
❈❤❛♣✐%&❡ ✶✽

❋♦♥❝$✐♦♥& ♥✉♠)*✐+✉❡&✱ ❢♦♥❝$✐♦♥& ✈❡❝$♦*✐❡❧❧❡&

✶✽✳✶ ❋♦♥❝'✐♦♥) ♥✉♠,-✐.✉❡) ✭-❛♣♣❡❧)✮

❉❛♥# ❝❡ ♣❛'❛❣'❛♣❤❡✱ ♦♥ '❛♣♣❡❧❧❡ ❞❡# .♥♦♥❝.# ❛✉ ♣'♦❣'❛♠♠❡ ❞❡ ♣'❡♠✐2'❡ ❛♥♥.❡ #❛♥# ❧❡# ❞.♠♦♥3'❡'✳ ❖♥ ❡♥ ❞♦♥♥❡ ❛✉##✐ 6✉❡❧6✉❡#

❛♣♣❧✐❝❛3✐♦♥# ♥✉♠.'✐6✉❡#✳ ❉❡ ♥♦♠❜'❡✉① ♣♦✐♥3# ♥❡ #♦♥3 ♣❛# ♣'.❝✐#.# ✭'2❣❧❡# ❞❡ ❞.'✐✈❛3✐♦♥✱ ❝♦♥#.6✉❡♥❝❡ ❞✉ #✐❣♥❡ ❞❡ f ′ #✉' ❧❛

♠♦♥♦3♦♥✐❡ ❞❡ f ✱ ❞.'✐✈.❡# #✉❝❝❡##✐✈❡#✱ ❞.'✐✈.❡# ❞❡ '.❢.'❡♥❝❡✳✳✳✮✳ ■❧ ❝♦♥✈✐❡♥❞'❛ ❞❡ ❝♦♠♣❧.3❡' ❝❡ 3'❛✈❛✐❧ ❡♥ '❡✈♦②❛♥3 ❧❡ ❝♦✉'# ❡3

❧❡# ❡①❡'❝✐❝❡# ✈✉# ❡♥ ▼@❙■✴@❈❙■✳

❉❛♥# 3♦✉3 ❝❡ 6✉✐ #✉✐3✱ K ❞.#✐❣♥❡'❛ ✐♥❞✐✛.'❡♠♠❡♥3 ❧❡ ❝♦'♣# R ♦✉ ❧❡ ❝♦'♣# C, ❡3 I #❡'❛ ✉♥ ✐♥3❡'✈❛❧❧❡ ❞❡ R.

✶✽✳✶✳✶ ▲✐♠✐&❡(

❉!✜♥✐%✐♦♥ ✶ ✭▲✐♠✐%❡ ✜♥✐❡ ❡♥ ✉♥ ♣♦✐♥%✮

❙♦✐3 f : I −→ K✱ a ✉♥ ♣♦✐♥3 ♦✉ ✉♥❡ ❡①3'.♠✐3. ❞❡ I✳ ❙♦✐3 ℓ ∈ K✳ ❖♥ ❞✐3 6✉❡ f(x) 3❡♥❞ ✈❡'# ℓ ❧♦'#6✉❡ x 3❡♥❞ ✈❡'# a #✐ ✿

∀ε > 0, ∃η > 0, ∀x ∈ I, |x− a| 6 η =⇒ |f(x)− ℓ| 6 ε.

❉❛♥# ❝❡ ❝❛#✱ ♦♥ ♥♦3❡ lim
x→a

f(x) = ℓ.

❉!✜♥✐%✐♦♥ ✷ ✭▲✐♠✐%❡ ✜♥✐❡ ❡♥ +∞✮
❙♦✐3 f : [α,+∞[−→ K ❡3 ℓ ∈ K✳ ❖♥ ❞✐3 6✉❡ f(x) 3❡♥❞ ✈❡'# ℓ ❧♦'#6✉❡ x 3❡♥❞ ✈❡'# +∞ #✐ ✿

∀ε > 0, ∃A ∈ R, ∀x ∈ I, x > A =⇒ |f(x)− ℓ| 6 ε.

❉❛♥# ❝❡ ❝❛#✱ ♦♥ ♥♦3❡ lim
x→+∞

f(x) = ℓ.

❖♥ ❛ ✉♥ .♥♦♥❝. ❛♥❛❧♦❣✉❡ ♣♦✉' ✉♥❡ ❧✐♠✐3❡ ✜♥✐❡ ❡♥ −∞.

▲❛ ♥♦3✐♦♥ ❞❡ ❧✐♠✐3❡ ✐♥✜♥✐❡ ✭❢♦♥❝3✐♦♥# H ✈❛❧❡✉'# ❞❛♥# R✮ ❡#3 H 3'❛✈❛✐❧❧❡' ❡♥ ❛✉3♦♥♦♠✐❡✳

01♦♣♦2✐%✐♦♥ ✶ ✭❈❛1❛❝%!1✐2❛%✐♦♥ 2!6✉❡♥%✐❡❧❧❡ ❞❡ ❧❛ ❧✐♠✐%❡✮

• ❙♦✐3 f : I −→ K ❡3 a ✉♥ ♣♦✐♥3 ♦✉ ✉♥❡ ❡①3'.♠✐3. ❞❡ I ❡3 ℓ ∈ K✳ ❖♥ ❛ ❧✬.6✉✐✈❛❧❡♥❝❡ #✉✐✈❛♥3❡✳

lim
x→a

f(x) = ℓ ⇐⇒











@♦✉' 3♦✉3❡ #✉✐3❡ (un)n∈N H ✈❛❧❡✉'# ❞❛♥# I
❡3 ❝♦♥✈❡'❣❡❛♥3 ✈❡'# a, ♦♥ ❛

lim
n→+∞

f(un) = ℓ

• ❙♦✐3 f : [α,+∞[−→ K ❡3 ℓ ∈ K✳ ❖♥ ❛ ❧✬.6✉✐✈❛❧❡♥❝❡ #✉✐✈❛♥3❡✳

lim
x→+∞

f(x) = ℓ ⇐⇒











@♦✉' 3♦✉3❡ #✉✐3❡ (un)n∈N H ✈❛❧❡✉'# ❞❛♥# I
❡3 ❞✐✈❡'❣❡❛♥3 ✈❡'# +∞, ♦♥ ❛

lim
n→+∞

f(un) = ℓ

✹✸✺
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❈❡" #♥♦♥❝# ❡'" ♣❧✉' '♦✉✈❡♥" ✉"✐❧✐'# ❞❛♥' '❛ ❢♦0♠❡ ❝♦♥"0❛♣♦'#❡ ✭❡" '❡✉❧❡♠❡♥" ❞❛♥' ✉♥ '❡♥'✮✳

❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❖♥ ♥♦"❡ E ❧❛ ❢♦♥❝"✐♦♥ ♣❛"#✐❡ ❡♥#✐'"❡ ❡" ♦♥ ❝♦♥'✐❞60❡ f : x ∈ R 7−→ E(x) + E(−x).
❉#♠♦♥"0❡0 8✉❡ ❧❛ ❢♦♥❝"✐♦♥ f ♥✬❛❞♠❡" ♣❛' ❞❡ ❧✐♠✐"❡ ✭♥✐ ✜♥✐❡✱ ♥✐ ✐♥✜♥✐❡✮ ❡♥ +∞.

✶✽✳✶✳✷ ❈♦♥'✐♥✉✐'*

❖♥ 0❛♣♣❡❧❧❡ ❧❛ ❞#✜♥✐"✐♦♥ ❞❡ ❝♦♥"✐♥✉✐"# ❞✬✉♥❡ ❢♦♥❝"✐♦♥ f < ✈❛❧❡✉0' ❞❛♥' K = R ♦✉ C.

❉$✜♥✐"✐♦♥ ✸

❙♦✐" f : I → K ✉♥❡ ❛♣♣❧✐❝❛"✐♦♥✳

• ❙♦✐" x0 ∈ I. ❖♥ ❞✐" 8✉❡ f ❡'" ❝♦♥"✐♥✉❡ ❡♥ x0 '✐ lim
x→x0

f(x) = f(x0) ❛✉"0❡♠❡♥" ❞✐" '✐ ❧✬♦♥ ❛ ✿

∀ε > 0, ∃η > 0, ∀x ∈ I, |x− x0| 6 η =⇒ |f(x)− f(x0)| 6 ε.

❙✐ f ❡'" < ✈❛❧❡✉0' ❞❛♥' C ❛❧♦0' f ❡'" ❝♦♥"✐♥✉❡ ❡♥ x0 '✐ ❡" '❡✉❧❡♠❡♥" '✐ ❧❡' ❢♦♥❝"✐♦♥' ❘❡(f) ❡" ■♠(f) ❧❡ '♦♥"✳

• ❖♥ ❞✐" 8✉❡ f ❡'" ❝♦♥"✐♥✉❡ '✉0 I '✐ f ❡'" ❝♦♥"✐♥✉❡ ❡♥ ❝❤❛8✉❡ ♣♦✐♥" ❞❡ I.

❙✐ f ❡'" < ✈❛❧❡✉0' ❞❛♥' C ❛❧♦0' f ❡'" ❝♦♥"✐♥✉❡ '✉0 I '✐ ❡" '❡✉❧❡♠❡♥" '✐ ❧❡' ❢♦♥❝"✐♦♥' ❘❡(f) ❡" ■♠(f) ❧❡ '♦♥"✳

❊♥ ❝♦♠❜✐♥❛♥" ❝❡""❡ ❞#✜♥✐"✐♦♥ ❡" ❧❛ ♣0♦♣♦'✐"✐♦♥ ✶✱ ♦♥ ♦❜"✐❡♥" ❧❛ ♣0♦♣♦'✐"✐♦♥ '✉✐✈❛♥"❡✳

+4♦♣♦*✐"✐♦♥ ✷ ✭❈❛4❛❝"$4✐*❛"✐♦♥ *$'✉❡♥"✐❡❧❧❡ ❞❡ ❧❛ ❝♦♥"✐♥✉✐"$✮

❙♦✐" f : I −→ K ❡" x0 ∈ I. ❖♥ ❛ ❧✬#8✉✐✈❛❧❡♥❝❡ '✉✐✈❛♥"❡✳

f ❡'" ❝♦♥"✐♥✉❡ ❡♥ x0 ⇐⇒











E♦✉0 "♦✉"❡ '✉✐"❡ (un)n∈N < ✈❛❧❡✉0' ❞❛♥' I
❡" ❝♦♥✈❡0❣❡❛♥" ✈❡0' x0, ♦♥ ❛

lim
n→+∞

f(un) = f(x0)

◗✉❡❧'✉❡* $♥♦♥❝$* ❧✐$* A ❧❛ ❝♦♥"✐♥✉✐"$ ❞❛♥* ❧❡ ❝❛* ♦B K = R ✿

+4♦♣♦*✐"✐♦♥ ✸ ✭❚❤$♦4E♠❡ ❞❡* ✈❛❧❡✉4* ✐♥"❡4♠$❞✐❛✐4❡*✮

❙♦✐" f : I → R ✉♥❡ ❛♣♣❧✐❝❛"✐♦♥ ❝♦♥"✐♥✉❡✳ ❙✐ a ❡" b '♦♥" ❞❡✉① ♣♦✐♥"' ❞❡ I "❡❧' 8✉❡ a 6 b✱ ❛❧♦0' ♦♥ ❛ ❧✬✐♠♣❧✐❝❛"✐♦♥

f(a)f(b) 6 0 =⇒ ∃c ∈ [a, b], f(c) = 0.

✹✸✻



▼❛"❤$♠❛"✐'✉❡* +❙■ ❙✳ ❉✐♦♥

❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❙♦✐# f : [0, 1] 7−→ [0, 1] ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❝♦♥#✐♥✉❡✳

❉-♠♦♥#/❡/ 0✉❡ ❧✬-0✉❛#✐♦♥ f(x) = x ❛❞♠❡# ❛✉ ♠♦✐♥3 ✉♥❡ 3♦❧✉#✐♦♥ ❞❛♥3 [0, 1].

❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✷✮

❙♦✐# f : [0, 1] 7−→ [0, 1] ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❝♦♥#✐♥✉❡✳

❉-♠♦♥#/❡/ 0✉❡ ❧✬-0✉❛#✐♦♥ f(x) = x ❛❞♠❡# ✉♥❡ ♣❧✉3 ♣❡#✐#❡ 3♦❧✉#✐♦♥✱ ❝✬❡3#✲6✲❞✐/❡ 0✉❡ ❧✬❡♥3❡♠❜❧❡ A = {x ∈ [0, 1], f(x) = x}
❛❞♠❡# ✉♥ ♠✐♥✐♠✉♠✳

+4♦♣♦*✐"✐♦♥ ✹ ✭■♠❛❣❡ ❞✬✉♥ ✐♥"❡4✈❛❧❧❡ ♣❛4 ✉♥❡ ❛♣♣❧✐❝❛"✐♦♥ ❝♦♥"✐♥✉❡✮

❙♦✐# f : I → R ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❝♦♥#✐♥✉❡✳ ❙✐ a ❡# b 3♦♥# ❞❡✉① ♣♦✐♥#3 ❞❡ I #❡❧3 0✉❡ a 6 b✱ ❛❧♦/3 #♦✉#❡ ✈❛❧❡✉/ ❝♦♠♣/✐3❡ ❡♥#/❡

f(a) ❡# f(b) ❡3# ❛##❡✐♥#❡ ♣❛/ f 3✉/ [a, b].
❖♥ ♣❡✉# /❡#❡♥✐/ ❝❡# -♥♦♥❝- 3♦✉3 ❧❛ ❢♦/♠❡ ✿ ❧✬✐♠❛❣❡ ❞✬✉♥ ✐♥*❡+✈❛❧❧❡ ♣❛+ ✉♥❡ ❛♣♣❧✐❝❛*✐♦♥ ❝♦♥*✐♥✉❡ ❡0* ✉♥ ✐♥*❡+✈❛❧❧❡✳

+4♦♣♦*✐"✐♦♥ ✺ ✭❚❤$♦4C♠❡ ❞❡ ❧❛ ❜✐❥❡❝"✐♦♥ ♠♦♥♦"♦♥❡✮

❙♦✐# f : I → R ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❝♦♥#✐♥✉❡ ❡# 3#/✐❝#❡♠❡♥# ♠♦♥♦#♦♥❡✳

✲ ❙✐ a ❡# b 3♦♥# ❞❡✉① ♣♦✐♥#3 ❞❡ I #❡❧3 0✉❡ a 6 b✱ ❛❧♦/3 #♦✉#❡ ✈❛❧❡✉/ ❝♦♠♣/✐3❡ ❡♥#/❡ f(a) ❡# f(b) ❡3# ❛##❡✐♥#❡ ✉♥❡ ❡# ✉♥❡ 3❡✉❧❡
❢♦✐3 ♣❛/ f 3✉/ [a, b],
✲ ▲❛ ❢♦♥❝#✐♦♥ f /-❛❧✐3❡ ✉♥❡ ❜✐❥❡❝#✐♦♥ ❞❡ I 3✉/ f(I)✱
✲ ▲❛ ❜✐❥❡❝#✐♦♥ /-❝✐♣/♦0✉❡ f−1 : f(I)→ I ❡3# ❝♦♥#✐♥✉❡ ❡# ❞❡ ♠?♠❡ ♠♦♥♦#♦♥✐❡ 0✉❡ f.

✹✸✼
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+2♦♣♦*✐"✐♦♥ ✻ ✭■♠❛❣❡ ❝♦♥"✐♥✉❡ ❞✬✉♥ *❡❣♠❡♥"✮

❙♦✐# I = [a, b] ✉♥ &❡❣♠❡♥# ❞❡ R ❡# f : I → R ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❝♦♥#✐♥✉❡✳ ❖♥ ❛ ✿

✲ ❧❛ ❢♦♥❝#✐♦♥ f ♣♦&&4❞❡ ✉♥ ♠❛①✐♠✉♠ M ❡# ✉♥ ♠✐♥✐♠✉♠ m &✉6 [a, b],
✲ f([a, b]) = [m,M ].
❖♥ ♣❡✉# 6❡#❡♥✐6 ❝❡# 7♥♦♥❝7 &♦✉& ❧❛ ❢♦6♠❡ ✿ ❧✬✐♠❛❣❡ ❝♦♥*✐♥✉❡ ❞✬✉♥ -❡❣♠❡♥* ❞❡ R ❡-* ✉♥ -❡❣♠❡♥*✳

❊①❡2❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✷✮

▼♦♥#6❡6 9✉✬✉♥❡ ❢♦♥❝#✐♦♥ f :]0,+∞[ 7−→ R ❝♦♥#✐♥✉❡ ❡# ❛❞♠❡##❛♥# ❞❡& ❧✐♠✐#❡& ✜♥✐❡& ❡♥ 0 ❡# ❡♥ +∞ ❡&# ❜♦6♥7❡✳

✶✽✳✶✳✸ ❉%&✐✈❛❜✐❧✐,%

❉$✜♥✐"✐♦♥ ✹

❙♦✐# f : I → K ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥✳

• ❙♦✐# x0 ∈ I. ❖♥ ❞✐# 9✉❡ f ❡&# ❞76✐✈❛❜❧❡ ❡♥ x0 &✐ lim
x→x0

f(x)− f(x0)

x− x0
❡①✐&#❡ ❞❛♥& R✳

❉❛♥& ❝❡ ❝❛&✱ ♦♥ ♥♦#❡ ❝❡##❡ ❧✐♠✐#❡ f ′(x0) ✿ ❝✬❡&# ❧❡ ♥♦♠❜6❡ ❞76✐✈7 ❞❡ f ❡♥ x0.

❙✐ f ❡&# @ ✈❛❧❡✉6& ❞❛♥& C ❛❧♦6& f ❡&# ❞76✐✈❛❜❧❡ ❡♥ x0 &✐ ❡# &❡✉❧❡♠❡♥# &✐ ❧❡& ❢♦♥❝#✐♦♥& ❘❡(f) ❡# ■♠(f) ❧❡ &♦♥# ❡# ❞❛♥&
❝❡ ❝❛& ♦♥ ❛ ❧✬7❣❛❧✐#7 ✿ f ′(x0) =❘❡(f)

′(x0) + i■♠(f)′(x0).

• ❖♥ ❞✐# 9✉❡ f ❡&# ❞76✐✈❛❜❧❡ I &✐ f ❡&# ❞76✐✈❛❜❧❡ ❡♥ ❝❤❛9✉❡ ♣♦✐♥# ❞❡ I.

❉❛♥& ❝❡ ❝❛&✱ ♦♥ ❛♣♣❡❧❧❡ ❢♦♥❝#✐♦♥ ❞76✐✈7❡ ❞❡ f ❧✬❛♣♣❧✐❝❛#✐♦♥ f ′ : x ∈ I 7→ f ′(x).
❙✐ f ❡&# @ ✈❛❧❡✉6& ❞❛♥& C ❛❧♦6& f ❡&# ❞76✐✈❛❜❧❡ &✉6 I &✐ ❡# &❡✉❧❡♠❡♥# &✐ ❧❡& ❢♦♥❝#✐♦♥& ❘❡(f) ❡# ■♠(f) ❧❡ &♦♥#✳ ❖♥ ❛

❛❧♦6& f ′ =❘❡(f)′ + i■♠(f)′.

■❧❧✉*"2❛"✐♦♥ ❣2❛♣❤✐'✉❡ ✿

✹✸✽
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❘❛♣♣❡❧ ✿ ❖♥ ❛ ❧✬✐♠♣❧✐❝❛)✐♦♥ +✉✐ -✉✐)✳

f ❞01✐✈❛❜❧❡ ❡♥ x0 ✭1❡-♣ -✉1 I) =⇒ f ❝♦♥)✐♥✉❡ ❡♥ x0 ✭1❡-♣ -✉1 I).

◗✉❡❧'✉❡* $♥♦♥❝$* ❧✐$* 8 ❧❛ ❞$:✐✈❛❜✐❧✐"$ *✉: ✉♥ ✐♥"❡:✈❛❧❧❡ ✿

+:♦♣♦*✐"✐♦♥ ✼ ✭❉$:✐✈$❡ ❞❡ ❧❛ ❜✐❥❡❝"✐♦♥ :$❝✐♣:♦'✉❡✮

❙♦✐) f : I → R ✉♥❡ ❛♣♣❧✐❝❛)✐♦♥ ❞01✐✈❛❜❧❡ ❡) -)1✐❝)❡♠❡♥) ♠♦♥♦)♦♥❡✳ ❊❧❧❡ ❡-) ❞♦♥❝ ✉♥❡ ❜✐❥❡❝)✐♦♥ ❞❡ I -✉1 f(I). ❙♦✐) x0 ∈ I✱

♦♥ ♥♦)❡ y0 = f(x0) ∈ f(I). ❖♥ ❛ ❛❧♦1- ❧✬0+✉✐✈❛❧❡♥❝❡ -✉✐✈❛♥)❡✳

f−1
❡-) ❞01✐✈❛❜❧❡ ❡♥ y0 ⇐⇒ f ′(x0) 6= 0,

❡) ❞❛♥- ❝❡ ❝❛-✱ ♦♥ ❛ ❧✬0❣❛❧✐)0 (f−1)′(y0) =
1

f ′(x0)
=

1

f ′(f−1(y0))
.

●❧♦❜❛❧❡♠❡♥)✱ -✐ f ′ ♥❡ -✬❛♥♥✉❧❡ ♣❛- -✉1 I ❛❧♦1- f−1
❡-) ❞01✐✈❛❜❧❡ -✉1 f(I) ❡) (f−1)′ =

1

f ′ ◦ f−1
.

❊①❡:❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

<♦✉1 )♦✉) x ∈]1,+∞[ ♦♥ ♣♦-❡ f(x) = x ln(x)− x.

✶✳ ▼♦♥)1❡1 +✉❡ f ❡-) ✉♥❡ ❜✐❥❡❝)✐♦♥ ❞❡ ]1,+∞[ -✉1 ]− 1,+∞[.

✷✳ ❖♥ ♣♦-❡ g = f−1
❧✬❛♣♣❧✐❝❛)✐♦♥ 10❝✐♣1♦+✉❡ ❞❡ f. ▼♦♥)1❡1 +✉❡ g ❡-) ❞01✐✈❛❜❧❡✳

✸✳ ❈❛❧❝✉❧❡1 g(0) ❡) g′(0).

+:♦♣♦*✐"✐♦♥ ✽ ✭❉$:✐✈$❡ ❡" ❡①":❡♠✉♠✮

❙♦✐) f : I → R ❡) a ∈ I +✉✐ ♥✬❡-) ♣❛- ✉♥❡ ❜♦1♥❡ ❞❡ I✳

❙✐ f ♣10-❡♥)❡ ✉♥ ❡①)1❡♠✉♠ ❧♦❝❛❧ ❡♥ a ❡) -✐ f ❡-) ❞01✐✈❛❜❧❡ ❡♥ a ❛❧♦1- f ′(a) = 0.

✹✸✾



▼❛"❤$♠❛"✐'✉❡* +❙■ ❙✳ ❉✐♦♥

+2♦♣♦*✐"✐♦♥ ✾ ✭❚❤$♦27♠❡ ❞❡ ❘♦❧❧❡✮

❙♦✐# f : [a, b]→ R✳ ❖♥ '✉♣♣♦'❡ +✉❡ ❧✬♦♥ ❛ ✿

✲ f ❡'# ❝♦♥#✐♥✉❡ '✉2 [a, b],
✲ f ❡'# ❞42✐✈❛❜❧❡ '✉2 ]a, b[✱
✲ f(a) = f(b),

❛❧♦2'✱ ✐❧ ❡①✐'#❡ c ∈]a, b[ #❡❧ +✉❡ f ′(c) = 0.

❊①❡2❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✷✮

❖♥ ❝♦♥'✐❞92❡ ❧❡ ♣♦❧②♥;♠❡ Un(X) = (X2 − 1)n ❡# ♦♥ ♣♦'❡ Pn = U
(n)
n .

❉4♠♦♥#2❡2 +✉❡ Pn ♣♦''9❞❡ n 2❛❝✐♥❡' ❞✐'#✐♥❝#❡' ❡# +✉✬❡❧❧❡' ❛♣♣❛2#✐❡♥♥❡♥# > ]− 1, 1[.

✹✹✵
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+2♦♣♦*✐"✐♦♥ ✶✵ ✭➱❣❛❧✐"$ ❞❡* ❛❝❝2♦✐**❡♠❡♥" ✜♥✐*✮

❙♦✐# f : [a, b]→ R✳ ❖♥ '✉♣♣♦'❡ +✉❡ ❧✬♦♥ ❛ ✿

✲ f ❡'# ❝♦♥#✐♥✉❡ '✉2 [a, b],
✲ f ❡'# ❞42✐✈❛❜❧❡ '✉2 ]a, b[

❛❧♦2'✱ ✐❧ ❡①✐'#❡ c ∈]a, b[ #❡❧ +✉❡ f ′(c) =
f(b)− f(a)

b− a
.

■❧❧✉*"2❛"✐♦♥* ❣2❛♣❤✐'✉❡* ✿

■♥"❡2♣2$"❛"✐♦♥ ❝✐♥$♠❛"✐'✉❡ ✿ ❯♥ ♣♦✐♥# '❡ ❞4♣❧❛❝❡ '✉2 ❧✬❛①❡ ❞❡' ❛❜'❝✐''❡ ❡♥#2❡ ❧❡' ✐♥'#❛♥#' a ❡# b. ❖♥ ♥♦#❡ x(t) '❛ ♣♦'✐#✐♦♥
: ❧✬✐♥'#❛♥# t. ▲❛ ❢♦♥❝#✐♦♥ x ❡'# ❝♦♥#✐♥✉❡ ❡# ❞42✐✈❛❜❧❡ '✉2 [a, b]✳ ▲✬4❣❛❧✐#4 ❞❡' ❛❝❝2♦✐''❡♠❡♥#' ✜♥✐' ❞✐# +✉✬✐❧ ❡①✐'#❡ ✉♥ ✐♥'#❛♥#

t0 ∈ [a, b] #❡❧ +✉❡ x′(t0) =
x(b)− x(a)

b− a
, ❝✬❡'#✲:✲❞✐2❡ #❡❧ +✉❡ ❧❛ ✈✐#❡''❡ ✐♥'#❛♥#❛♥♥4❡ ❡♥ t0 ❡'# 4❣❛❧❡ : ❧❛ ✈✐#❡''❡ ♠♦②❡♥♥❡ '✉2

[a, b].

+2♦♣♦*✐"✐♦♥ ✶✶ ✭■♥$❣❛❧✐"$ ❞❡* ❛❝❝2♦✐**❡♠❡♥" ✜♥✐*✮

❙♦✐# f : [a, b]→ R✳ ❖♥ '✉♣♣♦'❡ +✉❡ ❧✬♦♥ ❛ ✿

✲ f ❡'# ❝♦♥#✐♥✉❡ '✉2 [a, b],
✲ f ❡'# ❞42✐✈❛❜❧❡ '✉2 ]a, b[✱
✲ ✐❧ ❡①✐'#❡ m,M ∈ R #❡❧' +✉❡ ∀x ∈]a, b[,m 6 f ′(x) 6 M,

❛❧♦2' ♦♥ ❛ ❧✬❡♥❝❛❞2❡♠❡♥# m 6
f(b)− f(a)

b− a
6 M.

❖♥ ♣❡✉# 2❡♠♣❧❛❝❡2 ❧❛ #2♦✐'✐A♠❡ ❝♦♥❞✐#✐♦♥ ♣❛2 ∀x ∈]a, b[, |f ′(x)| 6 M, ❧❛ ❝♦♥❝❧✉'✐♦♥ ❞❡✈✐❡♥# ✿

∣

∣

∣

∣

f(b)− f(a)

b− a

∣

∣

∣

∣

6 M.

■♥"❡2♣2$"❛"✐♦♥ ❝✐♥$♠❛"✐'✉❡ ✿ ❆✈❡❝ ❧❡' ♥♦#❛#✐♦♥' ♣24❝4❞❡♥#❡'✱ ❧✬✐♥4❣❛❧✐#4 ❞❡' ❛❝❝2♦✐''❡♠❡♥#' ✜♥✐' ❞✐# +✉❡ '✐ ❧❛ ✈✐#❡''❡

✐♥'#❛♥#❛♥♥4❡ ❞✬✉♥ ♣♦✐♥# ♠♦❜✐❧❡ ❡'# ❝♦♠♣2✐'❡ ❡♥#2❡ m ❡# M ❛❧♦2' '❛ ✈✐#❡''❡ ♠♦②❡♥♥❡ 4❣❛❧❡♠❡♥#✳ ❊✈✐❞❡♠♠❡♥#✱ '✐ ❧✬❛✐❣✉✐❧❧❡ ❞✉

❝♦♠♣#❡✉2 ❞✬✉♥ ✈4❤✐❝✉❧❡ ♥❡ ❞4♣❛''❡ ♣❛' ✾✵ ❦♠✴❤ ❧♦2' ❞✬✉♥ #2❛❥❡#✱ '❛ ✈✐#❡''❡ ♠♦②❡♥♥❡ ♥❡ ❧❛ ❞4♣❛''❡2❛ ♣❛' ♥♦♥ ♣❧✉' ✦

+2♦♣♦*✐"✐♦♥ ✶✷ ✭❚❤$♦2A♠❡ ❞❡ ❧❛ ❧✐♠✐"❡ ❞❡ ❧❛ ❞$2✐✈$❡✮

❙♦✐# f : I → R ❡# a ✉♥ 4❧4♠❡♥# ❞❡ I. ❖♥ '✉♣♣♦'❡ +✉❡ ❧✬♦♥ ❛ ✿

✲ f ❡'# ❝♦♥#✐♥✉❡ '✉2 I,

✲ f ❡'# ❞42✐✈❛❜❧❡ '✉2 I r {a}✱
✲ f ′|Ir{a} ❛❞♠❡# ✉♥❡ ❧✐♠✐#❡ ✜♥✐❡ l ❡♥ a✱

❛❧♦2' f ❡'# ❞42✐✈❛❜❧❡ ❡♥ a ❡# f ′(a) = l✳ K❛2 ❝♦♥'4+✉❡♥#✱ f ′ ❡'# ❝♦♥#✐♥✉❡ ❡♥ a.

❙✐ ♦♥ 2❡♠♣❧❛❝❡ ❧❛ #2♦✐'✐A♠❡ ❝♦♥❞✐#✐♦♥ ♣❛2 f ′|Ir{a} #❡♥❞ ✈❡2' ±∞ ❡♥ a✱ ♦♥ ♣❡✉# ❞✐2❡ +✉❡ ❧❡ ❣2❛♣❤❡ ❞❡ f ❛❞♠❡# ✉♥❡

✭❞❡♠✐✲✮#❛♥❣❡♥#❡ ✈❡2#✐❝❛❧❡ ❡♥ ❧❡ ♣♦✐♥# ❞✬❛❜'❝✐''❡ a.

❊①❡♠♣❧❡ ✶✽✳✶✳ ❙♦✐# f ❧❛ ❢♦♥❝#✐♦♥ ❞*✜♥✐❡ -✉/ R ♣❛/ f(x) =
sin(x)

x
-✐ x ❡-# ♥♦♥ ♥✉❧ ❡# f(0) = 1.

❖♥ ♠♦♥#/❡ 3✉❡ f ❡-# ❞*/✐✈❛❜❧❡ ❡♥ 0.

• 6❛/ ♦♣*/❛#✐♦♥- -✉/ ❧❡- ❢♦♥❝#✐♦♥ ❝♦♥#✐♥✉❡-✱ f ❡-# ❝♦♥#✐♥✉❡ -✉/ R∗✳ ❉❡ ♣❧✉-✱ ♦♥ ❛ lim
x→0

sin(x)

x
= 1 = f(0) ❞♦♥❝ f ❡-# ❝♦♥#✐♥✉❡

❡♥ 0✳ ❊❧❧❡ ❧✬❡-# ❞♦♥❝ ❜✐❡♥ -✉/ R.

✹✹✶
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•  ❛" ♦♣%"❛&✐♦♥) )✉" ❧❡) ❢♦♥❝&✐♦♥ ❞%"✐✈❛❜❧❡)✱ f ❡)& ❞%"✐✈❛❜❧❡ )✉" R∗ ❡&

∀x ∈ R
∗, f ′(x) =

x cos(x)− sin(x)

x2
.

• ❖♥ ❞%&❡"♠✐♥❡ ❧❛ ❧✐♠✐&❡ ❞❡ f ′ ❡♥ 0 5 ❧✬❛✐❞❡ ❞❡ ❞%✈❡❧♦♣♣❡♠❡♥&) ❧✐♠✐&%)✳

f ′(x) =
x cos(x)− sin(x)

x2
=

 ❛" ❧❡ &❤%♦"9♠❡ ❞❡ ❧❛ ❧✐♠✐&❡ ❞❡ ❧❛ ❞%"✐✈%❡✱ f ❡)& ❞%"✐✈❛❜❧❡ ❡♥ 0 ❡& f ′(0) = lim
x→0

f ′(x) = ✳

❘❡♠❛3'✉❡ ✿ ❝❡""❡ #$❞❛❝"✐♦♥ ❡*" ❝❡❧❧❡ ✈✉❡ ❡♥ ♣#❡♠✐0#❡ ❛♥♥$❡✳ ❆✈❡❝ ❧❡ ❝♦✉#* *✉# ❧❡* *$#✐❡* ❡♥"✐0#❡*✱ ♦♥ ♣❡✉" ❞✐#❡❝"❡♠❡♥"

❞$♠♦♥"#❡# 4✉❡ ❧❛ ❢♦♥❝"✐♦♥ f ❡*" ❞❡ ❝❧❛**❡ C∞ *✉# R.

❖♥ ❞♦♥♥❡ ✉♥ ❡①❡♠♣❧❡ ♣♦✉# ❧❡4✉❡❧ ❧❡ #❡❝♦✉#* ❛✉① *$#✐❡* ❡♥"✐0#❡* ♥✬❡*" ♣❛* ♣♦**✐❜❧❡✳

❊①❡3❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❖♥ ❝♦♥*✐❞0#❡ ❧❛ ❢♦♥❝"✐♦♥ f ❞$✜♥✐❡ *✉# R ♣❛# f(x) = e−1/x2

*✐ x ❡*" ♥♦♥ ♥✉❧ ❡" f(0) = 0.
❉$♠♦♥"#❡# 4✉❡ f ❡*" ❞❡ ❝❧❛**❡ C1 *✉# R.

❊①❡3❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✸✮

❖♥ ❝♦♥*✐❞0#❡ ❧❛ ❢♦♥❝"✐♦♥ f ❞$✜♥✐❡ *✉# R ♣❛# f(x) = e−1/x2

*✐ x ❡*" ♥♦♥ ♥✉❧ ❡" f(0) = 0.
❉$♠♦♥"#❡# 4✉❡ f ❡*" ❞❡ ❝❧❛**❡ C∞ *✉# R.

✹✹✷
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✶✽✳✶✳✹ ❉%&✐✈%❡* *✉❝❝❡**✐✈❡*

❉$✜♥✐"✐♦♥ ✺

❙♦✐# f : I → K ✉♥❡ ❢♦♥❝#✐♦♥ ♥✉♠*+✐,✉❡✳

• ❙✐ f ❡.# ❞*+✐✈❛❜❧❡✱ .❛ ❢♦♥❝#✐♦♥ ❞*+✐✈*❡ f ′ ♣❡✉#✱ ❡❧❧❡ ❛✉..✐✱ 6#+❡ ❞*+✐✈❛❜❧❡ .✉+ I. ❉❛♥. ❝❡ ❝❛.✱ ❧❛ ❞*+✐✈*❡ ❞❡ f ′ ❡.# ❛♣♣❡❧*❡

❢♦♥❝#✐♦♥ ❞*+✐✈*❡ .❡❝♦♥❞❡ ❞❡ f ❡# ♦♥ ❧❛ ♥♦#❡ f ′′ ♦✉ f (2).

• 8❛+ +*❝✉++❡♥❝❡✱ ♦♥ ❞*✜♥✐# ❞❡ ♠6♠❡ ❧❡. ❢♦♥❝#✐♦♥. ❞*+✐✈*❡. .✉❝❝❡.✐✈❡. ❞❡ f .✉+ I ❧♦+.,✉✬❡❧❧❡. ❡①✐.#❡♥#✳ ❙✐ k ∈ N∗, ♦♥ ♥♦#❡

f (k)
❧❛ ❞*+✐✈*❡ k✲✐=♠❡ ❞❡

~f .✉+ I.

❉$✜♥✐"✐♦♥ ✻

❙♦✐# f : I → K ✉♥❡ ❢♦♥❝#✐♦♥ ♥✉♠*+✐,✉❡ ❡# p ∈ N∗.

• ❖♥ ❞✐# ,✉❡ f ❡.# ❞❡ ❝❧❛..❡ Ck .✉+ I .✐ f ❛❞♠❡# ✉♥❡ ❞*+✐✈*❡ ? ❧✬♦+❞+❡ k .✉+ I ❡# .✐ f (k)
❡.# ❝♦♥#✐♥✉❡ .✉+ I.

• ❖♥ ❞✐# ,✉❡ f ❡.# ❞❡ ❝❧❛..❡ C∞ .✉+ I .✐ f ❛❞♠❡# ✉♥❡ ❞*+✐✈*❡ ? #♦✉# ♦+❞+❡ .✉+ I✳

✹✹✸
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+2♦♣♦*✐"✐♦♥ ✶✸ ✭❢♦2♠✉❧❡ ❞❡ ▲❡✐♥✐③✮

❙♦✐❡♥% f, g : I → R ❞❡✉① ❢♦♥❝%✐♦♥+ ❞❡ ❝❧❛++❡ Cn✳ ❆❧♦0+ ❧❛ ❢♦♥❝%✐♦♥ f.g ❡+% ❞❡ ❝❧❛++❡ Cn +✉0 I ❡% ❧✬♦♥ ❛

(f.g)(n) =
n
∑

k=0

(

n

k

)

f (k).g(n−k).

❊①❡2❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❈❛❧❝✉❧❡0 ❞❡ ❞❡✉① ❢❛3♦♥+ ❧❛ ❞40✐✈4❡ n−✐6♠❡ ❞❡ ❧❛ ❢♦♥❝%✐♦♥ g : x 7−→ 1

1− x2
.

✹✹✹
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❖♥ ♣#♦✜&❡ ❞❡ ❝❡ ❝❤❛♣✐&#❡ ♣♦✉# #❡✈♦✐# ❧❡0 ❞✐✛2#❡♥&❡0 ❢♦#♠✉❧❡0 ❞❡ ❚❛②❧♦# #❛♣♣❡❧2❡0 ❞❛♥0 ❧❡ ❝❤❛♣✐&#❡ ❘❛♣♣❡❧% ❡& ❝♦♠♣❧*♠❡♥&% %✉-

❧✬✐♥&*❣-❛&✐♦♥✳

+2♦♣♦*✐"✐♦♥ ✶✹ ✭❋♦2♠✉❧❡ ❞❡ ❚❛②❧♦2 ❛✈❡❝ 2❡*"❡ ✐♥"$❣2❛❧❡✮

❙♦✐& f : I → K ❡0& ❞❡ ❝❧❛00❡ Cn+1
✳ ▼♦♥&#❡# :✉❡ ♣♦✉# &♦✉& (a, x) ∈ I2 ♦♥ ❛ ✿

f(x) =
n
∑

k=0

f (k)(a)

k!
(x− a)k +

∫ x

a

(x− t)n

n!
f (n+1)(t)dt.

+2♦♣♦*✐"✐♦♥ ✶✺ ✭■♥$❣❛❧✐"$ ❞❡ ❚❛②❧♦2✲▲❛❣2❛♥❣❡ ✲ ✶✮

❙♦✐& a, b ∈ R ❛✈❡❝ a 6 b. ❙✐ f ∈ Cn+1([a, b],K) ❡& 0✐ M ❡0& ✉♥ ♠❛❥♦#❛♥& ❞❡ |f (n+1)| 0✉# [a, b] ❛❧♦#0 ♦♥ ❛ ✿
∣

∣

∣

∣

∣

f(b)−
n
∑

k=0

f (k)(a)

k!
(b− a)k

∣

∣

∣

∣

∣

6 M
(b− a)n+1

(n+ 1)!
.

+2♦♣♦*✐"✐♦♥ ✶✻ ✭■♥$❣❛❧✐"$ ❞❡ ❚❛②❧♦2✲▲❛❣2❛♥❣❡ ✲ ✷✮

❙✐ f ∈ Cn+1(I,K) ❡& 0✐ M ❡0& ✉♥ ♠❛❥♦#❛♥& ❞❡ |f (n+1)| 0✉# I ❛❧♦#0 ♣♦✉# &♦✉& (a, x) ∈ I2 ♦♥ ❛ ✿

|Rn(x)| = |f(x)− Tn(x)| =
∣

∣

∣

∣

∣

f(x)−
n
∑

k=0

f (k)(a)

k!
(x− a)k

∣

∣

∣

∣

∣

6 M
|x− a|n+1

(n+ 1)!
.

❖♥ ♣❡✉& ✉&✐❧✐0❡# ❝❡0 ♣#♦♣♦0✐&✐♦♥0 ♣❛# ❡①❡♠♣❧❡ ♣♦✉# ❞2♠♦♥&#❡# :✉✬✉♥❡ ❢♦♥❝&✐♦♥ ❡0& ❞2✈❡❧♦♣♣❛❜❧❡ ❡♥ 02#✐❡ ❡♥&✐@#❡✳

+2♦♣♦*✐"✐♦♥ ✶✼ ✭❋♦2♠✉❧❡ ❞❡ ❚❛②❧♦2✲❨♦✉♥❣✮

❙♦✐& f : I → K ❡0& ❞❡ ❝❧❛00❡ Cn ❡& a ✉♥ 2❧2♠❡♥& ❞❡ I✳ ❆❧♦#0 Rn(x) = o
x→a

((x− a)n)✱ ❝✬❡0&✲D✲❞✐#❡

∀x ∈ I, f(x) =

n
∑

k=0

f (k)(a)

k!
(x− a)k + o

x→a
((x− a)n).

❊①❡2❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❙♦✐& f : R −→ R ❞❡ ❝❧❛00❡ C2 ❉2&❡#♠✐♥❡# lim
x→0

xf ′(x)− f(x) + f(0)

x2
.

✹✹✺



f : I −→ R I R

f

∀(x, y) ∈ I2, ∀λ ∈ [0, 1], f(λx+ (1− λ)y) 6 λf(x) + (1− λ)f(y).

λ [0, 1] λx + (1 − λ)y
[x, y] [y, x] x > y

f : I −→ R I R

• f I

f ⇐⇒ f ′

• f I

f ⇐⇒ f ′′



• exp R

∀x ∈ R, ex > 1 + x.

• sin [0, π]

∀x ∈ [0, π], sin(x) 6 x.

• ln ]0,+∞[

∀x ∈]− 1,+∞[, ln(1 + x) 6 x.

•
∀x ∈ R, | sin(x)| 6 |x|.

a, b ∈]1,+∞[, ln

(

a+ b

2

)

>
√

ln(a) ln(b).



▼❛"❤$♠❛"✐'✉❡* +❙■ ❙✳ ❉✐♦♥

❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✸ ✲ ■♥$❣❛❧✐"$ ❞❡ ❏❡♥*❡♥✮

❙♦✐# f : I −→ R ✉♥❡ ❢♦♥❝#✐♦♥ ❝♦♥✈❡①❡✱ x1, . . . , xn ❞❡- .❧.♠❡♥#- ❞❡ I ❡# λ1, . . . , λn ❞❡- 1.❡❧- ♣♦-✐#✐❢- #❡❧- 3✉❡

n
∑

i=1

λi = 1.

❉.♠♦♥#1❡1 3✉❡ ✿

f(λ1x1 + · · ·+ λnxn) 6 λ1f(x1) + · · ·+ λnf(xn).

✹✹✽
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✶✽✳✷ ❋♦♥❝(✐♦♥* ✈❡❝(♦-✐❡❧❧❡*

❖♥ ♠✉♥✐% Rn
❞❡ ❧❛ ♥♦+♠❡ ❡✉❝❧✐❞✐❡♥♥❡ ✉-✉❡❧❧❡ ✭♦♥ +❛♣♣❡❧❧❡ 0✉❡ -✉+ Rn

%♦✉%❡- ❧❡- ♥♦+♠❡- -♦♥% 10✉✐✈❛❧❡♥%❡-✮✳

∀x = (x1, . . . , xn) ∈ R
n, ‖x‖ = ‖x‖2 =

√

x2
1 + · · ·+ x2

n.

❙✐ x, y -♦♥% ❞❡✉① ✈❡❝%❡✉+- ❞❡ Rn, ❧❛ ❞✐-%❛♥❝❡ ❡✉❝❧✐❞✐❡♥♥❡ ❞❡ x 7 y ❡-% d(x, y) = ‖x− y‖.

✶✽✳✷✳✶ ▲✐♠✐'❡ ❞✬✉♥❡ ❢♦♥❝'✐♦♥ ✈❡❝'♦1✐❡❧❧❡

❉!✜♥✐%✐♦♥ ✽

❙♦✐#

~f : I → Rn
✉♥❡ ❢♦♥❝#✐♦♥ ✈❡❝#♦*✐❡❧❧❡ ❡# a ✉♥ ♣♦✐♥# ♦✉ ✉♥❡ ❡①#*.♠✐#. ❞❡ I. ❙♦✐# ~ℓ ∈ Rn. ❖♥ ❞✐# 2✉❡

~f(x) #❡♥❞ ✈❡*3

~ℓ

2✉❛♥❞ x #❡♥❞ ✈❡*3 a 3✐ ♦♥ ❛

∀ε > 0, ∃η > 0, ∀x ∈ I, |x− a| 6 η =⇒ ‖~f(x)− ~ℓ‖ 6 ε.

❖♥ ♥♦#❡ ❛❧♦*3 lim
x→a

~f(x) = ~ℓ.

■❧❧✉+%,❛%✐♦♥ ❣,❛♣❤✐1✉❡ ✿

5♦✉* #♦✉# x ∈ R✱ ~f(x) ❡3# ✉♥ ✈❡❝#❡✉* ❞❡ Rn
❡# ❞♦♥❝ ✐❧ 3✬.❝*✐#

~f(x) = (f1(x), . . . , fn(x)).

❖♥ ❞.✜♥✐# ❛✐♥3✐ ❞❡3 ❢♦♥❝#✐♦♥3 f1, f2, . . . , fn : I → R. ❖♥ ❧❡3 ❛♣♣❡❧❧❡ ❢♦♥❝%✐♦♥+ ❝♦♦,❞♦♥♥!❡+ ❞❡

~f. ❖♥ ♥♦#❡ ❛❧♦*3

~f = (f1, . . . , fn).

7,♦♣♦+✐%✐♦♥ ✶✾

❙♦✐#

~f : I → Rn
❡# a ✉♥ ♣♦✐♥# ♦✉ ✉♥❡ ❡①#*.♠✐#. ❞❡ I. ❖♥ ♥♦#❡

~f = (f1, . . . , fn) ❡# ♦♥ 3❡ ❞♦♥♥❡

~ℓ = (ℓ1, . . . , ℓn). ❖♥ ❛ ❛❧♦*3

❧✬.2✉✐✈❛❧❡♥❝❡ 3✉✐✈❛♥#❡✳

lim
x→a

~f(x) = ~ℓ ⇐⇒ lim
x→a

||~f(x)− ~ℓ|| = 0,

⇐⇒ ∀i ∈ {1, . . . , n}, lim
x→a

fi(x) = ℓi.

❊# ❞♦♥❝ ❞✬✉♥❡ ❧✐♠✐#❡ ❞❛♥3 Rn
✱ ♦♥ ♣❡✉# 3❡ *❛♠❡♥❡* ; n ❧✐♠✐#❡3 ❞❛♥3 R.

❉!✜♥✐%✐♦♥ ✾

• ❙♦✐#

~f :]b,+∞[→ Rn
✉♥❡ ❢♦♥❝#✐♦♥ ✈❡❝#♦*✐❡❧❧❡✳ ❙♦✐#

~ℓ ∈ Rn.

❖♥ ❞✐# 2✉❡

~f(x) #❡♥❞ ✈❡*3

~ℓ 2✉❛♥❞ x #❡♥❞ ✈❡*3 +∞ 3✐ ♦♥ ❛

∀ε > 0, ∃A ∈ R, ∀x ∈]b,+∞[, x > A =⇒ ||~f(x)− ~ℓ|| 6 ε.

❖♥ ♥♦#❡ ❛❧♦*3 lim
x→+∞

~f(x) = ~ℓ.

• ❙♦✐#

~f :]−∞, b[→ Rn
✉♥❡ ❢♦♥❝#✐♦♥ ✈❡❝#♦*✐❡❧❧❡✳ ❙♦✐#

~ℓ ∈ Rn.

❖♥ ❞✐# 2✉❡

~f(x) #❡♥❞ ✈❡*3

~ℓ 2✉❛♥❞ x #❡♥❞ ✈❡*3 −∞ 3✐ ♦♥ ❛

∀ε > 0, ∃A ∈ R, ∀x ∈]−∞, b[, x 6 A =⇒ ||~f(x)− ~ℓ|| 6 ε.

❖♥ ♥♦#❡ ❛❧♦*3 lim
x→−∞

~f(x) = ~ℓ.

✹✹✾



▼❛"❤$♠❛"✐'✉❡* +❙■ ❙✳ ❉✐♦♥

▲♦"#$✉❡ ❝❡# ❧✐♠✐+❡# ♦♥+ ✉♥ #❡♥#✱ ♦♥ ❛ ❡♥❝♦"❡ ❧❡# /$✉✐✈❛❧❡♥❝❡ #✉✐✈❛♥+❡#✳

lim
x→+∞

~f(x) = ~ℓ ⇐⇒ ∀i ∈ {1, . . . , n}, lim
x→+∞

fi(x) = ℓi.

lim
x→−∞

~f(x) = ~ℓ ⇐⇒ ∀i ∈ {1, . . . , n}, lim
x→−∞

fi(x) = ℓi.

✶✽✳✷✳✷ ❈♦♥'✐♥✉✐'*

❉$✜♥✐"✐♦♥ ✶✵

❙♦✐+

~f : I → Rn
✉♥❡ ❢♦♥❝+✐♦♥ ✈❡❝+♦"✐❡❧❧❡✳

• ❙♦✐+ x0 ∈ I. ❖♥ ❞✐+ $✉❡ f ❡#+ ❝♦♥+✐♥✉❡ ❡♥ x0 #✐ lim
x→x0

~f(x) = ~f(x0) ❛✉+"❡♠❡♥+ ❞✐+ #✐ ❧✬♦♥ ❛

∀ε > 0, ∃η > 0, ∀x ∈ I, |x− x0| 6 η =⇒ ||~f(x)− ~f(x0)|| 6 ε.

• ❖♥ ❞✐+ $✉❡ f ❡#+ ❝♦♥+✐♥✉❡ #✉" I #✐ f ❡#+ ❝♦♥+✐♥✉❡ ❡♥ ❝❤❛$✉❡ ♣♦✐♥+ ❞❡ I.

❊♥ /❝"✐✈❛♥+ ❧❡# ❢♦♥❝+✐♦♥# ❝♦♦"❞♦♥♥/❡# ❞❡

~f, ♦♥ ❛ ❧❛ ♣"♦♣♦#✐+✐♦♥ #✉✐✈❛♥+❡✳

+5♦♣♦*✐"✐♦♥ ✷✵

❙♦✐+

~f : I → Rn
❡+ x0 ✉♥ ♣♦✐♥+ ❞❡ I. ❖♥ ♥♦+❡ ~f = (f1, . . . , fn)✳ ❖♥ ❛ ❛❧♦"# ❧❡# /$✉✐✈❛❧❡♥❝❡# #✉✐✈❛♥+❡#✳

~f ❡#+ ❝♦♥+✐♥✉❡ ❡♥ x0 ⇐⇒ ∀i ∈ {1, . . . , n}, fi ❡#+ ❝♦♥+✐♥✉❡ ❡♥ x0.

~f ❡#+ ❝♦♥+✐♥✉❡ #✉" I ⇐⇒ ∀i ∈ {1, . . . , n}, fi ❡#+ ❝♦♥+✐♥✉❡ #✉" I.

❆✐♥#✐✱ ❞❡ ❧✬/+✉❞❡ ❞❡ ❧❛ ❝♦♥+✐♥✉✐+/ ❞✬✉♥❡ ❢♦♥❝+✐♦♥ ✈❡❝+♦"✐❡❧❧❡✱ ♦♥ ❡#+ "❛♠❡♥/ ; ❝❡❧❧❡ ❞❡ ❧❛ ❝♦♥+✐♥✉✐+/ ❞❡ n ❢♦♥❝+✐♦♥# ♥✉♠/"✐$✉❡#✳

❊*♣❛❝❡ ✈❡❝"♦5✐❡❧ ❞❡* ❢♦♥❝"✐♦♥* ❝♦♥"✐♥✉❡* ✿

❖♥ ♥♦+❡ C0(I,Rn) ❧✬❡♥#❡♠❜❧❡ ❞❡# ❢♦♥❝+✐♦♥# ❝♦♥+✐♥✉❡# #✉" I ; ✈❛❧❡✉"# ❞❛♥# Rn. ❖♥ ❛ ❛❧♦"# ❧❛ ♣"♦♣♦#✐+✐♦♥ #✉✐✈❛♥+❡✳

+5♦♣♦*✐"✐♦♥ ✷✶

▲✬❡♥#❡♠❜❧❡ C0(I,Rn) ❡#+ ✉♥ #♦✉#✲❡#♣❛❝❡ ✈❡❝+♦"✐❡❧ ❞❡ ❧✬❡#♣❛❝❡ ✈❡❝+♦"✐❡❧ F(I,Rn)✳

❆✐♥#✐✱ #✐

~f ❡+ ~g #♦♥+ ❝♦♥+✐♥✉❡# #✉" I ❡+ #✐ λ, µ #♦♥+ "/❡❧#✱ ❛❧♦"# ❧❛ ❢♦♥❝+✐♦♥ λ~f + µ~g ❡#+ ❝♦♥+✐♥✉❡ #✉" I.

✶✽✳✷✳✸ ❉*-✐✈❛❜✐❧✐'*

❉$5✐✈❛❜✐❧✐"$ ❡♥ ✉♥ ♣♦✐♥" ❞❡* ❢♦♥❝"✐♦♥* ✈❡❝"♦5✐❡❧❧❡* ✿

❉$✜♥✐"✐♦♥ ✶✶

❙♦✐+

~f : I → Rn
✉♥❡ ❢♦♥❝+✐♦♥ ✈❡❝+♦"✐❡❧❧❡ ❡+ x0 ✉♥ /❧/♠❡♥+ ❞❡ I. ❖♥ ❞✐+ $✉❡ ~f ❡#+ ❞/"✐✈❛❜❧❡ ❡♥ x0 #✐

1

x− x0
(~f(x)− ~f(x0))

❛❞♠❡+ ✉♥❡ ❧✐♠✐+❡ ❞❛♥# Rn
$✉❛♥❞ x +❡♥❞ ✈❡"# x0.

❉❛♥# ❝❡ ❝❛#✱ ♦♥ ❛♣♣❡❧❧❡ ✈❡❝+❡✉" ❞/"✐✈/❡ ❞❡

~f ❡♥ x0 ❝❡++❡ ❧✐♠✐+❡ ❡+ ♦♥ ❧❛ ♥♦+❡ $✉❡
~f ❡#+ ❞/"✐✈❛❜❧❡ ❡♥ x0 #✐

lim
x→x0

1

x− x0
(~f(x)− ~f(x0)) = ~f ′(x0) =

d~f

dx
(x0) = D~f(x0).

+5♦♣♦*✐"✐♦♥ ✷✷ ✭❉$✈❡❧♦♣♣❡♠❡♥" ❧✐♠✐"$ ❞✬♦5❞5❡ ✶✮

❙♦✐+

~f : I → Rn
✉♥❡ ❢♦♥❝+✐♦♥ ✈❡❝+♦"✐❡❧❧❡ ❡+ x0 ✉♥ /❧/♠❡♥+ ❞❡ I.

❆❧♦"# f ❡#+ ❞/"✐✈❛❜❧❡ ❡♥ x0 #✐ ❡+ #❡✉❧❡♠❡♥+ #✐ ❡❧❧❡ ❛❞♠❡+ ✉♥ ❞/✈❡❧♦♣♣❡♠❡♥+ ❧✐♠✐+/ ; ❧✬♦"❞"❡ 1✱ ❛✉+"❡♠❡♥+ ❞✐+✱ #✬✐❧ ❡①✐#+❡
−→α0,
−→α1 ❡+ ✉♥❡ ❢♦♥❝+✐♦♥

−→ε ❞/✜♥✐❡ ❛✉ ✈♦✐#✐♥❛❣❡ V0 ❞❡ 0 +❡❧❧❡ $✉❡ ✿

∀x ∈ V0, ~f(x) = −→α0 + (x− x0)
−→α1 + (x− x0)

−→ε (x),

✹✺✵
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❛✈❡❝ lim
x→x0

−→ε (x) = 0.

❉❛♥& ❝❡ ❝❛&✱ ♦♥ ❛ ♥)❝❡&&❛✐+❡♠❡♥-

−→α0 = ~f(x0) ❡-
−→α1 = ~f ′(x0) ❡- ❞♦♥❝ ✿

~f(x) = ~f(x0) + (x− x0)~f
′(x0) + (x− x0)

−→ε (x).

+2❡✉✈❡✳ ❙✐

~f ❡&- ❞)+✐✈❛❜❧❡ ❡♥ x0 ✿

❙✐

~f(x) = −→α0 + (x− x0)
−→α1 + (x− x0)

−→ε (x), ❛✉ ✈♦✐&✐♥❛❣❡ ❞❡ 0 ❛✈❡❝ lim
x→x0

−→ε (x) = 0.

✷

❊♥ ❝♦♥&)6✉❡♥❝❡✱ ❝♦♠♠❡ ♣♦✉+ ❧❡& ❢♦♥❝-✐♦♥& ♥✉♠)+✐6✉❡&✱ ♦♥ ❛ ❡♥❝♦+❡ ❧❛ ♣+♦♣♦&✐-✐♦♥ &✉✐✈❛♥-❡✳

+2♦♣♦*✐"✐♦♥ ✷✸

❙♦✐-

~f : I → Rn
✉♥❡ ❢♦♥❝-✐♦♥ ✈❡❝-♦+✐❡❧❧❡ ❡- x0 ✉♥ )❧)♠❡♥- ❞❡ I. ❖♥ ❛ ❧✬✐♠♣❧✐❝❛-✐♦♥ &✉✐✈❛♥-❡✳

~f ❞)+✐✈❛❜❧❡ ❡♥ x0 =⇒ ~f ❝♦♥-✐♥✉❡ ❡♥ x0.

❉$2✐✈❛❜✐❧✐"$ *✉2 ✉♥ ✐♥"❡2✈❛❧❧❡ ❡" ❢♦♥❝"✐♦♥ ❞$2✐✈$❡ ✿

❉$✜♥✐"✐♦♥ ✶✷

❙♦✐-

~f : I → Rn
✉♥❡ ❢♦♥❝-✐♦♥ ✈❡❝-♦+✐❡❧❧❡✳ ❖♥ ❞✐- 6✉❡

~f ❡&- ❞)+✐✈❛❜❧❡ &✉+ I✱ &✐ ~f ❡&- ❞)+✐✈❛❜❧❡ ❡♥ ❝❤❛❝✉♥ ❞❡& ♣♦✐♥-& ❞❡ I.

❉❛♥& ❝❡ ❝❛&✱ ♦♥ ❛♣♣❡❧❧❡ ❢♦♥❝-✐♦♥ ❞)+✐✈)❡ ❞❡

~f ❧✬❛♣♣❧✐❝❛-✐♦♥

~f ′ &✉✐✈❛♥-❡✳

~f ′ :

{

I −→ Rn,

x 7−→ ~f ′(x).

▲✐❡♥ ❛✈❡❝ ❧❡* ❢♦♥❝"✐♦♥* ❝♦♦2❞♦♥♥$❡* ✿

❈♦♠♠❡ ♣♦✉+ ❧❛ ❝♦♥-✐♥✉✐-)✱ ♦♥ ♣❡✉- +❛♠❡♥❡+ ❧✬)-✉❞❡ ❞❡ ❧❛ ❞)+✐✈❛❜✐❧✐-) ❞✬✉♥❡ ❢♦♥❝-✐♦♥ ✈❡❝-♦+✐❡❧❧❡ > ❝❡❧❧❡ ❞❡ n ❢♦♥❝-✐♦♥& ♥✉♠)✲

+✐6✉❡& ✈✐❛ ❧❛ ♣+♦♣♦&✐-✐♦♥ &✉✐✈❛♥-❡✳

+2♦♣♦*✐"✐♦♥ ✷✹

❙♦✐-

~f : I → Rn
❡- x0 ✉♥ ♣♦✐♥- ❞❡ I. ❖♥ ♥♦-❡

~f = (f1, . . . , fn)✳ ❖♥ ❛ ❛❧♦+& ❧❡& )6✉✐✈❛❧❡♥❝❡& &✉✐✈❛♥-❡&✳

~f ❡&- ❞)+✐✈❛❜❧❡ ❡♥ x0 ⇐⇒ ∀i ∈ {1, . . . , n}, fi ❡&- ❞)+✐✈❛❜❧❡ ❡♥ x0.

~f ❡&- ❞)+✐✈❛❜❧❡ &✉+ I ⇐⇒ ∀i ∈ {1, . . . , n}, fi ❡&- ❞)+✐✈❛❜❧❡ &✉+ I.

❊- ❞❛♥& ❝❡ ❝❛&✱ ♦♥ ❛ ♣♦✉+ -♦✉- x ∈ I, f ′(x) = (f ′1(x), . . . , f
′
n(x))✳

✹✺✶



~f ~f(x) =

(

ch(x)− 1

x2
, ln(1 + x),

√
1− x

)

.

x = t

t ∈ I 7−→M(t) = (x1(t), . . . , xn(t))

M(t)

∀t ∈ I,
−−→
v(t) =

−−→
dM

dt
(t) = (x′1(t), . . . , x

′
n(t)).

n = 2,

t 7−→M(t) = (R cos(t), R sin(t)).

2π t+2π M

t.

t
−−→
v(t) = (−R sin(t), R cos(t)).

~f ,~g : I → Rn I λ, µ

λ~f + µ~g I

(λ~f + µ~g)′ = λ~f ′ + µ~g ′.

D(I,Rn) Rn I.

D(I,Rn) ⊂ C0(I,Rn).

D(I,Rn) C0(I,Rn).
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❉$2✐✈$❡ ❞✬✉♥❡ ❝♦♠♣♦*$❡ ✿

+2♦♣♦*✐"✐♦♥ ✷✻

❙♦✐❡♥% L ∈ L(Rn,Rp) ❡% ~f : I → Rn
✉♥❡ ❢♦♥❝%✐♦♥ ✈❡❝%♦*✐❡❧❧❡ ❞-*✐✈❛❜❧❡ 0✉* I✳

❆❧♦*0 ❧❛ ❢♦♥❝%✐♦♥ ✈❡❝%♦*✐❡❧❧❡ L ◦ ~f : I −→ R
p
❡0% ❞-*✐✈❛❜❧❡ 0✉* I ❡% ♦♥ ❛ ❧✬-❣❛❧✐%- 0✉✐✈❛♥%❡✳

∀t ∈ I, (L ◦ ~f)′(t) = L ◦ (~f ′)(t).

❙✐ A ❡0% ❧❛ ♠❛%*✐❝❡ ❞❡ L ❞❛♥0 ❧❡0 ❜❛0❡0 ❝❛♥♦♥✐6✉❡0 ❞❡ Rn
❡% Rp

✱ ❡% 0✐ X(t) ❡0% ❧❡ ✈❡❝%❡✉* ❝♦❧♦♥♥❡ ❢♦*♠- ❞❡0 ❝♦♦*❞♦♥♥-❡0

❞❡

~f(t) ❞❛♥0 ❧❛ ❜❛0❡ ❝❛♥♦♥✐6✉❡ ❞❡ Rn, ❧✬-❣❛❧✐%- ♣*-❝-❞❡♥%❡ 0✬-❝*✐% ✿

∀t ∈ I, (A.X)′(t) = A.X ′(t).

+2❡✉✈❡✳

✷

❖♥ -%❡♥❞ ❛✉00✐ ❧✬-♥♦♥❝- 0✉✐✈❛♥% ✈✉ ❡♥ ♣*❡♠✐;*❡ ❛♥♥-❡✱ ❛✉① ❢♦♥❝%✐♦♥0 ✈❡❝%♦*✐❡❧❧❡0✳ =♦✉* ❧❡ ❞-♠♦♥%*❡*✱ ✐❧ 0✉✣% ❞❡ *❛✐0♦♥♥❡*

❝♦♦*❞♦♥♥-❡ ♣❛* ❝♦♦*❞♦♥♥-❡✳

+2♦♣♦*✐"✐♦♥ ✷✼

❙♦✐❡♥% I ❡% J ❞❡✉① ✐♥%❡*✈❛❧❧❡0 ❞❡ R, ϕ ✉♥❡ ❛♣♣❧✐❝❛%✐♦♥ ❞-*✐✈❛❜❧❡ ❞❡ J ❞❛♥0 I ❡%

~f : I → Rn
✉♥❡ ❢♦♥❝%✐♦♥ ✈❡❝%♦*✐❡❧❧❡

❞-*✐✈❛❜❧❡ 0✉* I✳ ❆❧♦*0 ❧❛ ❢♦♥❝%✐♦♥ ✈❡❝%♦*✐❡❧❧❡

~f ◦ ϕ ❡0% ❞-*✐✈❛❜❧❡ 0✉* J ❡% ♦♥ ❛ ❧✬-❣❛❧✐%- 0✉✐✈❛♥%❡✳

∀t ∈ J, (~f ◦ ϕ)′(t) = ϕ′(t).(~f ′ ◦ ϕ)(t).

❈♦♠♣♦*$❡ ❞✬✉♥❡ ❛♣♣❧✐❝❛"✐♦♥ ❜✐❧✐♥$❛✐2❡ ❡" ❞✬❛♣♣❧✐❝❛"✐♦♥* ❞$2✐✈❛❜❧❡* ✿

+2♦♣♦*✐"✐♦♥ ✷✽

❙♦✐% B : Rp × Rq −→ R ✉♥❡ ❛♣♣❧✐❝❛%✐♦♥ ❜✐❧✐♥-❛✐*❡✱

~f : I ⊂ R −→ Rp
❡% ~g : I ⊂ R −→ Rq

✳ ❖♥ ❞-✜♥✐% ❧✬❛♣♣❧✐❝❛%✐♦♥ B(~f,~g)
♣❛*

∀t ∈ I, B(~f,~g)(t) = B(~f(t), ~g(t)).

• ❙✐

~f ❡% ~g 0♦♥% ❞-*✐✈❛❜❧❡0 ❡♥ x0 ∈ I, ❛❧♦*0 B(~f,~g) ❧✬❡0% ❛✉00✐ ❡% ♦♥ ❛

(

B(~f,~g)
)′

(x0) = B(~f ′, ~g)(x0) +B(~f,~g ′)(x0).

• ❙✐

~f ❡% ~g 0♦♥% ❞-*✐✈❛❜❧❡0 0✉* I, ❛❧♦*0 B(~f,~g) ❧✬❡0% ❛✉00✐ ❡% ♦♥ ❛

(

B(~f,~g)
)′

= B(~f ′, ~g) +B(~f,~g ′).

✹✺✸
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❆♣♣❧✐❝❛"✐♦♥ ✶ ✿ ❙✐ f, g : I −→ R "♦♥% ❞'(✐✈❛❜❧❡" ❛❧♦(" fg ❡"% ❞'(✐✈❛❜❧❡ ❡% (fg)′ = f ′g + fg′.

❆♣♣❧✐❝❛"✐♦♥ ✷ ✿ ❙✐ λ : I −→ R ❡%

~f : I −→ Rn
"♦♥% ❞'(✐✈❛❜❧❡" ❛❧♦(" λ.~f ❡"% ❞'(✐✈❛❜❧❡ ❡% (λ.~f)′ = λ′. ~f + λ.~f ′.

❆♣♣❧✐❝❛"✐♦♥ ✸ ✿ ❖♥ (❛♣♣❡❧❧❡ 0✉❡ Rn
❡"% ♠✉♥✐ ❞❡ "♦♥ ♣(♦❞✉✐% "❝❛❧❛✐(❡ ✉"✉❡❧✳

❙✐

~f : I −→ R
n
❡% ~g : I −→ R

n
"♦♥% ❞'(✐✈❛❜❧❡"✱ ❛❧♦("

〈

~f,~g
〉

❡"% ❞'(✐✈❛❜❧❡ ❡%

(〈

~f,~g
〉)′

=
〈

~f ′, ~g
〉

+
〈

~f,~g ′
〉

.

❆♣♣❧✐❝❛"✐♦♥ ✹ ✿ ❉❛♥" R2
♠✉♥✐ ❞❡ "❛ "%(✉❝%✉(❡ ❡✉❝❧✐❞✐❡♥♥❡✱ ♦♥ ♥♦%❡ Det ❧❡ ❞'%❡(♠✐♥❛♥% ❞❛♥" ❧❛ ❜❛"❡ ❝❛♥♦♥✐0✉❡✳

❙✐

~f : I −→ R2
❡% ~g : I −→ R2

"♦♥% ❞'(✐✈❛❜❧❡"✱ ❛❧♦(" Det(~f,~g) ❡"% ❞'(✐✈❛❜❧❡ ❡%
(

Det(~f,~g)
)′

= Det(~f ′, ~g) + Det(~f,~g ′).

✶✽✳✷✳✺ ❋♦♥❝)✐♦♥+ ❞❡ ❝❧❛++❡ Ck

❉$✜♥✐"✐♦♥ ✶✸

❙♦✐%

~f : I → Rn
✉♥❡ ❢♦♥❝%✐♦♥ ✈❡❝%♦(✐❡❧❧❡✳

• ❙✐ ~f ❡"% ❞'(✐✈❛❜❧❡✱ "❛ ❢♦♥❝%✐♦♥ ❞'(✐✈'❡

~f ′ ♣❡✉%✱ ❡❧❧❡ ❛✉""✐✱ 8%(❡ ❞'(✐✈❛❜❧❡ "✉( I. ❉❛♥" ❝❡ ❝❛"✱ ❧❛ ❞'(✐✈'❡ ❞❡

~f ′ ❡"% ❛♣♣❡❧'❡

❢♦♥❝%✐♦♥ ❞'(✐✈'❡ "❡❝♦♥❞❡ ❞❡

~f ❡% ♦♥ ❧❛ ♥♦%❡

~f ′′, ~f (2),
d2 ~f

dx2
♦✉ ❡♥❝♦(❡ D2 ~f.

• 9❛( ('❝✉((❡♥❝❡✱ ♦♥ ❞'✜♥✐% ❞❡ ♠8♠❡ ❧❡" ❢♦♥❝%✐♦♥" ❞'(✐✈'❡" "✉❝❝❡"✐✈❡" ❞❡

~f "✉( I ❧♦("0✉✬❡❧❧❡" ❡①✐"%❡♥%✳ ❙✐ k ∈ N∗, ♦♥ ♥♦%❡

~f (k),
dk ~f

dxk
♦✉ ❡♥❝♦(❡ Dk ~f ❧❛ ❞'(✐✈'❡ k✲✐>♠❡ ❞❡

~f "✉( I.

❉$✜♥✐"✐♦♥ ✶✹

❙♦✐%

~f : I → Rn
✉♥❡ ❢♦♥❝%✐♦♥ ✈❡❝%♦(✐❡❧❧❡ ❡% p ∈ N∗.

• ❖♥ ❞✐% 0✉❡

~f ❡"% ❞❡ ❝❧❛""❡ Ck "✉( I "✐

~f ❛❞♠❡% ✉♥❡ ❞'(✐✈'❡ ? ❧✬♦(❞(❡ k "✉( I ❡% "✐

~f (k)
❡"% ❝♦♥%✐♥✉❡ "✉( I.

• ❖♥ ❞✐% 0✉❡

~f ❡"% ❞❡ ❝❧❛""❡ C∞ "✉( I "✐

~f ❛❞♠❡% ✉♥❡ ❞'(✐✈'❡ ? %♦✉% ♦(❞(❡ "✉( I✳

+<♦♣♦*✐"✐♦♥ ✷✾

❙♦✐%

~f : I → Rn
❡% p ∈ N∗. ❖♥ ♥♦%❡

~f = (f1, . . . , fn)✳ ❖♥ ❛ ❛❧♦(" ❧❡" '0✉✐✈❛❧❡♥❝❡" "✉✐✈❛♥%❡"✳

~f ❡"% ❞❡ ❝❧❛""❡ Ck "✉( I ⇐⇒ ∀i ∈ {1, . . . , n}, fi ❡"% ❞❡ ❝❧❛""❡ Ck "✉( I.

~f ❡"% ❞❡ ❝❧❛""❡ C∞ "✉( I ⇐⇒ ∀i ∈ {1, . . . , n}, fi ❡"% ❞❡ ❝❧❛""❡ C∞ "✉( I.

❊% ❞❛♥" ❝❡ ❝❛"✱ ♦♥ ❛

~f (k) = (f
(k)
1 , . . . , f

(k)
n )✳

❖♥ ♥♦%❡ Ck(I,Rn) ❧✬❡♥"❡♠❜❧❡ ❞❡" ❢♦♥❝%✐♦♥" ? ✈❛❧❡✉(" ❞❛♥" Rn
❡% ❞❡ ❝❧❛""❡ Ck "✉( I, ❡% C∞(I,Rn) ❝❡❧✉✐ ❞❡" ❢♦♥❝%✐♦♥" ❞❡ ❝❧❛""❡

C∞. ❖♥ ♣❡✉% ♠♦♥%(❡( 0✉❡ ❝❡" ❞❡✉① ❡♥"❡♠❜❧❡" "♦♥% ❞❡" "♦✉"✲❡"♣❛❝❡" ✈❡❝%♦(✐❡❧" ❞❡ C0(I,Rn)✳

❖♥ ♣❡✉% ❛✉""✐ '❝(✐(❡ ❧❡" ❢♦(♠✉❧❡" ❞❡ ▲❡✐❜♥✐③ ♣♦✉( ❧❛ ❝♦♠♣♦"'❡ ❞✬✉♥❡ ❛♣♣❧✐❝❛%✐♦♥ ❜✐❧✐♥'❛✐(❡ ❡% ❞✬❛♣♣❧✐❝❛%✐♦♥" ❞❡ ❝❧❛""❡ Cn. ▲❛
❞'♠♦♥"%(❛%✐♦♥ ❡"% ✐❞❡♥%✐0✉❡ ? ❝❡❧❧❡ ❞❡" ❢♦♥❝%✐♦♥" ♥✉♠'(✐0✉❡"✳

• ❙♦✐❡♥% ~u : I → Rm
✉♥❡ ❢♦♥❝%✐♦♥ ✈❡❝%♦(✐❡❧❧❡ ❡% λ : I → R ✉♥❡ ❢♦♥❝%✐♦♥ ♥✉♠'(✐0✉❡ %♦✉%❡" ❞❡✉① ❞❡ ❝❧❛""❡ Cn✳ ❆❧♦(" ❧❛

❢♦♥❝%✐♦♥ ✈❡❝%♦(✐❡❧❧❡ λ.~u ❡"% ❞❡ ❝❧❛""❡ Cn "✉( I ❡% ❧✬♦♥ ❛

(λ.~u)(n) =
n
∑

k=0

(

n

k

)

λ(k).~u(n−k).

• ❙♦✐❡♥% ~u,~v : I → Rm
❞❡✉① ❢♦♥❝%✐♦♥" ✈❡❝%♦(✐❡❧❧❡" ❞❡ ❝❧❛""❡ Cn✳ ❆❧♦(" ❧❛ ❢♦♥❝%✐♦♥ ♥✉♠'(✐0✉❡ ~u.~v ❡"% ❞❡ ❝❧❛""❡ Cn "✉( I ❡%

❧✬♦♥ ❛

〈~u,~v〉(n) =
n
∑

k=0

(

n

k

)

〈~u(k), ~v(n−k)〉.

• ❙♦✐❡♥% ~u,~v : I → R2
❞❡✉① ❢♦♥❝%✐♦♥" ✈❡❝%♦(✐❡❧❧❡" ❞❡ ❝❧❛""❡ Cn✳ ❆❧♦(" ❧❛ ❢♦♥❝%✐♦♥ Det(u, v) ❡"% ❞❡ ❝❧❛""❡ Cn "✉( I ❡% ❧✬♦♥ ❛

(Det(u, v))(n) =
n
∑

k=0

(

n

k

)

❉❡%(~u(k), ~v(n−k)).

✹✺✹


