
❈❤❛♣✐%&❡ ✶✺

❊♥❞♦♠♦%♣❤✐)♠❡) %❡♠❛%,✉❛❜❧❡) ❞✬✉♥ ❡)♣❛❝❡

❡✉❝❧✐❞✐❡♥

❉❛♥# $♦✉$ ❝❡ ❝❤❛♣✐$,❡✱ E ❞/#✐❣♥❡ ✉♥ ❡#♣❛❝❡ ❡✉❝❧✐❞✐❡♥ ❞♦♥$ ♦♥ ♥♦$❡ n ∈ N∗ ❧❛ ❞✐♠❡♥#✐♦♥ ❡$ 〈 , 〉 ❧❡ ♣,♦❞✉✐$ #❝❛❧❛✐,❡✳

✶✺✳✶ ■$♦♠'()✐❡$ ✈❡❝(♦)✐❡❧❧❡$

❉!✜♥✐%✐♦♥ ✶

❙♦✐$ u ∈ L(E). ❖♥ ❞✐$ 6✉❡ u ❡#$ ✉♥❡ ✐(♦♠!%*✐❡ ✈❡❝%♦*✐❡❧❧❡ ✭♦✉ ✉♥ ❛✉%♦♠♦*♣❤✐(♠❡ ♦*%❤♦❣♦♥❛❧✮ #✬✐❧ ❝♦♥#❡,✈❡ ❧❛

♥♦,♠❡ ✿

∀x ∈ E, ‖u(x)‖ = ‖x‖.

4*♦♣♦(✐%✐♦♥ ✶

❙✐ u ∈ L(E) ❡#$ ✉♥❡ ✐#♦♠/$,✐❡ ✈❡❝$♦,✐❡❧❧❡ ❛❧♦,# ❝✬❡#$ ✉♥ ❛✉$♦♠♦,♣❤✐#♠❡✳

4*❡✉✈❡✳

✷

❊①❡*❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

▼♦♥$,❡, 6✉✬✉♥❡ #②♠/$,✐❡ ♦,$❤♦❣♦♥❛❧❡ ❡#$ ✉♥❡ ✐#♦♠/$,✐❡ ✈❡❝$♦,✐❡❧❧❡✳

✸✻✾
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❘❡♠❛3'✉❡ ✿ ❖♥ ❛♣♣❡❧❧❡ 3$✢❡①✐♦♥ &♦✉&❡ )②♠,&-✐❡ ♦-&❤♦❣♦♥❛❧❡ ♣❛- -❛♣♣♦-& 1 ✉♥ ❤②♣❡-♣❧❛♥ ❞❡ E. ❆✐♥)✐✱ &♦✉&❡ -,✢❡①✐♦♥ ❡)&

✉♥ ❛✉&♦♠♦-♣❤✐)♠❡ ♦-&❤♦❣♦♥❛❧✳

❉$✜♥✐"✐♦♥ ✷

❖♥ ♥♦&❡ O(E) ❧✬❡♥)❡♠❜❧❡ ❞❡) ✐)♦♠,&-✐❡) ✈❡❝&♦-✐❡❧❧❡) ✭♦✉ ❞❡) ❛✉&♦♠♦-♣❤✐)♠❡) ♦-&❤♦❣♦♥❛✉①✮ ❞❡ E. ❖♥ ❧✬❛♣♣❡❧❧❡ ❣3♦✉♣❡

♦3"❤♦❣♦♥❛❧ ❞❡ E.

❖♥ ✈,-✐✜❡ ?✉✬✐❧ )✬❛❣✐& ❜✐❡♥ ❞✬✉♥ ✓ ❣"♦✉♣❡ ✔✳

• ▲❛ ❧♦✐ ◦ ❡)& ✉♥❡ ❧♦✐ ❞❡ ❝♦♠♣♦-✐.✐♦♥ ✐♥.❡"♥❡✱ ❝✬❡)&✲1✲❞✐-❡ ?✉❡ O(E) ❡)& )&❛❜❧❡ ♣♦✉- ◦.

❊♥ ❡✛❡&✱ )✐ u, v ∈ O(E) ❛❧♦-) ✐❧) ❝♦♥)❡-✈❡♥& ❧❛ ♥♦-♠❡ ❡& ❞♦♥❝ u ◦ v ❧❛ ❝♦♥)❡-✈❡ ❛✉))✐✱ ❛✐♥)✐ u ◦ v ∈ O(E)✳

• ▲❛ ❧♦✐ ◦ ❡)& ❛))♦❝✐❛&✐✈❡ ❝❛- ♣♦✉- &♦✉&❡) u, v, w ♦♥ ❛ (u ◦ v) ◦ w = u ◦ (v ◦ w)

• ▲❛ ❧♦✐ ◦ ♣♦))D❞❡ ✉♥ ,❧,♠❡♥& ♥❡✉&-❡ ❞❛♥) O(E)✱ ❝✬❡)& IdE ?✉✐ ❡)& ❜✐❡♥ ❞❛♥) O(E) ❡& ?✉✐ ✈,-✐✜❡ u ◦ IdE = IdE ◦ u = u

♣♦✉- &♦✉&❡ u ∈ O(E)✳

• ❊♥✜♥✱ )✐ u ∈ O(E) ❛❧♦-) u ❡)& ✐♥✈❡-)✐❜❧❡ ✭♣♦✉- ❧❛ ❧♦✐ ◦✮✱ ❡& ❝♦♠♠❡ ❡❧❧❡ ❝♦♥)❡-✈❡ ❧❛ ♥♦-♠❡✱ ❛✈❡❝ y = u−1(x) ♦♥ ♦❜&✐❡♥&

||u(y)|| = ||y|| =⇒ ||x|| = ||u−1(x)||.

❊& ❞♦♥❝✱ u−1 ∈ O(E)✳

❋✐♥❛❧❡♠❡♥&✱ O(E) ❡)& ❜✐❡♥ ✉♥ ❣"♦✉♣❡ ♣♦✉- ❧❛ ❧♦✐ ◦ ❡& ❝✬❡)& ✉♥ -♦✉-✲❣"♦✉♣❡ ❞❡ (GL(E), ◦).

+3♦♣♦*✐"✐♦♥ ✷

❙♦✐& u ∈ L(E)✳ ❖♥ ❛ ❧❡) ,?✉✐✈❛❧❡♥❝❡) )✉✐✈❛♥&❡)✳

u ∈ O(E)
❞,✜♥✐&✐♦♥

⇐⇒ ∀x ∈ E, ||u(x)|| = ||x|| (1)

⇐⇒ ∀(x, y) ∈ E2, 〈u(x), u(y)〉 = 〈x, y〉 (2)

⇐⇒ ▲✬✐♠❛❣❡ ❞✬✉♥❡ ❜✳♦✳♥✳ ❞♦♥♥,❡ ❞❡ E ♣❛- u ❡)& ✉♥❡ ❜✳♦✳♥✳ ❞❡ E (3)

⇐⇒ ▲✬✐♠❛❣❡ ❞❡ &♦✉&❡ ❜✳♦✳♥✳ ❞❡ E ♣❛- u ❡)& ✉♥❡ ❜✳♦✳♥✳ ❞❡ E (4)

+3❡✉✈❡✳

(1)⇐⇒ (2) ✿

(2) =⇒ (4) =⇒ (3) =⇒ (1) ✿

✸✼✵
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✷

+2♦♣♦*✐"✐♦♥ ✸

❙♦✐# u ∈ L(E) ✉♥❡ ✐'♦♠)#*✐❡ ✈❡❝#♦*✐❡❧❧❡✳ ❙✐ F ❡'# ✉♥ '♦✉'✲❡'♣❛❝❡ ✈❡❝#♦*✐❡❧ ❞❡ E '#❛❜❧❡ ♣❛* u, ❛❧♦*' F⊥ ❡'# ❛✉''✐ '#❛❜❧❡ ♣❛*

u.

+2❡✉✈❡✳✭❉✸✮

✷

✸✼✶
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✶✺✳✷ ▼❛&'✐❝❡+ ♦'&❤♦❣♦♥❛❧❡+

❉$✜♥✐"✐♦♥ ✸

❙♦✐# M ∈Mn(R) ✉♥❡ ♠❛#)✐❝❡ )+❡❧❧❡✳ ❖♥ ❞✐# 0✉❡ M ❡1# ♦)#❤♦❣♦♥❛❧❡ 1✐ MT .M = In.

+4♦♣♦*✐"✐♦♥ ✹

• ❚♦✉#❡ ♠❛#)✐❝❡ ♠❛#)✐❝❡ ♦)#❤♦❣♦♥❛❧❡ M ❡1# ❞♦♥❝ ✐♥✈❡)1✐❜❧❡ ❡# ❞✬✐♥✈❡)1❡ MT
✳

• ▲✬❡♥1❡♠❜❧❡ On(R) ❞❡1 ♠❛#)✐❝❡1 ♦)#❤♦❣♦♥❛❧❡1 ❡1# ❞♦♥❝ ❝♦♥#❡♥✉ ❞❛♥1 GLn(R)✱ ♦♥ ❧✬❛♣♣❡❧❧❡ ❣4♦✉♣❡ ♦4"❤♦❣♦♥❛❧✳

+4❡✉✈❡✳ ❙✐ MT .M = In, ❛❧♦)1 M ❡1# ✐♥✈❡)1✐❜❧❡ ; ❣❛✉❝❤❡ ❡# ❝♦♠♠❡ M ❡1# ✉♥❡ ♠❛#)✐❝❡ ❝❛))+❡✱ ❡❧❧❡ ❡1# ✐♥✈❡)1✐❜❧❡ ❛✈❡❝

M−1 = MT .

❆✐♥1✐✱ On(R) ⊂ GLn(R).
✷

❖♥ ✈+)✐✜❡ 0✉❡ On(R) ❡1# ✉♥ ❣!♦✉♣❡ ♣♦✉) ❧❛ ❧♦✐ ×✳

• ▲❛ ❧♦✐ × ❡1# ✉♥❡ ❧♦✐ ❞❡ ❝♦♠♣♦+✐,✐♦♥ ✐♥,❡!♥❡ ✿

• ▲❛ ❧♦✐ × ❡1# ❛11♦❝✐❛#✐✈❡ ✿

• ▲❛ ❧♦✐ ◦ ♣♦11?❞❡ ✉♥ +❧+♠❡♥# ♥❡✉#)❡ ❞❛♥1 On(R) ✿

• ❚♦✉# +❧+♠❡♥# ❞❡ On(R) ♣♦11?❞❡ ✉♥ ✐♥✈❡)1❡ ✭1②♠+#)✐0✉❡✮ ♣♦✉) × ✿

❋✐♥❛❧❡♠❡♥#✱ On(R) ❡1# ❜✐❡♥ ✉♥ ❣!♦✉♣❡ ♣♦✉) ❧❛ ❧♦✐ × ❡# ❝✬❡1# ✉♥ +♦✉+✲❣!♦✉♣❡ ❞❡ (GLn(R),×).
❖♥ ❛ ❛✉11✐ ❧❡1 ❝❛)❛❝#+)✐1❛#✐♦♥1 1✉✐✈❛♥#❡1✳

+4♦♣♦*✐"✐♦♥ ✺

❙♦✐# P ∈Mn(R). ❖♥ ❛ ❧❡1 +0✉✐✈❛❧❡♥❝❡1 1✉✐✈❛♥#❡1✳

P ∈ On(R)
❞+✜♥✐#✐♦♥

⇐⇒ PT .P = In (1)

⇐⇒ P.PT = In (2)

⇐⇒ P ❡1# ✐♥✈❡)1✐❜❧❡ ❡# P−1 = PT (3)

⇐⇒ ❧❡1 ❝♦❧♦♥♥❡1 ❞❡ P ❢♦)♠❡♥# ✉♥❡ ❜✳♦✳♥✳ ❞❡ Mn,1(R) (4)

⇐⇒ ❧❡1 ❧✐❣♥❡1 ❞❡ P ❢♦)♠❡♥# ✉♥❡ ❜✳♦✳♥✳ ❞❡ M1,n(R) (5)

+4❡✉✈❡✳ ❖♥ ❛ ❞❡ ♠❛♥✐?)❡ +✈✐❞❡♥#❡ ✿ ✭✶✮ ⇐⇒ ✭✷✮ ⇐⇒ ✭✸✮✳
▼♦♥#)♦♥1 ❧✬+0✉✐✈❛❧❡♥❝❡ ✭✶✮ ⇐⇒ ✭✹✮ ✿ ❙♦✐# P ∈ Mn(R). ❖♥ ♥♦#❡ C1, . . . , Cn ❧❡1 ❝♦❧♦♥♥❡1 ❞❡ P ✳ ❆❧♦)1 CT

1 , . . . , C
T
n 1♦♥# ❧❡1

❧✐❣♥❡1 ❞❡ PT . F❛) ❞+✜♥✐#✐♦♥ ❞✉ ♣)♦❞✉✐# ♠❛#)✐❝✐❡❧✱ ♦♥ ❛ ❞♦♥❝ ❧❡1 +0✉✐✈❛❧❡♥❝❡1 1✉✐✈❛♥#❡1 ✿

❧❡1 ❝♦❧♦♥♥❡1 ❞❡ P ❢♦)♠❡♥# ✉♥❡ ❜✳♦✳♥✳ ❞❡ Mn,1(R) ⇐⇒ ∀(i, j) ∈ {1, . . . , n}2, 〈Ci, Cj〉 = δi,j

⇐⇒ ∀(i, j) ∈ {1, . . . , n}2, CT
i Cj = δi,j

⇐⇒ PT × P = In

❊♥✜♥✱ ❡♥ ❛♣♣❧✐0✉❛♥# ❧✬+0✉✐✈❛❧❡♥❝❡ ✭✶✮ ⇐⇒ ✭✹✮ ; ❧❛ ♠❛#)✐❝❡ M = PT
✱ ♦♥ ♦❜#✐❡♥# ❢❛❝✐❧❡♠❡♥# ❧✬+0✉✐✈❛❧❡♥❝❡ ✭✷✮ ⇐⇒ ✭✺✮✳ ✷

✸✼✷



▼❛"❤$♠❛"✐'✉❡* +❙■ ❙✳ ❉✐♦♥

❖♥ ✐❧❧✉%&'❡ ❧❡ ♣'♦❞✉✐& ♠❛&'✐❝✐❡❧ ❞❡ ❧❛ ♣'♦♣♦%✐&✐♦♥ ♣'/❝/❞❡♥&❡✳

+2♦♣♦*✐"✐♦♥ ✻ ✭■♥"❡2♣2$"❛"✐♦♥ ❞❡* ♠❛"2✐❝❡* ♦2"❤♦❣♦♥❛❧❡*✮

❙♦✐& B ✉♥❡ ❜❛*❡ ♦2"❤♦♥♦2♠$❡ ❞❡ E. ❖♥ ❛ ❧❡% ♣'♦♣♦%✐&✐♦♥% %✉✐✈❛♥&❡%✳

✶✳ 4♦✉' &♦✉&❡ ❜❛%❡ B′ ❞❡ E ✿

B′ ❜❛%❡ ♦'&❤♦♥♦'♠/❡ ❞❡ E ⇐⇒ P = PB,B′ ∈ On(R).

✷✳ 4♦✉' &♦✉& u ∈ L(E) ✿
u ∈ O(E) ⇐⇒ MB(u) ∈ On(R).

+2❡✉✈❡✳

✶✳

✷✳

✷

+2♦♣♦*✐"✐♦♥ ✼

✶✳ ❙✐ u ∈ O(E) ❛❧♦'% det(u) = 1 ♦✉ det(u) = −1✳

✷✳ ❙✐ M ∈ On(R) ❛❧♦'% det(M) = 1 ♦✉ det(M) = −1✳

+2❡✉✈❡✳

✷

✸✼✸
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+2♦♣♦*✐"✐♦♥ ✽

▲✬❡♥$❡♠❜❧❡ ❞❡$ ♠❛*+✐❝❡ M ∈ On(R) ❞❡ ❞.*❡+♠✐♥❛♥* .❣❛❧ 0 1 ❡$* ✉♥ $♦✉$✲❣+♦✉♣❡ ❞❡ On(R)✱ ♦♥ ❧✬❛♣♣❡❧❧❡ ❣+♦✉♣❡ $♣.❝✐❛❧

♦+*❤♦❣♦♥❛❧ ❡* ♦♥ ❧❡ ♥♦*❡

SOn(R) = {M ∈ On(R), det(M) = 1}.

❖♥ ❞.✜♥✐* ❛✉$$✐ ❧❡ ❣+♦✉♣❡ ❞❡$ ✐$♦♠.*+✐❡$ ✈❡❝*♦+✐❡❧❧❡$ ❞✐+❡❝*❡$ ❞❡ E ✿ SO(E) = {u ∈ O(E), det(u) = 1}✳

❊①❡2❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✸✮

❙♦✐* P ∈ On(R) ✉♥❡ ♠❛*+✐❝❡ ♦+*❤♦❣♦♥❛❧❡✳ ▼♦♥*+❡+ >✉❡ $✐ λ ∈ C ❡$* ✈❛❧❡✉+ ♣+♦♣+❡ ❞❡ P ❛❧♦+$ |λ| = 1.

✶✺✳✷✳✶ ❖%✐❡♥)❛)✐♦♥

❉$✜♥✐"✐♦♥ ✹

❖+✐❡♥*❡+ ✉♥ ❡$♣❛❝❡ ✈❡❝*♦+✐❡❧ E ❝✬❡$* ❝❤♦✐$✐+ ✉♥❡ ❜❛$❡ ✭♦+*❤♦♥♦+♠.❡✮ B ❞♦♥* ♦♥ ❝❤♦✐$✐* >✉✬❡❧❧❡ ❡$* ❞✐+❡❝*❡✳

❙♦✐* B′ ✉♥❡ ❛✉*+❡ ❜❛$❡ ❞❡ E✳ ❖♥ ❞✐+❛ >✉❡ B′ ❡$* ❞✐+❡❝*❡ $✐ detB(B
′) > 0 ❡* ✐♥❞✐+❡❝*❡ $✐ detB(B

′) < 0✳

❊①❡2❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✷✮

❙♦✐* E ✉♥ ❡$♣❛❝❡ ❡✉❝❧✐❞✐❡♥ ❡* B ✉♥❡ ❜❛$❡ ♦+*❤♦♥♦+♠.❡ ❞❡ E. ❖♥ ♦+✐❡♥*❡ E ♣❛+ ❧❛ ❜❛$❡ B.
▼♦♥*+❡+ >✉❡ ♣♦✉+ *♦✉*❡ ❛✉*+❡ ❜❛$❡ ♦+*❤♦♥♦+♠.❡ ❞✐+❡❝*❡ B′, ♦♥ ❛ detB = detB′ .

❖♥ ♥♦*❡ ✉$✉❡❧❧❡♠❡♥* Det = detB ❧✬❛♣♣❧✐❝❛*✐♦♥ ❞.*❡+♠✐♥❛♥* ❡♥ ❜❛$❡ ♦+*❤♦♥♦+♠.❡ ❞✐+❡❝*❡✱ ✐❧ ♥❡ ❞.♣❡♥❞ ❞❡ ❧❛ ❜❛$❡ ♦+*❤♦♥♦+♠.❡
❞✐+❡❝*❡ B ❝❤♦✐$✐❡✳

✸✼✹
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✶✺✳✸ ❊♥❞♦♠♦)♣❤✐-♠❡- ❛✉1♦❛❞❥♦✐♥1-

✶✺✳✸✳✶ ❉%✜♥✐)✐♦♥+ ❡) ♣.♦♣.✐%)%+

❉$✜♥✐"✐♦♥ ✺

❙♦✐# u ∈ L(E)✳ ❖♥ ❞✐# (✉❡ u ❡+# ✉♥ ❡♥❞♦♠♦5♣❤✐*♠❡ ❛✉"♦❛❞❥♦✐♥" ✭♦✉ *②♠$"5✐'✉❡✮ +✐

∀(x, y) ∈ E2, 〈x, u(y)〉 = 〈u(x), y〉.

❖♥ ♥♦#❡ S(E) ❧✬❡♥+❡♠❜❧❡ ❞❡+ ❡♥❞♦♠♦2♣❤✐+♠❡+ ❛✉#♦❛❞❥♦✐♥#+ ❞❡ E.

❊①❡5❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❯♥❡ +②♠9#2✐❡ ♦2#❤♦❣♦♥❛❧❡ ❡+# ✉♥ ❡♥❞♦♠♦2♣❤✐+♠❡ ❛✉#♦❛❞❥♦✐♥#✳

❊①❡♠♣❧❡ ✶✺✳✶✳ ❖♥ ♠✉♥✐% E =Mn(R) ❞✉ ♣(♦❞✉✐% *❝❛❧❛✐(❡ ✉*✉❡❧ ❡% ♦♥ ❞/*✐❣♥❡ ♣❛( f ❧✬❛♣♣❧✐❝❛%✐♦♥ %(❛♥*♣♦*/❡✳ ■❧ *✬❛❣✐% ❜✐❡♥

❞✬✉♥ ❡♥❞♦♠♦(♣❤✐*♠❡ ❞❡ E ❡% ♣♦✉( %♦✉% (A,B) ∈ E2
✱ ♦♥ ❛

〈A, f(B)〉 = tr(AT f(B)) = tr(ATBT )

= tr
(

(ATBT )T
)

= tr(BA)

= tr(AB) = tr(f(A)T .B) = 〈f(A), B〉

❆✐♥*✐✱ ▲✬❛♣♣❧✐❝❛%✐♦♥ %(❛♥*♣♦*/❡ ❡*% ✉♥ ❡♥❞♦♠♦(♣❤✐*♠❡ ❛✉%♦❛❞❥♦✐♥% ❞❡ Mn(R)✳

❊①❡5❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✷✮

❙♦✐# p ∈ L(E). ❉9♠♦♥#2❡2 ❧✬9(✉✐✈❛❧❡♥❝❡ +✉✐✈❛♥#❡✳

p ❡+# ✉♥ ♣2♦❥❡❝#❡✉2 ♦2#❤♦❣♦♥❛❧ ⇐⇒







p ◦ p = p

❡#

p ❡+# ✉♥ ❡♥❞♦♠♦2♣❤✐+♠❡ ❛✉#♦❛❞❥♦✐♥#

✸✼✺
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+2♦♣♦*✐"✐♦♥ ✾

❙♦✐# B ✉♥❡ ❜❛*❡ ♦2"❤♦♥♦2♠$❡ ❞❡ E ❡# u ∈ L(E). ❖♥ ❛ ❧✬,-✉✐✈❛❧❡♥❝❡ 0✉✐✈❛♥#❡✳

u ❡0# ✉♥ ❡♥❞♦♠♦3♣❤✐0♠❡ ❛✉#♦❛❞❥♦✐♥# ⇐⇒ M =MB(u) ❡0# 0②♠,#3✐-✉❡ ⇐⇒ MT = M.

+2❡✉✈❡✳

✸✼✻
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✷

❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✷✮

❙♦✐# u ∈ L(E) ✉♥ ❡♥❞♦♠♦)♣❤✐,♠❡ ❛✉#♦❛❞❥♦✐♥# ❡# F ✉♥ ,♦✉,✲❡,♣❛❝❡ ✈❡❝#♦)✐❡❧ ❞❡ E. ▼♦♥#)❡) 4✉❡ ,✐ F ❡,# ,#❛❜❧❡ ♣❛) u ❛❧♦),

F⊥ ❧✬❡,# ❛✉,,✐✳

✶✺✳✸✳✷ ❘&❞✉❝*✐♦♥ ❞❡/ ❡♥❞♦♠♦1♣❤✐/♠❡/ ❛✉*♦❛❞❥♦✐♥*

▲❡♠♠❡

▲❡, ✈❛❧❡✉), ♣)♦♣)❡, ❞✬✉♥ ❡♥❞♦♠♦)♣❤✐,♠❡ ❛✉#♦❛❞❥♦✐♥# ✭)❡,♣✳ ❞✬✉♥❡ ♠❛#)✐❝❡ ,②♠;#)✐4✉❡ );❡❧❧❡✮ ,♦♥# );❡❧❧❡,✳

+4❡✉✈❡✳✭❉✷✮

✷

✸✼✼
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❖♥ ❛ ❛❧♦%& ❧❡& ♣%♦♣♦&✐*✐♦♥& &✉✐✈❛♥*❡&✳

+2♦♣♦*✐"✐♦♥ ✶✵ ✭❚❤$♦28♠❡ ❙♣❡❝"2❛❧✮

❙♦✐* u ∈ L(E) ✉♥ ❡♥❞♦♠♦%♣❤✐&♠❡ ❛✉*♦❛❞❥♦✐♥*✳ ❆❧♦%&

• E ❡&* &♦♠♠❡ ❞✐%❡❝*❡ ♦%*❤♦❣♦♥❛❧❡ ❞❡& &♦✉&✲❡&♣❛❝❡& ♣%♦♣%❡& ❞❡ u,

• u ❡&* ❞✐❛❣♦♥❛❧✐&❛❜❧❡ ❡♥ ❜❛&❡ ♦%*❤♦♥♦%♠8❡✱ ❝✬❡&*✲;✲❞✐%❡ <✉✬✐❧ ❡①✐&*❡ ✉♥❡ ❜❛&❡ ♦%*❤♦♥♦%♠8❡ ❞❡ E ❢♦%♠8❡ ❞❡ ✈❡❝*❡✉%&

♣%♦♣%❡& ❞❡ u.

+2❡✉✈❡✳

✷

+2♦♣♦*✐"✐♦♥ ✶✶

❙♦✐* M ∈Mn(R) ✉♥❡ ♠❛*%✐❝❡ &②♠8*%✐<✉❡ %8❡❧❧❡✳ ❆❧♦%&

• Mn,1(R) ❡&* &♦♠♠❡ ❞✐%❡❝*❡ ♦%*❤♦❣♦♥❛❧❡ ❞❡& &♦✉&✲❡&♣❛❝❡& ♣%♦♣%❡& ❞❡ M,

• M ❡&* ❞✐❛❣♦♥❛❧✐&❛❜❧❡ ❡♥ ❜❛&❡ ♦%*❤♦♥♦%♠8❡✱ ❝✬❡&*✲;✲❞✐%❡ <✉✬✐❧ ❡①✐&*❡ ✉♥❡ ❜❛&❡ ♦%*❤♦♥♦%♠8❡ ❞❡ Mn,1(R) ❢♦%♠8❡ ❞❡
✈❡❝*❡✉%& ♣%♦♣%❡& ❞❡ u, ♦✉ ❡♥❝♦%❡ <✉✬✐❧ ❡①✐&*❡ ✉♥❡ ♠❛*%✐❝❡ ♦%*❤♦❣♦♥❛❧❡ P ∈ On(R) *❡❧❧❡ <✉❡

D = P−1MP = PTMP ❡&* ❞✐❛❣♦♥❛❧❡✳

❊①❡2❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✷✮

❙♦✐* u ∈ L(E) ✉♥ ❡♥❞♦♠♦%♣❤✐&♠❡ ❛✉*♦❛❞❥♦✐♥* ❞✬✉♥ ❡&♣❛❝❡ ❡✉❝❧✐❞✐❡♥ E✳ ❖♥ ♥♦*❡ λ1, . . . , λn ❧❡& ✈❛❧❡✉%& ♣%♦♣%❡& ❞❡ u

%8♣8*8❡& ❛✈❡❝ ♠✉❧*✐♣❧✐❝✐*8& ❡* %❛♥❣8❡& ❞❛♥& ❧✬♦%❞%❡ ❝%♦✐&&❛♥*✳ ❉8♠♦♥*%❡% <✉❡ ✿

∀x ∈ E, λ1‖x‖
2
6 〈u(x), x〉 6 λn‖x‖

2.

✸✼✽
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✶✺✳✸✳✸ ❊♥❞♦♠♦)♣❤✐-♠❡ ❛✉1♦❛❞❥♦✐♥1 ✭♦✉ ♠❛1)✐❝❡ -②♠61)✐7✉❡✮ ♣♦-✐1✐❢ ✭)❡-♣✳ ❞6✜♥✐ ♣♦-✐1✐❢✮

❉$✜♥✐"✐♦♥ ✻

❙♦✐# E ✉♥ ❡'♣❛❝❡ ❡✉❝❧✐❞✐❡♥ ❡# u ∈ L(E) ✉♥ ❡♥❞♦♠♦.♣❤✐'♠❡ ❛✉#♦❛❞❥♦✐♥#✳ ❖♥ ❞✐# 3✉❡ ✿

• u ❡'# ♣♦'✐#✐❢ '✐ ♣♦✉. #♦✉# x ∈ E, ♦♥ ❛ 〈u(x), x〉 > 0.
• u ❡'# ❞6✜♥✐ ♣♦'✐#✐❢ '✐ u ❡*" ♣♦*✐"✐❢ ❡# '✐ ✿

∀x ∈ E, 〈u(x), x〉 = 0 =⇒ x = 0.

• ❖♥ ♥♦#❡ S+(E) ❧✬❡♥'❡♠❜❧❡ ❞❡' ❡♥❞♦♠♦.♣❤✐'♠❡ ❛✉#♦❛❞❥♦✐♥#' ♣♦'✐#✐❢' ❡# S++(E) ❧✬❡♥'❡♠❜❧❡ ❞❡' ❡♥❞♦♠♦.♣❤✐'♠❡

❛✉#♦❛❞❥♦✐♥#' ❞6✜♥✐' ♣♦'✐#✐❢'✳

❉$✜♥✐"✐♦♥ ✼

M ✉♥❡ ♠❛#.✐❝❡ '②♠6#.✐3✉❡ .6❡❧❧❡✳ ❖♥ ❞✐# 3✉❡

• M ❡'# ♣♦'✐#✐✈❡ '✐ ♣♦✉. #♦✉# X ∈Mn,1(R), ♦♥ ❛ XTMX > 0.
• M ❡'# ❞6✜♥✐❡ ♣♦'✐#✐✈❡ '✐ M ❡*" ♣♦*✐"✐✈❡ ❡# '✐ ✿

∀X ∈Mn(R), XTMX = 0 =⇒ X = 0.

• ❖♥ ♥♦#❡ S+
n (R) ❧✬❡♥'❡♠❜❧❡ ❞❡' ♠❛#.✐❝❡' '②♠6#.✐3✉❡' .6❡❧❧❡' ♣♦'✐#✐✈❡' ❡# S++

n (R) ❧✬❡♥'❡♠❜❧❡ ❞❡' ♠❛#.✐❝❡' '②♠6#.✐3✉❡'

.6❡❧❧❡' ❞6✜♥✐❡' ♣♦'✐#✐✈❡'✳

❆✈❡❝ ❧❡' ♥♦#❛#✐♦♥' ♣.6❝6❞❡♥#❡'✱ '✐ B ❡'# ✉♥❡ ❜❛*❡ ♦9"❤♦♥♦9♠$❡ ❞❡ E✱ '✐ M =MB(u) ❡# X =MB(x), ❛❧♦.' ♦♥ ❛ ✿

〈u(x), x〉 = XTMX

▲❛ ♣.♦♣♦'✐#✐♦♥ '✉✐✈❛♥#❡ ❡♥ ❞6❝♦✉❧❡ ❞✐.❡❝#❡♠❡♥#✳

+9♦♣♦*✐"✐♦♥ ✶✷

❆✈❡❝ ❧❡' ♥♦#❛#✐♦♥' ♣.6❝6❞❡♥#❡'✱ '✐ B ❡'# ✉♥❡ ❜❛*❡ ♦9"❤♦♥♦9♠$❡ ❞❡ E✱ '✐ u ∈ S(E) ❡# M =MB(u) ∈ Sn(R)✱ ❛❧♦.' ✿

u ❡'# ♣♦'✐#✐❢ ✭.❡'♣✳ ❞6✜♥✐ ♣♦'✐#✐❢✮ ⇐⇒ M ❡'# ♣♦'✐#✐✈❡ ✭.❡'♣✳ ❞6✜♥✐❡ ♣♦'✐#✐✈❡✮

✸✼✾
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❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

• ❙♦✐# u ∈ S(E)✳ ▼♦♥#'❡' )✉❡ ✿ u ∈ S+(E) ⇐⇒ Sp(u) ⊂ R+

• ❙♦✐# A ∈ Sn(R)✳ ▼♦♥#'❡' )✉❡ ✿ A ∈ S+
n (R) ⇐⇒ Sp(A) ⊂ R+

❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✷✮

• ❙♦✐# u ∈ S(E)✳ ▼♦♥#'❡' )✉❡ ✿ u ∈ S++(E) ⇐⇒ Sp(u) ⊂ R+
∗

• ❙♦✐# A ∈ Sn(R)✳ ▼♦♥#'❡' )✉❡ ✿ A ∈ S++
n (R) ⇐⇒ Sp(A) ⊂ R+

∗

✸✽✵
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❊①❡♠♣❧❡ ✶✺✳✷✳  ♦✉# X =





x

y

z



 ∈M3,1(R), ♦♥ ♣♦&❡ q(X) = 7x2 + 4y2 + 4z2 + 4xy − 4xz − 2yz.

❉)*❡#♠✐♥❡# ✉♥❡ ♠❛*#✐❝❡ A ∈ S3(R) *❡❧❧❡ 0✉❡ q(X) = XTAX.

❊♥ ❞)❞✉✐#❡ 0✉❡ &✐ X 6= 0✱ ❛❧♦#&✱ q(X) > 0.

✸✽✶



▼❛"❤$♠❛"✐'✉❡* +❙■ ❙✳ ❉✐♦♥

✶✺✳✹ ❊%♣❛❝❡ ❡✉❝❧✐❞✐❡♥ ♦0✐❡♥12 ❞❡ ❞✐♠❡♥%✐♦♥ 2 ♦✉ 3

❉❛♥# ❝❡ ♣❛'❛❣'❛♣❤❡✱ E ❡#+ ✉♥ ❡#♣❛❝❡ ❡✉❝❧✐❞✐❡♥ ❞❡ ❞✐♠❡♥#✐♦♥ 2 ♦✉ 3, ♦'✐❡♥+2 ♣❛' ✉♥❡ ✉♥❡ ❜❛#❡ ♦'+❤♦♥♦'♠2❡ B✳ ❖♥ #❛✐+ 6✉✬❡♥
❡①♣'✐♠❛♥+ ❧❡# ✈❡❝+❡✉'# ❞❛♥# ❝❡++❡ ❜❛#❡✱ ♦♥ ❡#+ '❛♠❡♥2 : ❧❛ #+'✉❝+✉'❡ ❡✉❝❧✐❞✐❡♥♥❡ ✉#✉❡❧❧❡ #✉' R2

♦✉ R3. ❖♥ #❡ ♣❧❛❝❡'❛ ❞♦♥❝

+';# #♦✉✈❡♥+ #✉' R2
♦✉ #✉' R3

♦'✐❡♥+2 ♣❛' #❛ ❜❛#❡ ❝❛♥♦♥✐6✉❡✳

✶✺✳✹✳✶ ❖%✐❡♥)❛)✐♦♥

❖♥ ❛❞♠❡+ ❧❡# ❞❡✉① ♣'♦♣♦#✐+✐♦♥# #✉✐✈❛♥+❡#✳

+2♦♣♦*✐"✐♦♥ ✶✸

❙♦✐+ E ✉♥ ❡#♣❛❝❡ ❡✉❝❧✐❞✐❡♥ ♦'✐❡♥+2 ❞❡ ❞✐♠❡♥#✐♦♥ 2 ❡+ D ✉♥❡ ❞'♦✐+❡ ✈❡❝+♦'✐❡❧❧❡ ❞❡ E✳

❙♦✐+ a ✉♥ ✈❡❝+❡✉' ✉♥✐+❛✐'❡ ♥♦'♠❛❧ : D, ❛❧♦'# ✐❧ ❡①✐#+❡ ✉♥ ✉♥✐6✉❡ ✈❡❝+❡✉' e1 ❞❡ D +❡❧ 6✉❡ (e1, a) #♦✐+ ✉♥❡ ❜❛#❡ ♦'+❤♦♥♦'♠2❡
❞✐'❡❝+❡ ❞❡ E. ❙✐ ♦♥ ♦'✐❡♥+❡ D ♣❛' ❧❡ ✈❡❝+❡✉' e1✱ ♦♥ ❛ ♣♦✉' +♦✉+ u1 ∈ D ♥♦♥ ♥✉❧ ✿

(u1, a) ❡#+ ✉♥❡ ❜✳♦✳♥✳ ❞✐'❡❝+❡ ❞❡ E ⇐⇒ (u1) ❡#+ ✉♥❡ ❜✳♦✳♥✳ ❞✐'❡❝+❡ ❞❡ D

❖♥ ❞✐+ 6✉✬♦♥ ❛ ♦'✐❡♥+2 D ♣❛' ❧❡ ✈❡❝+❡✉' a.

■❧❧✉*"2❛"✐♦♥ ❣2❛♣❤✐'✉❡ ✿

+2♦♣♦*✐"✐♦♥ ✶✹

❙♦✐+ E ✉♥ ❡#♣❛❝❡ ❡✉❝❧✐❞✐❡♥ ♦'✐❡♥+2 ❞❡ ❞✐♠❡♥#✐♦♥ 3 ❡+ P ✉♥ ♣❧❛♥ ✈❡❝+♦'✐❡❧ ❞❡ E✳

❙♦✐+ a ✉♥ ✈❡❝+❡✉' ✉♥✐+❛✐'❡ ♥♦'♠❛❧ : P, ❛❧♦'# ✐❧ ❡①✐#+❡ ✉♥❡ ❜❛#❡ (e1, e2) ❞❡ P +❡❧ 6✉❡ (e1, e2, a) #♦✐+ ✉♥❡ ❜❛#❡ ♦'+❤♦♥♦'♠2❡
❞✐'❡❝+❡ ❞❡ E. ❙✐ ♦♥ ♦'✐❡♥+❡ P ♣❛' ❧❛ ❜❛#❡ (e1, e2)✱ ♣♦✉' +♦✉+❡ ❜❛#❡ (u1, u2) ❞❡ P ✱ ♦♥ ❛ ✿

(u1, u2, a) ❡#+ ✉♥❡ ❜✳♦✳♥✳ ❞✐'❡❝+❡ ❞❡ E ⇐⇒ (u1, u2) ❡#+ ✉♥❡ ❜✳♦✳♥✳ ❞✐'❡❝+❡ ❞❡ P

❖♥ ❞✐+ 6✉✬♦♥ ❛ ♦'✐❡♥+2 P ♣❛' ❧❡ ✈❡❝+❡✉' a.

■❧❧✉*"2❛"✐♦♥ ❣2❛♣❤✐'✉❡ ✿

✶✺✳✹✳✷ ❉.)❡%♠✐♥❛♥) ❞❛♥1 ✉♥❡ ❜❛1❡ ♦%)❤♦♥♦%♠.❡ ❞✐%❡❝)❡

+2♦♣♦*✐"✐♦♥ ✶✺

❙♦✐+ E ✉♥ ❡#♣❛❝❡ ❡✉❝❧✐❞✐❡♥ ♦'✐❡♥+2 ❞❡ ❞✐♠❡♥#✐♦♥ n ❡+ B ✉♥❡ ❜❛#❡ ♦'+❤♦♥♦'♠2❡ ❞✐'❡❝+❡ ❞❡ E.

❆❧♦'# ♣♦✉' +♦✉+ (u1, . . . , un) ∈ En
✱ detB(u1, . . . , un) ♥❡ ❞2♣❡♥❞ ♣❛# ❞❡ B✳ ❖♥ ❧✬❛♣♣❡❧❧❡ ♣2♦❞✉✐" ♠✐①"❡ ❞❡ (u1, . . . , un).

❖♥ ❧❡ ♥♦+❡ ✿

• ❉❡+(u1, . . . , un) ❞❛♥# ❧❡ ❝❛# ❣2♥2'❛❧✱

• ❉❡+(u1, u2) = [u1, u2] ❡♥ ❞✐♠❡♥#✐♦♥ 2✱ ❡+ ❞❛♥# R2
✱

∣

∣

∣[u1, u2]
∣

∣

∣ ❡#+ ❧✬❛✐'❡ ❞✉ ♣❛'❛❧❧;❧♦❣'❛♠♠❡ ❢♦'♠2 ♣❛' u1 ❡+ u2✱

• ❉❡+(u1, u2, u3) = [u1, u2, u3] ❡♥ ❞✐♠❡♥#✐♦♥ 3✱ ❡+ ❞❛♥# R3
✱

∣

∣

∣[u1, u2, u3]
∣

∣

∣ ❡#+ ❧❡ ✈♦❧✉♠❡ ❞✉ ♣❛'❛❧❧;❧2♣✐♣;❞❡ ❢♦'♠2 ♣❛' u1, u2

❡+ u3✳

✸✽✷
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+2❡✉✈❡✳ ✭✈♦✐$ ✭❊✷✮ ♣$&❝&❞❡♥+✮

✷

✶✺✳✹✳✸ %&♦❞✉✐+ ✈❡❝+♦&✐❡❧

+2♦♣♦*✐"✐♦♥ ✶✻

❙♦✐+ E ✉♥ ❡/♣❛❝❡ ❡✉❝❧✐❞✐❡♥ ♦$✐❡♥+& ❞❡ ❞✐♠❡♥/✐♦♥ 3 ❡+ u1, u2 ❞❡✉① ✈❡❝+❡✉$/ ❞❡ E.

■❧ ❡①✐/+❡ ✉♥ ✉♥✐5✉❡ v ∈ E +❡❧ 5✉❡ ∀w ∈ E, [u1, u2, w] = 〈w, v〉.
v /✬❛♣♣❡❧❧❡ ❧❡ ♣$♦❞✉✐+ ✈❡❝+♦$✐❡❧ ❞❡ u1 ❡+ u2, ♦♥ ❧❡ ♥♦+❡ v = u1 ∧ u2.

+2❡✉✈❡✳

✷

✸✽✸



▼❛"❤$♠❛"✐'✉❡* +❙■ ❙✳ ❉✐♦♥

❖♥ ❛❞♠❡& '✉❡ ❧❡ ♣+♦❞✉✐& ✈❡❝&♦+✐❡❧ ✈0+✐✜❡ ❧❡2 ♣+♦♣+✐0&02 2✉✐✈❛♥&❡2✳

+2♦♣♦*✐"✐♦♥ ✶✼

✶✳ (u, v) 7−→ u ∧ v ❡2& ❜✐❧✐♥0❛✐+❡ ❡& ❛♥&✐2②♠0&+✐'✉❡ ✭v ∧ u = −u ∧ v✮

✷✳ u, v ❝♦❧✐♥0❛✐+❡2 ⇐⇒ u ∧ v = 0

✸✳ ❙✐ u ❡& v 2♦♥& ♦+&❤♦❣♦♥❛✉① ❛❧♦+2 ‖u ∧ v‖ = ‖u‖.‖v‖

✹✳ ❙✐ (u, v) ❡& ♦+&❤♦♥♦+♠0❡ ❛❧♦+2 (u, v, u ∧ v) ❡2& ✉♥❡ ❜❛2❡ ♦+&❤♦♥♦+♠0❡ ❞✐+❡❝&❡ ❞❡ E

✺✳ ❙✐ (i, j, k) ❡2& ✉♥❡ ❜❛2❡ ♦+&❤♦♥♦+♠0❡ ❞✐+❡❝&❡ ❞❡ E ❛❧♦+2

i ∧ j = k, j ∧ k = i ❡& k ∧ i = j.

■❧❧✉*"2❛"✐♦♥ ❣2❛♣❤✐'✉❡ ✿

❖♥ ❞♦♥♥❡ ❡♥✜♥ ❧✬❡①♣+❡22✐♦♥ ❛♥❛❧②&✐'✉❡ ❞✉ ♣+♦❞✉✐& ✈❡❝&♦+✐❡❧✳

+2♦♣♦*✐"✐♦♥ ✶✽

❙✐ B = (i, j, k) ❡2& ✉♥❡ ❜❛2❡ ♦+&❤♦♥♦+♠0❡ ❞✐+❡❝&❡ ❞❡ E ❡& 2✐ u = (x, y, z)B ❡& v = (x′, y′, z′)B 2♦♥& ❞❡✉① ✈❡❝&❡✉+2 ❞❡ E ♦♥

❛ ✿

u ∧ v =

∣

∣

∣

∣

y y′

z z′

∣

∣

∣

∣

i−

∣

∣

∣

∣

x x′

z z′

∣

∣

∣

∣

j +

∣

∣

∣

∣

x x′

y y′

∣

∣

∣

∣

k.

▼$"❤♦❞❡ ❞❡ ❝❛❧❝✉❧ ✿





x

y

z



 ∧





x′

y′

z′



 =





x

y

z



 ∧





x′

y′

z′



 =

❊①❡♠♣❧❡ ✶✺✳✸✳ ❉❛♥# R3
♠✉♥✐ ❞✉ ♣)♦❞✉✐+ ❞✉ ♣)♦❞✉✐+ #❝❛❧❛✐)❡ ✉#✉❡❧ ❡+ ♦)✐❡♥+/ ♣❛) ❧❛ ❜❛#❡ ❝❛♥♦♥✐1✉❡✱ ♦♥ ❝♦♥#✐❞3)❡ F =❱❡❝+(u, v)

❛✈❡❝ u = (1, 2, 1) ❡+ v = (0, 1,−1)✳

• ❉/+❡)♠✐♥❡) ✉♥❡ /1✉❛+✐♦♥ ❞❡ F.

• ❙♦✐+ w = (x, y, z). ❉/+❡)♠✐♥❡) d(w,F ) ❡+ ✐♥+❡)♣)/+❡) ❣/♦♠/+)✐1✉❡♠❡♥+✳

✸✽✹
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❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❉✐❛❣♦♥❛❧✐'❡) ❡♥ ❜❛'❡ ♦)+❤♦♥♦)♠.❡ ❧❛ ♠❛+)✐❝❡ A =





3 1 1
1 3 1
1 1 3



 .

✸✽✺
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✶✺✳✺ ■$♦♠'()✐❡$ ✈❡❝(♦)✐❡❧❧❡$ ❞✬✉♥ ♣❧❛♥ ❡✉❝❧✐❞✐❡♥

✶✺✳✺✳✶ ❉❡%❝'✐♣*✐♦♥ ❞❡ O(2)

+2♦♣♦*✐"✐♦♥ ✶✾

❙♦✐# M ∈M2(R). ❖♥ ❛ ❧❡% &'✉✐✈❛❧❡♥❝❡% %✉✐✈❛♥,❡%✳

M ∈ O(2) ⇐⇒ ∃θ ∈ R, ∃ε ∈ {1,−1}, M =

(

cos(θ) −ε sin(θ)
sin(θ) ε cos(θ)

)

,

M ∈ SO(2) ⇐⇒ ∃θ ∈ R, M =

(

cos(θ) − sin(θ)
sin(θ) cos(θ)

)

.

 !❡✉✈❡✳

• ✭❉✶✮ ❙♦✐, M =

(

a c

b d

)

∈ SO(2), ❧❡% 0❡❧❛,✐♦♥% %✉0 ❧❡% ❝♦❧♦♥♥❡% ❞♦♥♥❡♥, ✿

a2 + b2 = 1, c2 + d2 = 1, ac+ bd = 0 ❡, ❞❡,(M) = ad− bc = 1.

▲❡% ❞❡✉① ♣0❡♠✐70❡% &❣❛❧✐,&% ❞♦♥♥❡♥, ❧✬❡①✐%,❡♥❝❡ ❞❡ θ ∈ R ❡, α ∈ R ,❡❧% '✉❡

{

a = cos(θ)
b = sin(θ)

❡,

{

c = cos(α)
d = sin(α)

▲❡% ❞❡✉① ❞❡0♥✐70❡% 0❡❧❛,✐♦♥% %❡ ,0❛❞✉✐%❡♥, ❛❧♦0% ♣❛0 cos(θ − α) = 0 ❡, sin(α− θ) = 1.

❖♥ ❡♥ ❞&❞✉✐, '✉❡ α− θ ≡
π

2
[2π]. ❊♥ ♣❛0,✐❝✉❧✐❡0✱ ♦♥ ♦❜,✐❡♥,

c = cos
(

θ +
π

2

)

= − sin(θ) ❡, d = sin
(

θ +
π

2

)

= cos(θ),

❞✬♦= ❧✬&❝0✐,✉0❡ ❞❡ M ❞&%✐0&❡✳ ❋✐♥ ❞❡ ✭❉✶✮✳

• ?♦✉0 ✜♥✐0✱ %✐ M ∈ O(2)r SO(2) ❛❧♦0% det(M) = −1✳

❙♦✐, P =

(

1 0
0 −1

)

. ❆❧♦0% P ❡%, ✉♥❡ ♠❛,0✐❝❡ ♦0,❤♦❣♦♥❛❧❡ ❞❡ ❞&,❡0♠✐♥❛♥, −1. ❉♦♥❝ MP ❡%, ✉♥❡ ♠❛,0✐❝❡ ♦0,❤♦❣♦♥❛❧❡

❞❡ ❞&,❡0♠✐♥❛♥, (−1)× (−1) = 1. ❉✬❛♣07% ❝❡ '✉✐ ♣0&❝7❞❡✱ ♦♥ ♣❡✉, ,0♦✉✈❡0 θ ∈ R ,❡❧ '✉❡

MP =

(

cos(θ) − sin(θ)
sin(θ) cos(θ)

)

.

❖♥ ♦❜,✐❡♥, ❛❧♦0% M = (MP )P−1 = (MP )tP =

(

cos(θ) − sin(θ)
sin(θ) cos(θ)

)

×

(

1 0
0 −1

)

.

❊, ❞♦♥❝ ♦♥ ❛ M =

(

cos(θ) sin(θ)
sin(θ) − cos(θ)

)

.

✷

 !♦♣♦,✐.✐♦♥ ✷✵

?♦✉0 ,♦✉, θ ∈ R, ♦♥ ♥♦,❡ R(θ) =

(

cos(θ) − sin(θ)
sin(θ) cos(θ)

)

▲✬❛♣♣❧✐❝❛,✐♦♥ θ −→ R(θ) ✈&0✐✜❡ ✿
∀(θ, ϕ) ∈ R

2, R(θ + ϕ) = R(θ)R(ϕ).

 !❡✉✈❡✳ ❈❡❧❛ %✬♦❜,✐❡♥, ❢❛❝✐❧❡♠❡♥, ❡♥ ❡✛❡❝,✉❛♥, ❧❡ ♣0♦❞✉✐, ❞❡% ♠❛,0✐❝❡% ❡, ❡♥ ✉,✐❧✐%❛♥, ❧❡% ❢♦0♠✉❧❡% ,0✐❣♦♥♦♠&,0✐'✉❡%✳ ✷

❘❡♠❛!5✉❡ ✿ ▲❡% &❧&♠❡♥,% ❞❡ SO(2) ❝♦♠♠✉,❡♥, ❞❡✉① G ❞❡✉① ❡, ❧✬♦♥ ❛

∀θ ∈ R, R(θ)−1 = R(−θ).

✸✽✻
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✶✺✳✺✳✷ ❘♦&❛&✐♦♥* ❞✬✉♥ ♣❧❛♥ ❡✉❝❧✐❞✐❡♥

❉❛♥# ❝❡ ♣❛'❛❣'❛♣❤❡✱ E ❞,#✐❣♥❡ ✉♥ ❡*♣❛❝❡ ❡✉❝❧✐❞✐❡♥ ♦6✐❡♥"$ ❞❡ ❞✐♠❡♥#✐♦♥ 2, ❝✬❡#2✲4✲❞✐'❡ ✉♥ ♣❧❛♥ ❡✉❝❧✐❞✐❡♥ ♠✉♥✐ ❞✬✉♥❡ ❜❛#❡
❞♦♥2 ♦♥ ❞,❝✐❞❡ 7✉✬❡❧❧❡ ❡#2 ❞✐'❡❝2❡✳

❉$✜♥✐"✐♦♥ ✽

❖♥ ❛♣♣❡❧❧❡ '♦2❛2✐♦♥ ✈❡❝2♦'✐❡❧❧❡ ❞✉ ♣❧❛♥ E 2♦✉2 ,❧,♠❡♥2 ❞❡ SO(E) ❝✬❡#2✲4✲❞✐'❡ 2♦✉2❡ ✐#♦♠,2'✐❡ ✈❡❝2♦'✐❡❧❧❡ ❞✐'❡❝2❡✳

+6♦♣♦*✐"✐♦♥ ✷✶

❙✐ f ∈ SO(E). ❆❧♦'# ✐❧ ❡①✐#2❡ θ ∈ R 2❡❧ 7✉❡ ♣♦✉' 2♦✉2❡ ❜❛#❡ ♦'2❤♦♥♦'♠❛❧❡ ❞✐6❡❝"❡ B✱ ❧❛ ♠❛2'✐❝❡ ❞❡ f ❞❛♥# B ❡#2 ,❣❛❧❡ 4 ✿

MB(f) = R(θ) =

(

cos(θ) − sin(θ)
sin(θ) cos(θ)

)

.

▲❡ ',❡❧ θ ❡#2 ✉♥✐7✉❡ ♠♦❞✉❧♦ 2π ❡2 ❡#2 ❛♣♣❡❧, ♠❡*✉6❡ ❞❡ ❧✬❛♥❣❧❡ ❞❡ ❧❛ 6♦"❛"✐♦♥ ♦✉ ♣❧✉# #✐♠♣❧❡♠❡♥2 ❛♥❣❧❡ ❞❡ ❧❛
6♦"❛"✐♦♥✳

+6❡✉✈❡✳ ❙♦✐2 f ∈ SO(E), ❡2 #♦✐2 B ✉♥❡ ❜❛#❡ ♦'2❤♦♥♦'♠❛❧❡ ❞✐'❡❝2❡✳
❆❧♦'# ♦♥ #❛✐2 7✉❡ M =MB(f) ∈ SO(2), ❝✬❡#2✲4✲❞✐'❡ 7✉✬✐❧ ❡①✐#2❡ θ ∈ R 2❡❧ 7✉❡ M = R(θ).

❙✐ B′ ❡#2 ✉♥❡ ❛✉2'❡ ❜❛#❡ ♦'2❤♦♥♦'♠❛❧❡ ❞✐'❡❝2❡✱ ♦♥ ♥♦2❡ P = PB,B′
❧❛ ♠❛2'✐❝❡ ❞❡ ♣❛##❛❣❡ ❞❡ ❧❛ ❜❛#❡ B 4 B′. ▲❛ ♠❛2'✐❝❡ P ,2❛♥2

✉♥❡ ♠❛2'✐❝❡ ❞❡ ♣❛##❛❣❡ ❞❡ ❜❛#❡ ♦'2❤♦♥♦'♠❛❧❡ 4 ✉♥❡ ❜❛#❡ ♦'2❤♦♥♦'♠❛❧❡✱ ♦♥ ❛ P ∈ O(2). ❈♦♠♠❡ ♦♥ ♣❛##❡ ❞✬✉♥❡ ❜❛#❡ ❞✐'❡❝2❡
4 ✉♥❡ ❜❛#❡ ❞✐'❡❝2❡✱ det(P ) > 0. ❖♥ ❡♥ ❞,❞✉✐2 7✉❡ P ∈ SO(2). ■❧ ❡①✐#2❡ ❞♦♥❝ α ∈ R 2❡❧ 7✉❡ P = R(α).

MB′(f) = P−1MP = R(−α)R(θ)R(α) = R(−α+ θ + α) = R(θ).

✷

+6♦♣♦*✐"✐♦♥ ✷✷

❙♦✐2 f ∈ SO(E) ❡#2 ✉♥❡ '♦2❛2✐♦♥ ✈❡❝2♦'✐❡❧❧❡✱ ♦♥ ♥♦2❡ θ ✉♥❡ ♠❡#✉'❡ ❞❡ #♦♥ ❛♥❣❧❡✳ ❆❧♦'# ♣♦✉' 2♦✉2 ✈❡❝2❡✉' ✉♥✐"❛✐6❡ a ✿

✶✮ cos(θ) = (a|f(a))

✷✮ E♦✉' 2♦✉2 ❜❛#❡ ♦'2❤♦♥♦'♠❛❧❡ ❞✐'❡❝2❡ B ♦♥ ❛ sin(θ) = detB(a, f(a)).

+6❡✉✈❡✳ ❙♦✐2 a ✉♥ ✈❡❝2❡✉' ✉♥✐2❛✐'❡✱ ✐❧ ❡①✐#2❡ ✉♥❡ ✉♥✐7✉❡ ❜❛#❡ ♦'2❤♦♥♦'♠❛❧❡ ❞✐'❡❝2❡ ❞❡ ❧❛ ❢♦'♠❡ Ba = (a, b).

❖♥ ♦❜2✐❡♥2 ❛❧♦'#MBa
(f) =

(

cos(θ) − sin(θ)
sin(θ) cos(θ)

)

.

❊♥ ♣❛'2✐❝✉❧✐❡'✱ ♦♥ ❛ f(a) = a cos(θ) + b sin(θ) ❡2 ❞♦♥❝ ✿

(a|f(a)) = cos(θ)(a|a) + sin(θ)(a|b) = cos(θ).

❉❡ ♣❧✉#✱ ♦♥ ♦❜2✐❡♥2 7✉❡

detBa
(a, f(a)) =

∣

∣

∣

∣

1 cos(θ)
0 sin(θ)

∣

∣

∣

∣

= sin(θ) = detB(a, f(a)),

❝❛' ❝❡ ❞,2❡'♠✐♥❛♥2 ♥❡ ❞,♣❡♥❞ ♣❛# ❞❡ ❧❛ ❜❛#❡ ♦'2❤♦♥♦'♠,❡ ❞✐'❡❝2❡ ❝❤♦✐#✐❡✳

✷

✸✽✼
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✶✺✳✺✳✸ ■%♦♠()*✐❡% ✈❡❝)♦*✐❡❧❧❡% ✐♥❞✐*❡❝)❡% ❞✬✉♥ ♣❧❛♥ ❡✉❝❧✐❞✐❡♥

+2♦♣♦*✐"✐♦♥ ✷✸

▲❡" ✐"♦♠&'(✐❡" ✐♥❞✐(❡❝'❡" ❞✉ ♣❧❛♥ ❡✉❝❧✐❞✐❡♥ E "♦♥' ❧❡" (&✢❡①✐♦♥" ❞❡ E ❝✬❡"'✲4✲❞✐(❡ ❧❡" "②♠&'(✐❡" ♦('❤♦❣♦♥❛❧❡" ♣❛( (❛♣♣♦('

4 ✉♥❡ ❞(♦✐'❡✳

+2❡✉✈❡✳ ❙♦✐' f ∈ O(E)r SO(E) ❡' "♦✐' B = (e1, e2) ✉♥❡ ❜❛"❡ ♦('❤♦♥♦(♠& ❞✐(❡❝'❡ ❞❡ E. ▲❛ ♠❛'(✐❝❡ ❞❡ f ❞❛♥" ❝❡''❡ ❜❛"❡ ❡"'

❞❡ ❧❛ ❢♦(♠❡ A =

(

cos(θ) sin(θ)
sin(θ) − cos(θ)

)

.

❆❧♦(" ❧❡ ♣♦❧②♥=♠❡ ❝❛(❛❝'&(✐"'✐>✉❡ ❞❡ A ❡"' ✿

χA(λ) = (cos(θ)− λ)(− cos(θ)− λ)− sin2(θ) = λ2 − 1.

▲❛ ♠❛'(✐❝❡ A ♣♦""@❞❡ ❞♦♥❝ ❞❡✉① ✈❛❧❡✉(" ♣(♦♣(❡" ❞❡ ♠✉❧'✐♣❧✐❝✐'& 1 ✿ ❝❡ "♦♥' 1 ❡' −1. ❉❡ ♣❧✉" A ❡"' "②♠&'(✐>✉❡ ❡' B ❡"' ♦('❤♦✲

♥♦(♠&❡ ❞♦♥❝ f ❡"' ✉♥ ❡♥❞♦♠♦(♣❤✐"♠❡ "②♠&'(✐>✉❡✳ C❛( ❝♦♥"&>✉❡♥'✱ "❡" "♦✉"✲❡"♣❛❝❡" ♣(♦♣(❡" "♦♥' ❞❡✉①✲4✲❞❡✉① ♦('❤♦❣♦♥❛✉①✳

❆✐♥"✐ ♦♥ ❛ E1 ⊥ E−1 ❡' ❞♦♥❝ f ❡"' ❧❛ "②♠&'(✐❡ ♦('❤♦❣♦♥❛❧❡ ♣❛( (❛♣♣♦(' 4 E1. ✷

✶✺✳✻ ■%♦♠()*✐❡% ✈❡❝)♦*✐❡❧❧❡% ❞✐*❡❝)❡% ❞✬✉♥ ❡%♣❛❝❡ ❡✉❝❧✐❞✐❡♥ ❞❡ ❞✐♠❡♥%✐♦♥ 3

❉❛♥" ❝❡ ♣❛(❛❣(❛♣❤❡✱ E ❞&"✐❣♥❡ ✉♥ ❡"♣❛❝❡ ❡✉❝❧✐❞✐❡♥ ♦(✐❡♥'& ❞❡ ❞✐♠❡♥"✐♦♥ 3✱ ❝✬❡"'✲4✲❞✐(❡ ♠✉♥✐ ❞✬✉♥❡ ❜❛"❡ ❞♦♥' ♦♥ ❝❤♦✐"✐' >✉✬❡❧❧❡
❡"' ❞✐(❡❝'❡✳

❖♥ ❝♦♥♥❛F' ❞&❥4 ❝❡('❛✐♥❡" ✐"♦♠&'(✐❡" ✈❡❝'♦(✐❡❧❧❡" ✿ ❧❡" "②♠&'(✐❡" ♦('❤♦❣♦♥❛❧❡"✳ ❙✐ s ❡"' ✉♥❡ "②♠&'(✐❡ ♦('❤♦❣♦♥❛❧❡✱ ♦♥ ♣❡✉' &❝(✐(❡

"❛ ♠❛'(✐❝❡ S ❞❛♥" ✉♥❡ ❜❛"❡ ♦('❤♦♥♦(♠&❡ ❛❞❛♣'&❡ 4 ❧❛ "♦♠♠❡ ❞✐(❡❝'❡ E = Ker(s − IdE) ⊕ Ker(s + IdE)✳ ◗✉❛'(❡ ❝❛" "♦♥'
♣♦""✐❜❧❡"✱ ♦♥ ♣(&❝✐"❡ ♣♦✉( ❝❤❛❝✉♥ ❞❡ "❡" ❝❛"✱ "✬✐❧ "✬❛❣✐' ❞✬✉♥❡ ✐"♦♠&'(✐❡ ✈❡❝'♦(✐❡❧❧❡ ❞✐(❡❝'❡ ♦✉ ✐♥❞✐(❡❝'❡✳

S =





1 0 0
0 1 0
0 0 1



 S =





1 0 0
0 1 0
0 0 −1



 S =





1 0 0
0 −1 0
0 0 −1



 S =





−1 0 0
0 −1 0
0 0 −1





s = IdE ❡' det(s) = 1 det(s) = −1 det(s) = 1 s = −IdE ❡' det(s) = −1
✐"♦♠&'(✐❡ ❞✐(❡❝'❡ ✐"♦♠&'(✐❡ ✐♥❞✐(❡❝'❡ ✐"♦♠&'(✐❡ ❞✐(❡❝'❡ ✐"♦♠&'(✐❡ ✐♥❞✐(❡❝'❡

▲✬♦❜❥❡❝'✐❢ ❞❡ ❝❡ ♣❛(❛❣(❛♣❤❡ ❡"' ❞❡ ❞&❝(✐(❡ '♦✉'❡" ❧❡" ✐"♦♠&'(✐❡" ✈❡❝'♦(✐❡❧❧❡" ❞✐(❡❝'❡" ❞✬✉♥ ❡"♣❛❝❡ ❡✉❝❧✐❞✐❡♥ ❞❡ ❞✐♠❡♥"✐♦♥ 3.
C❛(♠✐ ❡❧❧❡"✱ ♦♥ ❝♦♠♣'❡ ❞♦♥❝ ❞&❥4 ❧✬❡♥❞♦♠♦(♣❤✐"♠❡ ✐❞❡♥'✐'& ❡' ❧❡" "②♠&'(✐❡" ♦('❤♦♥❛❧❡" ♣❛( (❛♣♣♦(' 4 ✉♥❡ ❞(♦✐'❡✳

▲❡♠♠❡

❚♦✉'❡ ✐"♦♠&'(✐❡ ✈❡❝'♦(✐❡❧❧❡ ❞✬✉♥ ❡"♣❛❝❡ ❡✉❝❧✐❞✐❡♥ ❞❡ ❞✐♠❡♥"✐♦♥ ✸ ❛❞♠❡' ❛✉ ♠♦✐♥" 1 ♦✉ −1 ❝♦♠♠❡ ✈❛❧❡✉( ♣(♦♣(❡✳

+2❡✉✈❡✳ ❙♦✐' s ✉♥❡ ✐"♦♠&'(✐❡ ✈❡❝'♦(✐❡❧❧❡ ❞❡ E. ❈♦♠♠❡ ❧❡ ♣♦❧②♥=♠❡ ❝❛(❛❝'&(✐"'✐>✉❡ ❞❡ s ❡"' ❞❡ ❞❡❣(& 3 = dim(E), ♣❛( ❧❡
'❤&♦(@♠❡ ❞❡" ✈❛❧❡✉(" ✐♥'❡(♠&❞✐❛✐(❡"✱ ✐❧ ❛❞♠❡' ❛✉ ♠♦✐♥" ✉♥❡ (❛❝✐♥❡ (&❡❧❧❡ ✭❝♦♥'✐♥✉✐'& ❡' ❧✐♠✐'❡" ❡♥ ±∞✮✳ ❉♦♥❝ s ❛❞♠❡' ❛✉

♠♦✐♥" ✉♥❡ ✈❛❧❡✉( ♣(♦♣(❡ (&❡❧❧❡ λ.

❊' ♦♥ ❛ ✈✉ ❡♥ ❡①❡(❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✸✮ >✉❡ λ ❡"' ♥&❝❡""❛✐(❡♠❡♥' ❞❡ ♠♦❞✉❧❡ 1. C❛( ❝♦♥"&>✉❡♥'✱ s ❛❞♠❡' ❛✉ ♠♦✐♥" 1 ♦✉ −1
❝♦♠♠❡ ✈❛❧❡✉( ♣(♦♣(❡✳

✷

▲❡♠♠❡

❙♦✐' f ∈ SO(E) ✉♥❡ ✐"♦♠&'(✐❡ ✈❡❝'♦(✐❡❧❧❡ ❞✐(❡❝'❡ ❞❡ ❧✬❡"♣❛❝❡ E. ❆❧♦(" 1 ❡"' ✈❛❧❡✉( ♣(♦♣(❡ ❞❡ f ❡' ❞❡✉① ❝❛" "❡ ♣(&"❡♥'❡♥' ✿

• dim(E1(f)) = 3✱ ❞❛♥" ❝❡ ❝❛" f = IdE
♦✉

• m1(f) = 1 ❡' dim(E1(f)) = 1✱ ♦♥ ❞✐' ❞❛♥" ❝❡ ❝❛" >✉❡ f ❡"' ✉♥❡ 2♦"❛"✐♦♥ ✈❡❝"♦2✐❡❧❧❡ ❞✬❛①❡ ∆ = E1(f).

✸✽✽
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+2❡✉✈❡✳ ❙♦✐# f ✐♥ ✐%♦♠'#(✐❡ ✈❡❝#♦(✐❡❧❧❡ ❞✐(❡❝#❡ #❡❧❧❡ .✉❡ f 6= IdE ✳
❉✬❛♣(5% ❧❡ ❧❡♠♠❡ ♣('❝'❞❡♥#✱ ♦♥ %❛✐# .✉❡ 1 ❡#✴♦✉ −1 ❡%# ✈❛❧❡✉( ♣(♦♣(❡ ❞❡ f.

• ❙✉♣♣♦%♦♥% .✉❡ 1 ♥❡ %♦✐# ♣❛% ✈❛❧❡✉( ♣(♦♣(❡ ❞❡ f, ❛❧♦(% −1 ❧✬❡%# ❡# ❞♦♥❝ ✐❧ ❡①✐%#❡ e ∈ E ♥♦♥ ♥✉❧ #❡❧ .✉❡ f(e) = −e. ❈✬❡%# ✉♥
✈❡❝#❡✉( ♣(♦♣(❡ ❛%%♦❝✐' : 1 ❞♦♥❝ ∆ = Vect(e) ❡%# ✉♥❡ ❞(♦✐#❡ ✈❡❝#♦(✐❡❧❧❡ %#❛❜❧❡ ♣❛( f ✳ ❈♦♠♠❡ f ∈ O(E)✱ ❧❡ ♣❧❛♥ P = ∆⊥ ❡%#

❛✉%%✐ %#❛❜❧❡ ♣❛( f ✳

❖♥ ♥♦#❡ f̃ ❧✬❡♥❞♦♠♦(♣❤✐%♠❡ ✐♥❞✉✐# ♣❛( f %✉( P, ✐❧ ❝♦♥%❡(✈❡ ❛✉%%✐ ❧❛ ♥♦(♠❡✱ ❞♦♥❝ f̃ ❡%# ✉♥❡ ✐%♦♠'#(✐❡ ❞❡ P.

❊# ❞❛♥% ✉♥❡ ❜❛%❡ ♦(#❤♦♥♦(♠'❡ B = (e1, e2, e3) ❛❞❛♣#'❡ : E = ∆
⊥
⊕P ✱ ❧❛ ♠❛#(✐❝❡ ❞❡ f ❡%# ✿

MB(f) =





−1 0 0
0
0

M(e2,e3)(f̃)





❯♥ ❝❛❧❝✉❧ ❞❡ ❞'#❡(♠✐♥❛♥# ♣❛( ❜❧♦❝% ❞♦♥♥❡ det(f) =MB(f) = −1 = 1×M(e2,e3)(f̃) ❞♦♥❝ det(f̃) =M(e2,e3)(f̃) = −1. ❆✐♥%✐✱

f̃ ❡%# ✉♥❡ ✐%♦♠'#(✐❡ ✐♥❞✐(❡❝#❡ ❞❡ P ✳ ❉✬❛♣(5% ❧❡ ♣❛(❛❣(❛♣❤❡ ♣('❝'❞❡♥#✱ f̃ ❡%# ✉♥❡ %②♠'#(✐❡ ♦(#❤♦❣♦♥❛❧❡ ❡# dim(E1(f̃)) = 1. ❊#
❞♦♥❝ 1 ❡%# ✈❛❧❡✉( ♣(♦♣(❡ ❞❡ f̃ ✱ ❛ ❢♦(#✐♦(✐ 1 ❡%# ✈❛❧❡✉( ♣(♦♣(❡ ❞❡ f ✳ ✳ ✳

❈♦♥"2❛❞✐❝"✐♦♥

• ❆✐♥%✐ 1 ❡%# ❜✐❡♥ ✈❛❧❡✉( ♣(♦♣(❡ ❞❡ f, ❡# ❞♦♥❝ ✐❧ ❡①✐%#❡ e ∈ E ♥♦♥ ♥✉❧ #❡❧ .✉❡ f(e) = e. ❈✬❡%# ✉♥ ✈❡❝#❡✉( ♣(♦♣(❡ ❛%%♦❝✐' : 1
❞♦♥❝ ∆ = Vect(e) ❡%# ✉♥❡ ❞(♦✐#❡ ✈❡❝#♦(✐❡❧❧❡ %#❛❜❧❡ ♣❛( f ✳ ❈♦♠♠❡ f ∈ O(E)✱ ❧❡ ♣❧❛♥ P = ∆⊥ ❡%# ❛✉%%✐ %#❛❜❧❡ ♣❛( f ✳

❖♥ ♥♦#❡ f̃ ❧✬❡♥❞♦♠♦(♣❤✐%♠❡ ✐♥❞✉✐# ♣❛( f %✉( P, ✐❧ ❝♦♥%❡(✈❡ ❛✉%%✐ ❧❛ ♥♦(♠❡✱ ❞♦♥❝ f̃ ❡%# ✉♥❡ ✐%♦♠'#(✐❡ ❞❡ P.

❊# ❞❛♥% ✉♥❡ ❜❛%❡ ♦(#❤♦♥♦(♠'❡ B = (e1, e2, e3) ❛❞❛♣#'❡ : E = ∆
⊥
⊕P ✱ ❧❛ ♠❛#(✐❝❡ ❞❡ f ❡%# ✿

MB(f) =





1 0 0
0
0

M(e2,e3)(f̃)





❯♥ ❝❛❧❝✉❧ ❞❡ ❞'#❡(♠✐♥❛♥# ♣❛( ❜❧♦❝% ❞♦♥♥❡ det(f) =MB(f) = 1 = 1 ×M(e2,e3)(f̃) ❞♦♥❝ det(f̃) =M(e2,e3)(f̃) = 1. ❆✐♥%✐✱ f̃
❡%# ✉♥❡ ✐%♦♠'#(✐❡ ❞✐(❡❝#❡ ❞❡ P ✱ ❞✬❛♣(5% ❧❡ ♣❛(❛❣(❛♣❤❡ ♣('❝'❞❡♥#✱ f ❡%# ✉♥❡ (♦#❛#✐♦♥ ❞✐✛'(❡♥#❡ ❞❡ ❧✬✐❞❡♥#✐#' ✭%✐♥♦♥✱ ♦♥ ❛✉(❛✐#

f = IdE✮✱ ❞♦♥❝ f̃ ♥✬❛ ❛✉❝✉♥❡ ✈❛❧❡✉( ♣(♦♣(❡ ('❡❧❧❡✳ ❈♦♠♠❡ χf (X) = (X − 1)χf̃ (X) ♦♥ ❛ ❜✐❡♥ m1(f) = 1 ❡# dim(E1(f)) = 1✳
✷

❖♥ (❡♣(❡♥❞ ❧❡% ♥♦#❛#✐♦♥% ❞❡ ❧❛ ♣(❡✉✈❡ ♣('❝'❞❡♥#❡✳ ❖♥ (❛♣♣❡❧❧❡ .✉✬♦♥ ♣❡✉# ♦(✐❡♥#❡( ❧❡ ♣❧❛♥ P ❡♥ ❝❤♦✐%✐%%❛♥# ✉♥ ✈❡❝#❡✉(

♦(#❤♦❣♦♥❛❧ ✉♥✐#❛✐(❡ ~a ✿ ✉♥❡ ❜❛%❡ (~e1, ~e2) ❞❡ P ❡%# ❞✐(❡❝#❡ ✭(❡%♣✳ ✐♥❞✐(❡❝#❡✮ %✐ ❧❛ ❜❛%❡ (~e1, ~e2,~a) ❡%# ❞✐(❡❝#❡ ✭(❡%♣✳ ✐♥❞✐(❡❝#❡✮✳

❖♥ ❞'✜♥✐# ❛❧♦(% ❧❛ ♥♦#✐♦♥ ❞✬❛♥❣❧❡ ♣♦✉( ✉♥❡ (♦#❛#✐♦♥ ✈❡❝#♦(✐❡❧❧❡✳

❉$✜♥✐"✐♦♥ ✾

❙♦✐# f ✉♥❡ (♦#❛#✐♦♥ ❞❡ E ❞✬❛①❡ ∆ ❞✐(✐❣' ♣❛( ❧❡ ✈❡❝#❡✉( ✉♥✐#❛✐(❡ ~a ❡# P = ∆⊥. ❙✐ ❧❡ ♣❧❛♥ P ❡%# ♦(✐❡♥#' ♣❛( ~a, ❧❛ ♠❡%✉(❡

θ ❞❡ ❧✬❛♥❣❧❡ ❞❡ ❧❛ (♦#❛#✐♦♥ f |P ❡%# ❛♣♣❡❧'❡ ♠❡*✉2❡ ❞❡ ❧✬❛♥❣❧❡ ❞❡ ❧❛ 2♦"❛"✐♦♥ f ❧♦2*'✉❡ ❧✬❛①❡ ❡*" ♦2✐❡♥"$ ♣❛2 ~a ♦✉

♣❧✉% %✐♠♣❧❡♠❡♥# ❧✬❛♥❣❧❡ ❞❡ ❧❛ (♦#❛#✐♦♥✳

❆""❡♥"✐♦♥ ✿ ▲❛ ♠❡%✉(❡ ❞❡ ❧✬❛♥❣❧❡ ❞✬✉♥❡ (♦#❛#✐♦♥ f ❞❡ E ❞'♣❡♥❞ ❞♦♥❝ ❞❡ ❧✬♦(✐❡♥#❛#✐♦♥ ❞❡ E ❡# ❞❡ ❧✬♦(✐❡♥#❛#✐♦♥ ❞❡ ❧✬❛①❡ ❞❡

❝❡##❡ (♦#❛#✐♦♥✳

■❧❧✉*"2❛"✐♦♥ ❣2❛♣❤✐'✉❡ ✿

✸✽✾
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+2♦♣♦*✐"✐♦♥ ✷✹

❙♦✐# f ❧❛ &♦#❛#✐♦♥ ❞✬❛①❡ ∆ ♦&✐❡♥#, ♣❛& ❧❡ ✈❡❝#❡✉& ✉♥✐#❛✐&❡ ~a ❡# ❞✬❛♥❣❧❡ ❞❡ ♠❡3✉&❡ θ. ❆❧♦&3

• 5♦✉& #♦✉#❡ ❜❛3❡ ♦&#❤♦♥♦&♠❛❧❡ ❞✐&❡❝#❡ B ❞❡ ❧❛ ❢♦&♠❡ (~e1; ~e2;~a)✱ ❧❛ ♠❛#&✐❝❡ ❞❡ f ❞❛♥3 B ❡3#

MB(f) =





cos(θ) − sin(θ) 0
sin(θ) cos(θ) 0

0 0 1



 .

• 5♦✉& #♦✉# ✈❡❝#❡✉& ✉♥✐"❛✐2❡ ~x ∈ E ♦&#❤♦❣♦♥❛❧ : ❧✬❛①❡✱ ♦♥ ❛ ✿

f(x) = cos(θ)~x+ sin(θ)(~a ∧ ~x).

❊♥ ♣❛&#✐❝✉❧✐❡&✱ ♦♥ ❛ ✿

(~x|f(~x)) = cos(θ) ❡# ~x ∧ f(~x) = sin(θ)~a.

• ▲❡ &,❡❧ θ ❡3# ❞,✜♥✐ ♠♦❞✉❧♦ 2π ♣❛& ✿

∗ #&(f) = 1 + 2 cos(θ)

∗ ❧❡ 3✐❣♥❡ ❞❡ sin(θ), ?✉✐ ❡3# ,❣❛❧ : ❝❡❧✉✐ ❞❡ detB(~u, f(~u),~a) ♣♦✉& #♦✉# ✈❡❝#❡✉& ~u ♥✬❛♣♣❛&#❡♥❛♥# ♣❛3 : ❧✬❛①❡ ❡# #♦✉#❡ ❜❛3❡

♦&#❤♦♥♦&♠,❡ ❞✐&❡❝#❡ B.

+2❡✉✈❡✳

• ▲❡ ♣❧❛♥ P = ∆⊥ ,#❛♥# ♦&✐❡♥#, ♣❛& 3♦♥ ✈❡❝#❡✉& ♥♦&♠❛❧ ~a, (~e1, ~e2) ❡3# ✉♥❡ ❜❛3❡ ♦&#❤♦♥♦&♠❛❧❡ ❞✐&❡❝#❡ ❞❡ ❝❡ ♣❧❛♥✳ ▲❡ &,3✉❧#❛#

❞,❝♦✉❧❡ ❛❧♦&3 ❞✐&❡❝#❡♠❡♥# ❞✉ ❢❛✐# ?✉❡ ❧❛ ♠❛#&✐❝❡ ❞❡ f |P ❡3#

(

cos(θ) − sin(θ)
sin(θ) cos(θ)

)

.

• ▲❛ ❜❛3❡ (~x,~a∧ ~x,~a) ❡3# ✉♥❡ ❜❛3❡ ♦&#❤♦♥♦&♠❛❧❡ ❞✐&❡❝#❡✱ ❞♦♥❝ (~x,~a∧ ~x) ❡3# ✉♥❡ ❜❛3❡ ♦&#❤♦♥♦&♠❛❧❡ ❞✐&❡❝#❡ ❞✉ ♣❧❛♥ P, ❝❡ ?✉✐

❡♥#&❛✐♥❡ ?✉❡ f(~x) = cos(θ)~x+ sin(θ)(~a ∧ ~x). ▲❡3 ❞❡✉① ,❣❛❧✐#,3 ❡♥ ❞,❝♦✉❧❡♥# ✐♠♠,❞✐❛#❡♠❡♥#✳

• ▲✬,❣❛❧✐#, #&(f) = 1 + 2 cos(θ) ❡3# ❝❧❛✐&❡ ♣❛& ❧❛ ♣&❡♠✐A&❡ ♣❛&#✐❡ ❞❡ ❧❛ ♣&♦♣♦3✐#✐♦♥✳ ❉♦♥❝ ♣♦✉& ❝❛&❛❝#,&✐3❡& θ✱ ✐❧ 3✉✣# ❞❡

❝♦♥♥❛D#&❡ ❧❡ 3✐❣♥❡ ❞❡ sin(θ). ❙♦✐# ~u ✉♥ ✈❡❝#❡✉& ♥✬❛♣♣❛&#❡♥❛♥# ♣❛3 : ∆, ♦♥ ♣❡✉# ,❝&✐&❡ ~u = ~u1 + γ~a ❛✈❡❝ ~u1 ∈ ∆⊥ \ {0} ❡#

γ ∈ R. ❖♥ ♣♦3❡ ~v = ~a∧ ~u1

|| ~u1||
, ❛❧♦&3 ❧❛ ❜❛3❡ B1 = ( ~u1

|| ~u1||
, ~v,~a) ❡3# ✉♥❡ ❜❛3❡ ♦&#❤♦♥♦&♠❛❧❡ ❞✐&❡❝#❡ ❞❡ E. ❊♥ ✉#✐❧✐3❛♥# ❧❛ ♣&❡♠✐A&❡

♣❛&#✐❡ ❞❡ ❧❛ ♣&♦♣♦3✐#✐♦♥ ❡# ❧❛ ♠❛#&✐❝❡ f ❞❛♥3 ❝❡##❡ ❜❛3❡✱ ♦♥ ❛

f(~u) = f( ~u1) + γf(~a) = || ~u1||

(

cos(θ)
~u1

|| ~u1||
+ sin(θ)~v

)

+ γ~a.

5♦✉& #♦✉#❡ ❜❛3❡ ♦&#❤♦♥♦&♠❛❧❡ ❞✐&❡❝#❡ B, ♦♥ ❛ ❛❧♦&3 ✿

detB(~u, f(~u),~a) = detB1
(~u, f(~u),~a) =

∣

∣

∣

∣

∣

∣

|| ~u1|| || ~u1|| cos(θ) 0
0 || ~u1|| sin(θ) 0
γ γ 1

∣

∣

∣

∣

∣

∣

= || ~u1||
2 sin(θ).

❈❡❝✐ ❛❝❤A✈❡ ❧❛ ❞,♠♦♥3#&❛#✐♦♥✳ ✷

✸✾✵
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❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❖♥ ♦#✐❡♥&❡ ❧✬❡)♣❛❝❡ ❡✉❝❧✐❞✐❡♥ R3
♣❛# )❛ ❜❛)❡ ❝❛♥♦♥✐0✉❡ B ♦#&❤♦♥♦#♠3❡✳ ❈❛#❛❝&3#✐)❡# ❧✬❡♥❞♦♠♦#♣❤✐)♠❡ f ❞❡ E ❞3✜♥✐ ♣❛#

)❛ ♠❛&#✐❝❡ ❞❛♥) ❧❛ ❜❛)❡ B.

F =MB(f) =
1

3





1 2 2
2 1 −2

−2 2 −1



 .

✸✾✶


