
❈❤❛♣✐%&❡ ✷

❘❛♣♣❡❧% %✉' ❧❡% ♣♦❧②♥+♠❡%

✷✳✶ ❙$%✉❝$✉%❡) ❛❧❣-❜%✐0✉❡) )✉% ❧✬❡♥)❡♠❜❧❡ ❞❡) ♣♦❧②♥8♠❡) ✿

❖♥ ♥♦#❡ K[X] ❧✬❡♥'❡♠❜❧❡ ❞❡' ♣♦❧②♥-♠❡' . ❝♦❡✣❝✐❡♥#' ❞❛♥' K. ❖♥ ❞3✜♥✐# 5✉❛#7❡ ❧♦✐'✳

• ▲❛ ❧♦✐ ✳ ❞3✜♥✐❡ ♣❛7 ∀P ∈ K[X], ∀λ ∈ K, (λ.P )(X) = λ.P (X).

• ▲❛ ❧♦✐ ✰ ❞3✜♥✐❡ ♣❛7 ∀(P,Q) ∈ K[X]2, (P +Q)(X) = P (X) +Q(X).

• ▲❛ ❧♦✐ × ❞3✜♥✐❡ ♣❛7 ∀(P,Q) ∈ K[X]2, (P ×Q)(X) = P (X)×Q(X).

• ▲❛ ❧♦✐ ◦ ❞3✜♥✐❡ ♣❛7 ∀(P,Q) ∈ K[X]2, (P ◦Q)(X) = P (Q(X)).

❖✉ ❡♥❝♦7❡✱ '✐ P (X) =
n
∑

k=0

akX
k
❛❧♦7' P ◦Q(X) =

n
∑

k=0

akQ
k(X).

✷✳✷ ❉❡❣%- ❞✬✉♥ ♣♦❧②♥8♠❡ ✿

❉!✜♥✐%✐♦♥ ✶

❙♦✐# P (X) ∈ K[X].

• ❙✐ P = 0, ♦♥ ♣♦'❡ deg(P ) = −∞.

• ❙✐♥♦♥✱ P (X) =
n
∑

k=0

akX
k
❛✈❡❝ an 6= 0, ❡# ♦♥ ♣♦'❡ deg(P ) = n.

✲ an ❡'# ❛♣♣❡❧3 ❝♦❡✣❝✐❡♥# ❞♦♠✐♥❛♥# ❡# anX
n
#❡7♠❡ ❞♦♠✐♥❛♥# ❞❡ P (X).

✲ ❙✐ an = 1, ♦♥ ❞✐# 5✉❡ P (X) ❡'# ✉♥✐#❛✐7❡✳

()♦♣♦+✐%✐♦♥ ✶

❙♦✐❡♥# P,Q ∈ K[X], ♦♥ ❛

• deg(P +Q) 6 max(deg(P ), deg(Q)) ❛✈❡❝ 3❣❛❧✐#3 ❧♦7'5✉❡ deg(P ) 6= deg(Q).

• deg(P ×Q) = deg(P ) + deg(Q).

• deg(P ◦Q) = deg(P )× deg(Q).

()♦♣♦+✐%✐♦♥ ✷

❙♦✐# n ∈ N✳ ▲✬❡♥'❡♠❜❧❡ Kn[X] ❞❡' ♣♦❧②♥-♠❡' ❞❡ K[X] ❞❡ ❞❡❣73 ✐♥❢37✐❡✉7 ♦✉ 3❣❛❧ . n ❡'# ✉♥ '♦✉'✲❡'♣❛❝❡ ✈❡❝#♦7✐❡❧ ❞❡

❞✐♠❡♥'✐♦♥ n+ 1 ❞❡ K[X].
❖♥ ❛♣♣❡❧❧❡ ❜❛'❡ ❝❛♥♦♥✐5✉❡ ❞❡ Kn[X] ❧❛ ❢❛♠✐❧❧❡ B = (1, X, . . . , Xn).

✸✺
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❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❙♦✐# n ∈ N✳ ❉&#❡(♠✐♥❡( ❧❡ ❞❡❣(& ❞❡ Pn(X) = (X2 + 1)n − 2X2n + (X2 − 1)n.

❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❖♥ ❝♦♥0✐❞1(❡ ✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ♣♦❧②♥7♠❡0 (Tn)n∈N ❞&✜♥✐❡ ♣❛( T0(X) = 1, T1(X) = X ❡# ✿

∀n ∈ N, Tn+2(X) = 2XTn+1(X)− Tn(X).

❉&#❡(♠✐♥❡( ❧❡ ❞❡❣(& ❞❡ Tn✱ 0♦♥ #❡(♠❡ ❞♦♠✐♥❛♥# ❡# 0❛ ♣❛(✐#&✳

✸✻
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✷✳✸ ▼✉❧&✐♣❧❡* ❡& ❞✐✈✐*❡✉-* ❞✬✉♥ ♣♦❧②♥2♠❡ ✿

❉$✜♥✐"✐♦♥ ✷

❙♦✐# P (X) ∈ K[X].

• ❖♥ ❞✐# '✉❡ Q ∈ K[X] ❞✐✈✐+❡ P ✭♦✉ ❡+# ✉♥ ❞✐✈✐+❡✉- ❞❡ P ✮ +✐ ✐❧ ❡①✐+#❡ U ∈ K[X] #❡❧ '✉❡ P = U ×Q.

❖♥ ♥♦#❡ Q|P.

• ❖♥ ❞✐# '✉❡ Q ❡+# ✉♥ ♠✉❧#✐♣❧❡ ❞❡ P +✐ P ❡+# ✉♥ ❞✐✈✐+❡✉- ❞❡ Q.

❖♥ ♥♦#❡ P.K[X] ❧✬❡♥+❡♠❜❧❡ ❞❡+ ♠✉❧#✐♣❧❡+ ❞❡ P ✳

+4♦♣♦*✐"✐♦♥ ✸ ✭❉✐✈✐*✐♦♥ ❡✉❝❧✐❞✐❡♥♥❡✮

❙♦✐❡♥# A,B ∈ K[X] ❛✈❡❝ B 6= 0.
■❧ ❡①✐+#❡ ✉♥ ✉♥✐'✉❡ (Q,R) ∈ K[X]2 #❡❧ '✉❡

A = BQ+R ❛✈❡❝ deg(R) < deg(B).

Q ❡+# ❛♣♣❡❧9 ❧❡ '✉♦#✐❡♥# ❡# R ❧❡ -❡+#❡ ❞❡ ❧❛ ❞✐✈✐+✐♦♥ ❡✉❝❧✐❞✐❡♥♥❡ ❞❡ A ♣❛- B.

❊①❡♠♣❧❡ ✷✳✶✳ ◗✉❡❧ ❡$% ❧❡ &❡$%❡ ❞❡ ❧❛ ❞✐✈✐$✐♦♥ ❡✉❝❧✐❞✐❡♥♥❡ ❞❡ P (X) ♣❛& (X − a) ❄

❊①❡♠♣❧❡ ✷✳✷✳ ❉1%❡&♠✐♥❡& ❧❡ 3✉♦%✐❡♥% ❡% ❧❡ &❡$%❡ ❞❡ ❧❛ ❞✐✈✐$✐♦♥ ❡✉❝❧✐❞✐❡♥♥❡ ❞❡ U(X) = X4 − 3X3 + 2X2 − X + 1 ♣❛&
V (X) = X2 + 2X − 1.

❘❛♣♣❡❧ ✿ 4❛❝✐♥❡* ❝✉❜✐'✉❡* ❞❡ ❧✬✉♥✐"$✳

✸✼
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❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✷✮

❙♦✐# P ∈ R[X]. ❖♥ ♣♦'❡ j = e2iπ/3. ▼♦♥#*❡* +✉❡ ✿ B = X2 +X + 1 ❞✐✈✐'❡ P ⇐⇒ P (j) = 0.

❖♥ ❞♦♥♥❡ ❧❡ *1'✉❧#❛# '✉✐✈❛♥#✱ +✉❡ ❧✬♦♥ ♠♦♥#*❡*❛ ❞❛♥' ❧❡ ❝❤❛♣✐#*❡ ❘!✈✐$✐♦♥$ ❞✬❛❧❣,❜.❡ ❧✐♥!❛✐.❡✳

❙♦✐# P ∈ K[X] ✉♥ ♣♦❧②♥:♠❡ ♥♦♥ ♥✉❧ ❞❡ ❞❡❣*1 n ∈ N
∗.

• ▲✬❡♥'❡♠❜❧❡ K[X].P ❞❡' ♠✉❧#✐♣❧❡' ❞❡ P ✱ ❡'# ✉♥ '♦✉'✲❡'♣❛❝❡ ✈❡❝#♦*✐❡❧ ❞❡ K[X].

• K[X] = Kn−1[X]⊕K[X].P.

✷✳✹ ❉$%✐✈❛)✐♦♥ ❞✬✉♥ ♣♦❧②♥2♠❡ ✿

❉$✜♥✐"✐♦♥ ✸

❙♦✐# P (X) =
n
∑

k=0

αkX
k ∈ K[X]✳ ❖♥ ❛♣♣❡❧❧❡ ♣♦❧②♥:♠❡ ❞1*✐✈1 ❞❡ P, ❧❡ ♣♦❧②♥:♠❡

P ′(X) =
n
∑

k=0

kαkX
k−1 =

n−1
∑

k=0

(k + 1)αk+1X
k.

❉❡ ♣*♦❝❤❡ ❡♥ ♣*♦❝❤❡✱ ♦♥ ❞1✜♥✐# ❧❡' ♣♦❧②♥:♠❡' ❞1*✐✈1' '✉❝❝❡''✐❢' ❞❡ P ♣❛* P (k+1)(X) =
(

P (k)(X)
)′

.

✸✽
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❊①❡♠♣❧❡ ✷✳✸✳ ❉!"❡$♠✐♥❡$ ❧❡ ❞❡❣$! ❡" ❧❡ "❡$♠❡ ❞♦♠✐♥❛♥" ❞❡ Ln(X) = ((X2 − 1)n)(n).

+8♦♣♦*✐"✐♦♥ ✹ ✭❋♦8♠✉❧❡ ❞❡ ❚❛②❧♦8✮

❙♦✐# P (X) =
n
∑

k=0

αkX
k ∈ K[X]✳ %♦✉' #♦✉# ❡♥#✐❡' N > n ❡# #♦✉# a ∈ K, ♦♥ ❛

P (X + a) =
N
∑

k=0

P (k)(a)

k!
Xk

♦✉ ❡♥❝♦'❡ P (X) =
N
∑

k=0

P (k)(a)

k!
(X − a)k.

✷✳✺ ❘❛❝✐♥❡) ❞✬✉♥ ♣♦❧②♥1♠❡ ✿

+8♦♣♦*✐"✐♦♥ ✺

❙♦✐# P ∈ K[X] ✉♥ ♣♦❧②♥/♠❡ ♥♦♥ ♥✉❧ ❡# n ∈ N
∗. ▲❡2 ❛22❡'#✐♦♥2 2✉✐✈❛♥#❡2 2♦♥# 45✉✐✈❛❧❡♥#❡2✳

✭✶✮ P (a) = P ′(a) = · · · = P (n−1)(a) = 0 ❡# P (n)(a) 6= 0.

✭✷✮ ∃Q ∈ K[X], P (X) = (X − a)nQ(X) ❡# Q(a) 6= 0.

▲♦'25✉✬❡❧❧❡2 2♦♥# ✈4'✐✜4❡2✱ ♦♥ ❞✐# 5✉❡ a ❡2# '❛❝✐♥❡ ❞✬♦'❞'❡ n ❞❡ P.

+8♦♣♦*✐"✐♦♥ ✻

❙♦✐# P ∈ K[X] ✉♥ ♣♦❧②♥/♠❡ ♥♦♥ ♥✉❧ ❡# a1, . . . , an ❞❡2 '4❡❧2 ❞✐2#✐♥❝#2✳

• ❖♥ ❛ ❧✬45✉✐✈❛❧❡♥❝❡ 2✉✐✈❛♥#❡✳

a1, . . . , an '❛❝✐♥❡2 ❞❡ P ⇐⇒
n
∏

k=1

(X − ai) ❞✐✈✐2❡ P (X).

• ❙✐ a1, . . . , an 2♦♥# '❛❝✐♥❡2 ❞❡ P ❡# 2✐ deg(P ) = n ❛❧♦'2 P (X) = λ

n
∏

k=1

(X − ai) ♦; λ ❡2# ❧❡ ❝♦❡✣❝✐❡♥# ❞♦♠✐♥❛♥# ❞❡ P.

• ❯♥ ♣♦❧②♥/♠❡ P ♥♦♥ ♥✉❧ ❛ ❛✉ ♣❧✉2 deg(P ) '❛❝✐♥❡2 ❞✐2#✐♥❝#❡2✳

✸✾
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❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❉!♠♦♥%&❡& (✉❡✱ ♣♦✉& %♦✉% ❡♥%✐❡& n ∈ N, Pn(X) = nXn+1 − (n+ 1)Xn + 1 ❡-% ❞✐✈✐-✐❜❧❡ ♣❛& X2 − 2X + 1.

❘❡❧❛"✐♦♥ ❝♦❡✣❝✐❡♥"*✴4❛❝✐♥❡* ✿ 3♦✉& %&♦✉✈❡& ❧❡- &❡❧❛%✐♦♥- ❡♥%&❡ ❧❡- ❝♦❡✣❝✐❡♥%- ❡% ❧❡- &❛❝✐♥❡- ❞✬✉♥ ♣♦❧②♥8♠❡ P (X)✱ ♦♥
!❝&✐%

P (X) = α0 + α1X + · · ·+ αnX
n = λ

n
∏

k=1

(X − ai).

❖♥ ❞!✈❡❧♦♣♣❡ ❧❡ ♣&♦❞✉✐%✱ ♣✉✐- ♦♥ ✐❞❡♥%✐✜❡ ❧❡- ❝♦❡✣❝✐❡♥%-✳ ■❧ ❢❛✉% ❝♦♥♥❛>%&❡ ❧❡- &!-✉❧%❛%- -✉✐✈❛♥%-✳

• ❙✐ P (X) = aX2 + bX + c ❡% -✐ a1, a2 -♦♥% -❡- &❛❝✐♥❡-✱ ♦♥ ❛ S = a1 + a2 =
−b

a
❡% P = a1a2 =

c

a
.

• ❙✐ P (X) = aX3 + bX2 + cX + d ❡% -✐ a1, a2, a3 -♦♥% -❡- &❛❝✐♥❡-✱ ♦♥ ❛

a1 + a2 + a3 =
−b

a
, a1a2 + a2a3 + a3a1 =

c

a
❡% a1a2a3 =

−d

a
.

❊♥ ❡✛❡% ✿

❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✷✮

❉!%❡&♠✐♥❡& ❧❡- &❛❝✐♥❡- ❞❡ P (X) = X3 − 8X2 + 23X − 28 -❛❝❤❛♥% (✉❡ ❧❛ -♦♠♠❡ ❞❡ ❞❡✉① ❞✬❡♥%&❡ ❡❧❧❡- ✈❛✉% ❧❛ %&♦✐-✐E♠❡✳

✹✵
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✷✳✻ ❉$❝♦♠♣♦)✐+✐♦♥ ❡♥ ♣.♦❞✉✐+ ❞❡ ❢❛❝+❡✉.) ✐..$❞✉❝+✐❜❧❡) ✿

+2♦♣♦*✐"✐♦♥ ✼ ✭❚❤$♦27♠❡ ❞❡ ❉✬❆❧❡♠❜❡2"✮

❚♦✉# ♣♦❧②♥(♠❡ ♥♦♥ ❝♦♥,#❛♥# ❞❡ C[X] ♣♦,,/❞❡ ❛✉ ♠♦✐♥, ✉♥❡ 1❛❝✐♥❡ ❝♦♠♣❧❡①❡ ❡# ❞♦♥❝ #♦✉# ♣♦❧②♥(♠❡ ♥♦♥ ♥✉❧ ❡,# ,❝✐♥❞3
,✉1 C.

+2♦♣♦*✐"✐♦♥ ✽

❙♦✐# P (X) ♣♦❧②♥(♠❡ ♥♦♥ ♥✉❧ ❞❡ C[X]. ❆❧♦1, P (X) ,✬3❝1✐# ❞❡ ♠❛♥✐/1❡ ✉♥✐7✉❡ ,♦✉, ❧❛ ❢♦1♠❡

P (X) = λ

r
∏

i=1

(X − αi)
ni

♦9 α1, . . . , αr ,♦♥# ❧❡, 1❛❝✐♥❡, ❞❡ P ❡# n1, . . . , nr ❧❡✉1, ♠✉❧#✐♣❧✐❝✐#3, 1❡,♣❡❝#✐✈❡,✳

+2♦♣♦*✐"✐♦♥ ✾

❙♦✐# P (X) ♣♦❧②♥(♠❡ ♥♦♥ ♥✉❧ ❞❡ R[X]. ❆❧♦1, P (X) ,✬3❝1✐# ❞❡ ♠❛♥✐/1❡ ✉♥✐7✉❡ ,♦✉, ❧❛ ❢♦1♠❡

P (X) = λ

r
∏

i=1

(X − αi)
ni ×

s
∏

j=1

(X2 + pjX + qj)
mj

❛✈❡❝ ♣♦✉1 #♦✉# j ∈ {1, . . . , s}, p2j − 4qj < 0.

❊①❡2❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❉3❝♦♠♣♦,❡1 ❞❛♥, C[X] ♣✉✐, ❞❛♥, R[X] ❧❡ ♣♦❧②♥(♠❡ P (X) = X5 − 1.

✹✶



▼❛"❤$♠❛"✐'✉❡* +❙■ ❙✳ ❉✐♦♥

❊♥ ❝♦♥$%&✉❡♥❝❡✱ ♦♥ ❛ ❧❛ ♣-♦♣♦$✐/✐♦♥ $✉✐✈❛♥/❡✳

+2♦♣♦*✐"✐♦♥ ✶✵

• ❯♥ ♣♦❧②♥4♠❡ ♥♦♥ ♥✉❧ ❞❡ ❞%❣-% n ∈ N ❛ ❛✉ ♣❧✉$ n -❛❝✐♥❡$ ❞✐$/✐♥❝/❡$✳

• ❙✐ P ∈ Kn[X] ♣♦$$9❞❡ n+ 1 -❛❝✐♥❡$ ❞✐$/✐♥❝/❡$✱ ❛❧♦-$ P ❡$/ ❧❡ ♣♦❧②♥4♠❡ ♥✉❧✳

• ❙✐ P ∈ K[X] ♣♦$$9❞❡ ✉♥❡ ✐♥✜♥✐/% ❞❡ -❛❝✐♥❡$ ❞✐$/✐♥❝/❡$✱ ❛❧♦-$ P ❡$/ ❧❡ ♣♦❧②♥4♠❡ ♥✉❧✳

❊①❡2❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❖♥ ❝♦♥$✐❞9-❡ ❧❡ ♣♦❧②♥4♠❡ P (X) = X(X − 1)(X − 2) . . . (X − n)✳
❉%♠♦♥/-❡- &✉❡ P ′(X) ♣♦$$9❞❡ ✉♥❡ ✉♥✐&✉❡ -❛❝✐♥❡ ❞❛♥$ ]0, 1[.

✹✷


