡ ❧✐♠✐%❡ 9✉❡ ❧✬♦♥ ♥♦%❡ ℓ ∈ [0, 1]. E✉✐)9✉❡ f ❡)% ❝♦♥%✐♥✉❡ )✉* [0, 1]✱ ❧❛ ❧✐♠✐%❡ ℓ ❡)% ✉♥ ♣♦✐♥% ✜①❡ ❞❡ f.

f(ℓ) = ℓ ⇐⇒ ℓ = ℓ− ℓ2,

⇐⇒ ℓ = 0.

❆✐♥)✐✱ ♦♥ ❛ ❜✐❡♥ lim
n→+∞

un = 0.

❖♥ ♣♦)❡ ✐❝✐✱ vn =
1

un
. ❈❛❧❝✉❧♦♥) ✿

vn+1 − vn =
1

un+1
− 1

un
=

1

un − u2
n

− 1

un

=
1

un

(

1

1− un
− 1

)

=
1

un

(

1 + un + o
n→+∞

(un)− 1

)

❝❛* lim
n→+∞

un = 0,

=
1

un

(

un + o
n→+∞

(un)

)

❖♥ ❛ ❞♦♥❝ lim
n→+∞

(vn+1 − vn) = 1 ❡% ❞✬❛♣*5) ❧❛ 9✉❡)%✐♦♥ ♣*+❝+❞❡♥%❡✱ lim
n→+∞

vn

n
= 1. ❊♥ *❡♠♣❧❛G❛♥%✱ vn ♣❛* )♦♥ ❡①♣*❡))✐♦♥ ❡♥

❢♦♥❝%✐♦♥ ❞❡ un, ♦♥ %*♦✉✈❡

lim
n→+∞

1

nun
= 1,

❝❡ 9✉✐ )✬+❝*✐% ❡♥❝♦*❡ un ∼
n→+∞

1

n
.

✻✷


