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♦✉ ✐♥✜♥✐❡✳

✶✹✳✶ #$♦❞✉✐) *❝❛❧❛✐$❡ ❡) ♥♦$♠❡ ❛**♦❝✐1❡

✶✹✳✶✳✶ ❉$✜♥✐(✐♦♥

❉!✜♥✐%✐♦♥ ✶

❙♦✐) E ✉♥ R✲❡#♣❛❝❡ ✈❡❝)♦*✐❡❧✳ ❖♥ ❛♣♣❡❧❧❡ ♣*♦❞✉✐) #❝❛❧❛✐*❡ #✉* E )♦✉)❡ ❢♦*♠❡ ❜✐❧✐♥=❛✐*❡ #✉* E✱ #②♠=)*✐?✉❡ ❡) ❞=✜♥✐❡✲♣♦#✐)✐✈❡✱
❝✬❡#)✲A✲❞✐*❡ )♦✉)❡ ❛♣♣❧✐❝❛)✐♦♥

ϕ :

{

E × E −→ R

(x, y) 7−→ ϕ(x, y)

)❡❧❧❡ ?✉❡ ✿

• ∀(x, y) ∈ E2, ϕ(x, y) = ϕ(y, x)✱ ✭!②♠$%&✐❡✮

• ∀y ∈ E, x 7−→ ϕ(x, y) ❡#) ❧✐♥=❛✐*❡✳
C❛* #②♠=)*✐❡✱ ♦♥ ❛ ❞♦♥❝ ❧❛ ❧✐♥=❛*✐)= ♣❛* *❛♣♣♦*) A ❧❛ #❡❝♦♥❞❡ ✈❛*✐❛❜❧❡✳ ✭❜✐❧✐♥$❛&✐%$✮

• ∀x ∈ E, ϕ(x, x) > 0 ❡) ϕ(x, x) = 0 =⇒ x = 0. ✭❞$✜♥✐❡✲♣♦!✐%✐✈✐%$✮

❯♥ ❡#♣❛❝❡ ♣*=❤✐❧❜❡*)✐❡♥ *=❡❧ ❡#) ✉♥ R−❡#♣❛❝❡ ✈❡❝)♦*✐❡❧ ♠✉♥✐ ❞✬✉♥ ♣*♦❞✉✐) #❝❛❧❛✐*❡✳

◆♦%❛%✐♦♥* ✿ ❖♥ =❝*✐) ✉#✉❡❧❧❡♠❡♥) ϕ(x, y) = x.y, (x, y), (x|y), 〈x, y〉 ♦✉ ❡♥❝♦*❡ 〈x|y〉✳

❉!✜♥✐%✐♦♥ ✷

❯♥ ❡#♣❛❝❡ ❡✉❝❧✐❞✐❡♥ ❡#) ✉♥ ❡#♣❛❝❡ ♣*=❤✐❧❜❡*)✐❡♥ *=❡❧ ❞❡ ❞✐♠❡♥#✐♦♥ ✜♥✐❡✳

✶✹✳✶✳✷ ❊①❡♠♣❧❡1 2 ❝♦♥♥❛5(6❡

❊①❡♠♣❧❡ ✶✹✳✶✳ ✿ 56♦❞✉✐% *❝❛❧❛✐6❡ ✉*✉❡❧ *✉6 R
n
♦✉ *✉6 Mn,1(R) ✿

4♦✉& %♦✉% x = (x1, . . . , xn) ∈ R
n

❡% %♦✉% y = (y1, . . . , yn) ∈ R
n
✱ ♦♥ ♣♦!❡ 〈x, y〉 =

n
∑

i=1

xiyi.

▼♦♥%&♦♥! 8✉✬✐❧ !✬❛❣✐% ❞✬✉♥ ♣&♦❞✉✐% !❝❛❧❛✐&❡✳

✸✹✺
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❙✉" Mn,1(R) ❝❡ ♣"♦❞✉✐) *❝❛❧❛✐"❡ *✬.❝"✐) / ❧✬❛✐❞❡ ❞✉ ♣"♦❞✉✐) ♠❛)"✐❝✐❡❧ ✿

2♦✉" )♦✉) X ∈Mn,1(R) ❡) )♦✉) Y ∈Mn,1(R)✱ ♦♥ ♣♦*❡ 〈X,Y 〉 = XT .Y.

❊①❡♠♣❧❡ ✶✹✳✷✳ ✿ +:♦❞✉✐" *❝❛❧❛✐:❡ ✉*✉❡❧ *✉: Mn(R) ✿

2♦✉" )♦✉) A ∈Mn(R) ❡) )♦✉) B ∈Mn(R)✱ ♦♥ ♣♦*❡ 〈A,B〉 = tr(AT .B).

▼♦♥#$♦♥% &✉✬✐❧ %✬❛❣✐# ❞✬✉♥ ♣$♦❞✉✐# %❝❛❧❛✐$❡ ✭❉✶✮✳

❊①❡♠♣❧❡ ✶✹✳✸✳ ✿ +:♦❞✉✐" *❝❛❧❛✐:❡ ✉*✉❡❧ *✉: C([a, b],R) ✿

2♦✉" )♦✉) f ∈ C([a, b],R) ❡) )♦✉) g ∈ C([a, b],R)✱ ♦♥ ♣♦*❡ 〈f, g〉 =
∫ b

a

f(t)g(t)dt.

▼♦♥)"♦♥* 6✉✬✐❧ *✬❛❣✐) ❞✬✉♥ ♣"♦❞✉✐) *❝❛❧❛✐"❡ ✭❉✶✮✳

✸✹✻
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✶✹✳✶✳✸ ■♥&❣❛❧✐+& ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛6③

+2♦♣♦*✐"✐♦♥ ✶ ✭■♥$❣❛❧✐"$ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛2③✮

❙♦✐# (E, 〈 , 〉) ✉♥ ❡'♣❛❝❡ ♣+,❤✐❧❜❡+#✐❡♥ +,❡❧✳ ❖♥ ❛ ✿

∀(x, y) ∈ E2, |〈x, y〉| 6 ‖x‖.‖y‖ (⋆)

♦3 ❧✬♦♥ ❛ ♥♦#, ‖x‖ =
√

〈x, x〉.
■❧ ② ❛ ,❣❛❧✐#, ❞❛♥' (⋆) '✐ ❡# '❡✉❧❡♠❡♥# '✐ x ❡# y '♦♥# ❝♦❧✐♥,❛✐+❡'✳

+2❡✉✈❡✳✭❉✶✮

✷

✸✹✼
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✶✹✳✶✳✹ ◆♦%♠❡ ❛))♦❝✐,❡

+2♦♣♦*✐"✐♦♥ ✷ ✭■♥$❣❛❧✐"$ ❞❡ ▼✐♥❦♦✇*❦✐✮

❙♦✐# (E, 〈 , 〉) ✉♥ ❡'♣❛❝❡ ♣+,❤✐❧❜❡+#✐❡♥ +,❡❧✳ ❖♥ ❛ ✿

∀(x, y) ∈ E2, ‖x+ y‖ 6 ‖x‖+ ‖y‖ (⋆)

♦3 ❧✬♦♥ ❛ ♥♦#, ‖x‖ =
√

〈x, x〉.
■❧ ② ❛ ,❣❛❧✐#, ❞❛♥' (⋆) '✐ ❡# '❡✉❧❡♠❡♥# '✐ x ❡# y '♦♥# ❝♦❧✐♥,❛✐+❡' ❡# ❞❡ ♠:♠❡ '❡♥'✳

+2❡✉✈❡✳

✷

+2♦♣♦*✐"✐♦♥ ✸

❙♦✐# (E, 〈 , 〉) ✉♥ ❡'♣❛❝❡ ♣+,❤✐❧❜❡+#✐❡♥ +,❡❧✳

▲✬❛♣♣❧✐❝❛#✐♦♥ x 7−→ ‖x‖ =
√

〈x, x〉 ❡'# ✉♥❡ ♥♦+♠❡ '✉+ E.
❖♥ ❧✬❛♣♣❡❧❧❡ ♥♦+♠❡ ❡✉❝❧✐❞✐❡♥♥❡ ❛''♦❝✐,❡ < 〈 , 〉.

+2❡✉✈❡✳

✷

❉$✜♥✐"✐♦♥ ✸ ✭❉✐*"❛♥❝❡ ❛**♦❝✐$❡✮

❙♦✐# (E, 〈 , 〉) ✉♥ ❡'♣❛❝❡ ♣+,❤✐❧❜❡+#✐❡♥ +,❡❧✳

▲✬❛♣♣❧✐❝❛#✐♦♥ (x, y) ∈ E2 7−→ d(x, y) = ‖x− y‖ ❡'# ❛♣♣❡❧,❡ ❞✐'#❛♥❝❡ ❡✉❝❧✐❞✐❡♥♥❡ ❛''♦❝✐,❡ < 〈 , 〉.
❖♥ ❛❞♠❡# =✉✬✐❧ '✬❛❣✐# ❜✐❡♥ ❞✬✉♥❡ ❞✐'#❛♥❝❡ '✉+ E.

✸✹✽
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✶✹✳✶✳✺ ■❞❡♥(✐(*+ ❞❡ ♣♦❧❛0✐+❛(✐♦♥

 ❛" ❜✐❧✐♥'❛"✐(' ❡( *②♠'("✐❡ ❞✉ ♣"♦❞✉✐( *❝❛❧❛✐"❡✱ ♦♥ ❛ ✭❝❛❧❝✉❧* 4 ♠❛5("✐*❡"✮ ✿

‖λx+ µy‖2 = 〈λx+ µy, λx+ µy〉

= λ2〈x, x〉+ λµ〈x, y〉+ µλ〈y, x〉+ µ2〈y, y〉

= λ2‖x‖2 + 2λµ〈x, y〉+ µ2‖y‖2

❆✈❡❝ λ = ±1✱ µ = ±1✱ ❡♥ ❝♦♠❜✐♥❛♥( ❧❡* '❣❛❧✐('* ♦❜(❡♥✉❡*✱ ♦♥ ♦❜(✐❡♥( ❢❛❝✐❧❡♠❡♥( ❧❡ ♣"♦♣♦*✐(✐♦♥ *✉✐✈❛♥(❡✳

+2♦♣♦*✐"✐♦♥ ✹

❙♦✐( (E, 〈 , 〉) ✉♥ ❡*♣❛❝❡ ♣"'❤✐❧❜❡"(✐❡♥ "'❡❧✳  ♦✉" (♦✉( (x, y) ∈ E2, ♦♥ ❛ ✿

■❞❡♥"✐"$* ❞❡ ♣♦❧❛2✐*❛"✐♦♥ ✿ 〈x, y〉 =
1

2

(

‖x+ y‖2 − ‖x‖2 − ‖y‖2
)

=
1

2

(

‖x‖2 + ‖y‖2 − ‖x− y‖2
)

=
1

4

(

‖x+ y‖2 − ‖x− y‖2
)

■❞❡♥"✐"$ ❞✉ ♣❛2❛❧❧$❧♦❣2❛♠♠❡ ✿ ‖x+ y‖2 + ‖x− y‖2 = 2‖x‖2 + 2‖y‖2.

✶✹✳✷ ❖%&❤♦❣♦♥❛❧✐&.

❉❛♥* (♦✉( ❝❡ ♣❛"❛❣"❛♣❤❡✱ (E, 〈 , 〉) ❞'*✐❣♥❡ ✉♥ ❡*♣❛❝❡ ♣"'❤✐❧❜❡"(✐❡♥ "'❡❧✳

✶✹✳✷✳✶ ❱❡❝(❡✉0+ ♦0(❤♦❣♦♥❛✉①

❉$✜♥✐"✐♦♥ ✹

• ❙♦✐( x ∈ E. ❖♥ ❞✐( A✉❡ x ❡*( ✉♥✐(❛✐"❡ *✐ ‖x‖ = 1.
• ❙♦✐❡♥( x, y ∈ E✳ ❖♥ ❞✐( A✉❡ x ❡( y *♦♥( ♦"(❤♦❣♦♥❛✉① *✐ 〈x, y〉 = 0. ❖♥ ❧❡ ♥♦(❡ x ⊥ y.

❙✐ x ❡*( ✉♥ ✈❡❝(❡✉" ♥♦♥ ♥✉❧ ❞❡ E✱ ❛❧♦"* ✐❧ ❡①✐*(❡ ❞❡✉① ✈❡❝(❡✉"*
❞❡ E ✉♥✐(❛✐"❡* ❡( ❝♦❧✐♥'❛✐"❡* 4 x ✿

u1 =
1

‖x‖x ❡( u2 = − 1

‖x‖x.

✶✹✳✷✳✷ ❆♣♣❧✐❝❛(✐♦♥+ 9 ❧❛ ❣*♦♠*(0✐❡

+2♦♣♦*✐"✐♦♥ ✺

• ❉❛♥* E = R
2
♠✉♥✐ ❞✉ ♣"♦❞✉✐( *❝❛❧❛✐"❡ ✉*✉❡❧✱ *✐ n = (a, b) 6= 0✱ ❧✬'A✉❛(✐♦♥ ❞❡ ❧❛ ❞"♦✐(❡ ✈❡❝(♦"✐❡❧❧❡ (D) ♦"(❤♦❣♦♥❛❧❡ 4 n

❡*(

(D) : ax+ by = 0.

• ❉❛♥* E = R
3
♠✉♥✐ ❞✉ ♣"♦❞✉✐( *❝❛❧❛✐"❡ ✉*✉❡❧✱ *✐ n = (a, b, c) 6= 0✱ ❧✬'A✉❛(✐♦♥ ❞✉ ♣❧❛♥ ✈❡❝(♦"✐❡❧ (P ) ♦"(❤♦❣♦♥❛❧ 4 n ❡*(

(P ) : ax+ by + cz = 0.

+2❡✉✈❡✳

✸✹✾
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✷

❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❉❛♥# ❧✬❡#♣❛❝❡ ❛✣♥❡ E = R
3
♠✉♥✐ ❞✉ ♣.♦❞✉✐0 #❝❛❧❛✐.❡ ✉#✉❡❧✱ ❞20❡.♠✐♥❡. ❧✬23✉❛0✐♦♥ ❞✉ ♣❧❛♥ ♣❛##❛♥0 ♣❛. A(1, 2, 0) ❡0

♦.0❤♦❣♦♥❛❧ 6 ~n = (1,−1, 2).

✶✹✳✷✳✸ ❋❛♠✐❧❧❡+ ♦-.❤♦❣♦♥❛❧❡+

❉$✜♥✐"✐♦♥ ✺

❙♦✐0 F = (xi)i∈I ✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ✈❡❝0❡✉.# ❞❡ E.
• ❖♥ ❞✐0 3✉❡ F ❡#0 ♦.0❤♦❣♦♥❛❧❡ #✐ ✿

∀(i, j) ∈ I2, i 6= j =⇒ 〈xi, xj〉 = 0.

• ❖♥ ❞✐0 3✉❡ F ❡#0 ♦.0❤♦♥♦.♠❛❧❡ ✭♦✉ ♦.0❤♦♥♦.♠2❡✮ #✐ ❡❧❧❡ ❡#0 ♦.0❤♦❣♦♥❛❧❡ ❡0 #✐ 0♦✉# #❡# ✈❡❝0❡✉.# #♦♥0 ✉♥✐0❛✐.❡# ❛✉0.❡♠❡♥0
❞✐0 #✐ ✿

∀(i, j) ∈ I2, 〈xi, xj〉 = δi,j =

{

0 #✐ i 6= j
1 #✐ i = j

❊①❡♠♣❧❡ ✶✹✳✹✳ ❉❛♥# E = R
3
♠✉♥✐ ❞✉ ♣)♦❞✉✐+ #❝❛❧❛✐)❡ ✉#✉❡❧✱ ♦♥ ❝♦♥#✐❞0)❡

x1 = (1,−1, 2), x2 = (−1, 1, 1), x3 = 0 ❡+ x4 = (1, 1, 0).

▲❛ ❢❛♠✐❧❧❡ (x1, x2, x3, x4) ❡#+ ❝❧❛✐)❡♠❡♥+ ♦)+❤♦❣♦♥❛❧❡✳
❖♥ ❛ ‖x1‖ =

√
6, ‖x2‖ =

√
3, ‖x3‖ = 0, ❡+ ‖x4‖ =

√
2 ❞♦♥❝ (x1, x2, x3, x4) ♥✬❡#+ ♣❛# ♦)+❤♦♥♦)♠❛❧❡✳ ❊♥ )❡✈❛♥❝❤❡✱

▲❛ ❢❛♠✐❧❧❡

(

1√
6
x1,

1√
3
x2,

1√
2
x4

)

❡#+ ♦)+❤♦♥♦)♠❛❧❡✳

+4♦♣♦*✐"✐♦♥ ✻

❙♦✐0 F = (x1, . . . , xn) ✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ✈❡❝0❡✉.# ❞❡ E.
❙✐ F ❡#0 ♦.0❤♦❣♦♥❛❧❡ ❡0 #✐ 0♦✉# #❡# ✈❡❝0❡✉.# #♦♥0 ♥♦♥ ♥✉❧# ❛❧♦.# F ❡#0 ❧✐❜.❡✳

+4❡✉✈❡✳✭❉✷✮

✸✺✵
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✷

❘❡♠❛3'✉❡ ✿ ❙✐ F ❡#$ ✉♥❡ ❢❛♠✐❧❧❡ ♦,$❤♦♥♦,♠.❡ ❞❡ E ❛❧♦,# ❡❧❧❡ ❡#$ ❧✐❜,❡✳ ❊♥ ❡✛❡$✱ ❡❧❧❡ ❡#$ ♦,$❤♦❣♦♥❛❧❡ ❡$ $♦✉# #❡# ✈❡❝$❡✉,#

.$❛♥$ ✉♥✐$❛✐,❡#✱ ✐❧# #♦♥$ ♥♦♥ ♥✉❧#✳

✶✹✳✷✳✹ ❚❤&♦()♠❡ ❞❡ -②/❤❛❣♦(❡

+3♦♣♦*✐"✐♦♥ ✼ ✭❚❤$♦39♠❡ ❞❡ +②"❤❛❣♦3❡✮

• 8♦✉, $♦✉$ (x, y) ∈ E2, ♦♥ ❛ ❧✬$'✉✐✈❛❧❡♥❝❡ #✉✐✈❛♥$❡✳

‖x+ y‖2 = ‖x‖2 + ‖y‖2 ⇐⇒ x ⊥ y.

• ❙✐ (x1, . . . , xn) ❡#$ ✉♥❡ ❢❛♠✐❧❧❡ ♦,$❤♦❣♦♥❛❧❡✱ ❛❧♦3* ‖x1 + · · ·+ xn‖2 = ‖x1‖2 + · · ·+ ‖xn‖2.

+3❡✉✈❡✳

✷

✶✹✳✷✳✺ ❙♦✉5✲❡5♣❛❝❡5 ✈❡❝/♦(✐❡❧5 ♦(/❤♦❣♦♥❛✉①

❉$✜♥✐"✐♦♥ ✻

❙♦✐❡♥$ F ❡$ G ❞❡✉① #♦✉#✲❡#♣❛❝❡# ✈❡❝$♦,✐❡❧# ❞❡ E✳ ❖♥ ❞✐$ >✉❡ F ❡$ G #♦♥$ ♦,$❤♦❣♦♥❛✉① ✭❡$ ♦♥ ♥♦$❡ F ⊥ G✮ #✐ ✿

∀xF ∈ F, ∀xG ∈ G, xF ⊥ xG.

+3♦♣♦*✐"✐♦♥ ✽

❙♦✐$ A ✉♥ #♦✉#✲❡♥#❡♠❜❧❡ ❞❡ E✳ ❖♥ ❛♣♣❡❧❧❡ ♦,$❤♦❣♦♥❛❧ ❞❡ A ❧✬❡♥#❡♠❜❧❡ ✿

A⊥ = {x ∈ E | ∀y ∈ A, x ⊥ y} = {x ∈ E | ∀y ∈ A, 〈x, y〉 = 0}.

❈✬❡#$ ✉♥ #♦✉#✲❡#♣❛❝❡ ✈❡❝$♦,✐❡❧ ❞❡ E.

❘❡♠❛3'✉❡ ✿ ❝❡$$❡ ❞.✜♥✐$✐♦♥ #❡,❛ #♦✉✈❡♥$ ✉$✐❧✐#.❡ ❞❛♥# ❧❡ ❝❛# ♦D A = F ❡#$ #♦✉#✲❡#♣❛❝❡ ✈❡❝$♦,✐❡❧ ❞❡ E✳

✸✺✶
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+2❡✉✈❡✳

✷
❖♥ "❡$✐❡♥❞"❛

x ∈ A⊥ ⇐⇒ ∀y ∈ A, 〈x, y〉 = 0.

+2♦♣♦*✐"✐♦♥ ✾

• {0}⊥ = E.
• E⊥ = {0}✱ ❛✉$"❡♠❡♥$ ❞✐$ +✐ ✉♥ ✈❡❝$❡✉" x ∈ E ❡+$ ♦"$❤♦❣♦♥❛❧ 2 $♦✉+ ❧❡+ ✈❡❝$❡✉"+ ❞❡ E✱ ❛❧♦"+ ✐❧ ❡+$ ♥✉❧✳

+2❡✉✈❡✳

✷

❊①❡2❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✷✮

❙♦✐❡♥$ A,B ∈Mn(R).
❉6♠♦♥$"❡" 7✉❡ +✐ ♣♦✉" $♦✉$ M ∈Mn(R) ♦♥ ❛ $"(AM) = $"(BM) ❛❧♦"+ A = B.

✸✺✷
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+2♦♣♦*✐"✐♦♥ ✶✵

❙♦✐❡♥% F ❡% G ❞❡✉① )♦✉)✲❡)♣❛❝❡) ✈❡❝%♦/✐❡❧) ❞❡ E✳ ❖♥ ❛ ✿

• F ⊂ G =⇒ G⊥ ⊂ F⊥✱

• F ∩ F⊥ = {0} ❡% ❞♦♥❝ F ❡% F⊥ )♦♥% ❡♥ )♦♠♠❡ ❞✐/❡❝%❡✱

• F ⊂ (F⊥)⊥.

+2❡✉✈❡✳

✷

✶✹✳✸ ❊%♣❛❝❡% ❡✉❝❧✐❞✐❡♥%

❉❛♥) %♦✉% ❝❡ ♣❛/❛❣/❛♣❤❡✱ (E, 〈 , 〉) ❞9)✐❣♥❡ ✉♥ ❡)♣❛❝❡ ❡✉❝❧✐❞✐❡♥✱ ❝✬❡)%✲;✲❞✐/❡ ✉♥ ❡)♣❛❝❡ ♣/9❤✐❧❜❡/%✐❡♥ /9❡❧ ❞❡ ❞✐♠❡♥)✐♦♥ ✜♥✐❡✳

✶✹✳✸✳✶ ❇❛&❡& ♦)*❤♦♥♦)♠❛❧❡& ✭♦✉ ♦)*❤♦♥♦)♠1❡&✮

❉$✜♥✐"✐♦♥ ✼

❙♦✐% (e1, . . . , en) ✉♥❡ ❢❛♠✐❧❧❡ ❞❡ E. ❖♥ ❞✐% ?✉❡ ❝✬❡)% ✉♥❡ ❜❛)❡ ♦/%❤♦♥♦/♠❛❧❡ ❞❡ E )✐ ❝✬❡)% ✉♥❡ ❜❛)❡ ❡% )✐ ❝✬❡)% ✉♥❡ ❢❛♠✐❧❧❡

♦/%❤♦♥♦/♠9❡ ❞❡ E.

❖♥ ❛❞♠❡% ❧❡) %❤9♦/@♠❡) )✉✐✈❛♥%) ?✉✐ ❞♦♥♥❡♥% ❧✬❡①✐)%❡♥❝❡ ❞❡ ❜❛)❡) ♦/%❤♦♥♦/♠❛❧❡)✳ ❯♥ ❛❧❣♦/✐%❤♠❡ ❞✬♦/%❤♦♥♦/♠❛❧✐)❛%✐♦♥ ❞❡

●/❛♠✲❙❝❤♠✐❞% )❡/❛ ♥9❛♥♠♦✐♥) ❞9❝/✐% ❞❛♥) ❧❡ ♣❛/❛❣/❛♣❤❡ )✉✐✈❛♥%✳

+2♦♣♦*✐"✐♦♥ ✶✶

❖♥ )✉♣♣♦)❡ ?✉❡ E ❡)% ❞❡ ❞✐♠❡♥)✐♦♥ n ❡% ♦♥ )❡ ❞♦♥♥❡ ✉♥❡ ❜❛)❡ (u1, . . . , un) ❞❡ E.
❆❧♦/)✱ ✐❧ ❡①✐)%❡ ✉♥❡ ✉♥✐?✉❡ ❜❛)❡ ♦/%❤♦♥♦/♠❛❧❡ (e1, . . . , en) ❞❡ E %❡❧❧❡ ?✉❡

∀i ∈ {1, . . . , n},







ei ∈ Vect{u1, . . . , ui}
❡%

〈ei, ui〉 > 0

+2♦♣♦*✐"✐♦♥ ✶✷ ✭❚❤$♦2<♠❡ ❞❡ ❧❛ ❜❛*❡ ♦2"❤♦♥♦2♠$❡ ✐♥❝♦♠♣❧<"❡✮

❚♦✉%❡ ❢❛♠✐❧❧❡ ♦/%❤♦♥♦/♠❛❧❡ ❞✬✉♥ ❡)♣❛❝❡ ❡✉❝❧✐❞✐❡♥ ♣❡✉% E%/❡ ❝♦♠♣❧9%9❡ ❡♥ ❜❛)❡ ♦/%❤♦♥♦/♠❛❧❡✳

❈♦2♦❧❧❛✐2❡ ✶

❚♦✉% ❡)♣❛❝❡ ❡✉❝❧✐❞✐❡♥ ❛❞♠❡% ❛✉ ♠♦✐♥) ✉♥❡ ❜❛)❡ ♦/%❤♦♥♦/♠❛❧❡✳

✸✺✸
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❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❉❛♥# E = R
3
♠✉♥✐ ❞✉ ♣)♦❞✉✐+ #❝❛❧❛✐)❡ ✉#✉❡❧✱ ❞0+❡)♠✐♥❡) ❧✬♦)+❤♦♥♦)♠❛❧✐#0❡ ❞❡ ●)❛♠✲❙❝❤♠✐❞+ ❞❡ (u1, u2, u3) ❛✈❡❝

u1 = (1, 1, 0), u2 = (1, 0, 1) ❡+ u3 = (0, 1, 1).

✸✺✹
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❊①❡♠♣❧❡ ✶✹✳✺✳ ▲❛ ❜❛#❡ ❝❛♥♦♥✐)✉❡ ❞❡ R
n
❡#, ✉♥❡ ❜❛#❡ ♦-,❤♦♥♦-♠❛❧❡ ♣♦✉- ❧❡ ♣-♦❞✉✐, #❝❛❧❛✐-❡ ✉#✉❡❧✳

❊①❡♠♣❧❡ ✶✹✳✻✳ ▲❛ ❜❛#❡ ❝❛♥♦♥✐)✉❡ ❞❡ Mn(R) ❡#, ✉♥❡ ❜❛#❡ ♦-,❤♦♥♦-♠❛❧❡ ♣♦✉- ❧❡ ♣-♦❞✉✐, #❝❛❧❛✐-❡ ✉#✉❡❧✳

✶✹✳✸✳✷ ❊①♣(❡**✐♦♥* ❡♥ ❜❛*❡ ♦(0❤♦♥♦(♠3❡

+:♦♣♦*✐"✐♦♥ ✶✸ ✭❚❘➮❙ ■▼+❖❘❚❆◆❚✮

❙♦✐# B = (e1, . . . , en) ✉♥❡ ❜❛)❡ ♦*#❤♦♥♦*♠❛❧❡ ❞❡ E.
• ❙✐ x = (x1, . . . , xn)B ❡)# ✉♥ ✈❡❝#❡✉* ❞❡ E ❛❧♦*) ✿

∀i ∈ {1, . . . , n}, xi = 〈ei, x〉
❡# ❞♦♥❝

x =
n
∑

i=1

xiei =
n
∑

i=1

〈ei, x〉ei.

• ❙✐ x, y ∈ E ❡# )✐ X =MB(x), Y =MB(y) ❛❧♦*) ✿

〈x, y〉 =
n
∑

i=1

xiyi = XT .Y ❡# ❞♦♥❝ ‖x‖ =

√

√

√

√

n
∑

i=1

x2
i =

√
XT .X.

+:❡✉✈❡✳

✷

❊①❡:❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❙♦✐# E ✉♥ ❡)♣❛❝❡ ❡✉❝❧✐❞✐❡♥✱ B = (e1, . . . , en) ✉♥❡ ❜❛)❡ ♦*#❤♦♥♦*♠❛❧❡ ❞❡ E ❡# f ∈ L(E). ▼♦♥#*❡* ❧✬6❣❛❧✐#6 ✿

#*(f) =

n
∑

i=1

〈f(ei), ei〉.

✸✺✺
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✶✹✳✸✳✸ ❋♦&♠❡) ❧✐♥-❛✐&❡)

+2♦♣♦*✐"✐♦♥ ✶✹

❙✐ E ❡#$ ✉♥ ❡#♣❛❝❡ ❡✉❝❧✐❞✐❡♥ E, ❧✬❛♣♣❧✐❝❛$✐♦♥ #✉✐✈❛♥$❡ ❡#$ ✉♥ ✐#♦♠♦0♣❤✐#♠❡ ❞✬❡#♣❛❝❡# ✈❡❝$♦0✐❡❧#✳

ϕ :

{

E −→ L(E,R)
a 7−→ 〈a, .〉 : x 7−→ 〈a, x〉

+2❡✉✈❡✳

✷

❊$ ❞♦♥❝ $♦✉$ 4❧4♠❡♥$ ❞❡ L(E,R) ♣♦##5❞❡ ✉♥ ❡$ ✉♥ #❡✉❧ ❛♥$4❝4❞❡♥$ ♣❛0 ϕ✱ ❝❡ 7✉✐ #✬4❝0✐$ ✿

❈♦2♦❧❧❛✐2❡ ✷

❉❛♥# ❧✬❡#♣❛❝❡ ❡✉❝❧✐❞✐❡♥ E, #✐ f ∈ L(E,R) ❡#$ ✉♥❡ ❢♦0♠❡ ❧✐♥4❛✐0❡✱ ❛❧♦0# ✐❧ ❡①✐#$❡ ✉♥ ✉♥✐7✉❡ a ∈ E $❡❧ 7✉❡

f :

{

E −→ R

x 7−→ f(x) = 〈a, x〉

▲✐❡♥ ❛✈❡❝ ❧✬❡①♣2❡**✐♦♥ ❡♥ ❜❛*❡ ♦2"❤♦♥♦2♠❛❧❡ ✿ ❙✐ B = (e1, . . . , en) ❡#$ ✉♥❡ ❜❛#❡ ♦0$❤♦♥♦0♠❛❧❡✱ ❛❧♦0# ♣♦✉0 $♦✉$ x =
n
∑

i=1

xiei✱ ♣❛0 ❧✐♥4❛0✐$4 ❞❡ f ✱ ♦♥ ❛ f(x) =

n
∑

i=1

xif(ei) = 〈x, a〉 = 〈a, x〉✱

♦= ❧✬♦♥ ❛ ♥♦$4 a = (f(e1), . . . , f(en))B.

✸✺✻
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✶✹✳✸✳✹ ❯♥ ❡①❡♠♣❧❡ ❞❛♥- ❧✬❡-♣❛❝❡ ❞❡- ♣♦❧②♥2♠❡- ✭❊✷✮

❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✷✮

❙♦✐❡♥% a0, a1, . . . , an ❞❡' ()❡❧' ❞✐'%✐♥❝%' ❞❡✉①✲/✲❞❡✉①✳ 1♦✉( %♦✉% (P,Q) ∈ (Rn[X])2, ♦♥ ♣♦'❡ 〈P,Q〉 =
n
∑

i=0

P (ai)Q(ai).

✶✳ ▼♦♥%(❡( 5✉✬✐❧ '✬❛❣✐% ❞✬✉♥ ♣(♦❞✉✐% '❝❛❧❛✐(❡✳

✷✳ ▼♦♥%(❡( 5✉❡ ❧❛ ❜❛'❡ ❞❡ ▲❛❣(❛♥❣❡ ❛''♦❝✐)❡ / a0, a1, . . . , an ❡'% ✉♥❡ ❜❛'❡ ♦(%❤♦♥♦(♠)❡ ❞❡ E = Rn[X] ♠✉♥✐ ❞❡ 〈 , 〉✳
✸✳ ❉)%❡(♠✐♥❡( ❧❡' ❝♦♦(❞♦♥♥)❡' ❞✬✉♥ ♣♦❧②♥A♠❡ P ∈ Rn[X] ❞❛♥' ❝❡%%❡ ❜❛'❡✳

✸✺✼
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❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✸✮

❙♦✐❡♥% a0, a1, . . . , an ❞❡' ()❡❧' ❞✐'%✐♥❝%' ❞❡✉①✲/✲❞❡✉①✳ 1♦✉( %♦✉% (P,Q) ∈ (Rn[X])2, ♦♥ ♣♦'❡ 〈P,Q〉 =
n
∑

i=0

P (ai)Q(ai).

❙♦✐% α ∈ R. ❖♥ ❝♦♥'✐❞4(❡ ❧✬❛♣♣❧✐❝❛%✐♦♥ f ❞)✜♥✐❡ ♣❛( ✿ ∀P ∈ Rn[X], f(P ) = P (α).
❏✉'%✐✜❡( :✉✬✐❧ '✬❛❣✐% ❞✬✉♥❡ ❢♦(♠❡ ❧✐♥)❛✐(❡ ❡% ❞)%❡(♠✐♥❡( ❧✬✉♥✐:✉❡ ♣♦❧②♥?♠❡ Q ∈ Rn[X] ♣♦✉( ❧❡:✉❡❧ ♦♥ ❛ ✿

∀P ∈ Rn[X], f(P ) = 〈Q,P 〉.

✶✹✳✹ #$♦❥❡❝)✐♦♥ ♦$)❤♦❣♦♥❛❧❡ 0✉$ ✉♥ ❡0♣❛❝❡ ✈❡❝)♦$✐❡❧ ❞❡ ❞✐♠❡♥0✐♦♥ ✜♥✐❡

❉❛♥' ❝❡ ♣❛(❛❣(❛♣❤❡✱ (E, 〈 , 〉) ❞)'✐❣♥❡ ✉♥ ❡'♣❛❝❡ ♣()❤✐❧❜❡(%✐❡♥ ()❡❧✱ ❞❡ ❞✐♠❡♥'✐♦♥ ✜♥✐❡ ♦✉ ♥♦♥✳

✶✹✳✹✳✶ ❖$%❤♦❣♦♥❛❧ ❞✬✉♥ /✳❡✳✈✳ ❞❡ ❞✐♠❡♥/✐♦♥ ✜♥✐❡

▲❡♠♠❡

❙♦✐% F ✉♥ '♦✉'✲❡'♣❛❝❡ ✈❡❝%♦(✐❡❧ ❞❡ ❞✐♠❡♥'✐♦♥ ✜♥✐❡ ❞❡ E ❡% B = (e1, . . . , en) ✉♥❡ ❢❛♠✐❧❧❡ ❣)♥)(❛%(✐❝❡ ❞❡ F. 1♦✉( %♦✉% x ∈ E,
♦♥ ❛ ❧✬):✉✐✈❛❧❡♥❝❡ '✉✐✈❛♥%❡✳

x ∈ F⊥ ⇐⇒ ∀i ∈ {1, . . . , n}, 〈x, ei〉 = 0.

+4❡✉✈❡✳

✷

✸✺✽
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+2♦♣♦*✐"✐♦♥ ✶✺

❙♦✐# F ✉♥ &♦✉&✲❡&♣❛❝❡ ✈❡❝#♦-✐❡❧ ❞❡ E. ❙✐ F ❡&# ❞❡ ❞✐♠❡♥&✐♦♥ ✜♥✐❡ ❛❧♦-& E = F ⊕ F⊥.

+2❡✉✈❡✳✭❉✷✮ ❖♥ &❡ ❞♦♥♥❡ ✉♥❡ ❜❛&❡ ♦-#❤♦♥♦-♠❛❧❡ B = (e1, . . . , en) ❞❡ F ❡# ♦♥ -❛✐&♦♥♥❡ ♣❛- ❛♥❛❧②&❡ ❡# &②♥#❤6&❡✳

❙♦✐# x ∈ E.

✷

❈♦2♦❧❧❛✐2❡ ✸

❙✐ E ❡!" ❞❡ ❞✐♠❡♥!✐♦♥ ✜♥✐❡ ❛❧♦+! ♣♦✉+ "♦✉" !♦✉!✲❡!♣❛❝❡ ✈❡❝"♦+✐❡❧ F ❞❡ E ♦♥ ❛ ✿

• dim(E) = dim(F ) + dim(F⊥),
• (F⊥)⊥ = F.

✸✺✾
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+2❡✉✈❡✳

✷

✶✹✳✹✳✷ $%♦❥❡❝*✐♦♥ ♦%*❤♦❣♦♥❛❧❡ 1✉% ✉♥ 1✳❡✳✈✳ ❞❡ ❞✐♠❡♥1✐♦♥ ✜♥✐❡

❉$✜♥✐"✐♦♥ ✽

❙♦✐# F ✉♥ &♦✉&✲❡&♣❛❝❡ ✈❡❝#♦-✐❡❧ ❞❡ E ❞❡ ❞✐♠❡♥&✐♦♥ ✜♥✐❡✳ ❖♥ ❛ ❞♦♥❝ F ⊕ F⊥ = E.

❖♥ ❛♣♣❡❧❧❡ ♣-♦❥❡❝#✐♦♥ ♦-#❤♦❣♦♥❛❧❡ &✉- F ❧❛ ♣-♦❥❡❝#✐♦♥ &✉- F ❞❛♥& ❧❛ ❞✐-❡❝#✐♦♥ ❞❡ F⊥, ❝✬❡&#✲8✲❞✐-❡ ❧✬❛♣♣❧✐❝❛#✐♦♥ &✉✐✈❛♥#❡✳

pF :

{

E −→ E
x 7−→ pF (x) = y

♦9 x = y + z ❛✈❡❝ y ∈ F, z ∈ F⊥.

❘❡♠❛2'✉❡ ✿ ❚♦✉#❡& ❧❡& ♣-♦♣♦&✐#✐♦♥& ✈✉❡& ♣♦✉- ❧❡& ♣-♦❥❡❝#❡✉-& ✭♦✉ ♣-♦❥❡❝#✐♦♥&✮ &♦♥# ❡♥❝♦-❡ ✈❛❧❛❜❧❡& ♣♦✉- ❧❡& ♣-♦❥❡❝#❡✉-&

♦-#❤♦❣♦♥❛✉① ❡♥ ❣?♥?-❛❧✳ ❆✐♥&✐✱ &✐ p ❡&# ✉♥❡ ♣-♦❥❡❝#✐♦♥ ♦-#❤♦❣♦♥❛❧❡ ❛❧♦-& E = Im(p)
⊥
⊕Ker(p) ❡# p ❡&# ❧❛ ♣-♦❥❡❝#✐♦♥ ♦-#❤♦❣♦♥❛❧❡

&✉- Im(p).
❖♥ ❛ ❞♦♥❝ ❧❛ ♣-♦♣♦&✐#✐♦♥ &✉✐✈❛♥#❡✳

+2♦♣♦*✐"✐♦♥ ✶✻

❙♦✐# p ∈ L(E)✳ ❖♥ ❛ ❧✬?B✉✐✈❛❧❡♥❝❡ &✉✐✈❛♥#❡✳

p ❡&# ✉♥❡ ♣-♦❥❡❝#✐♦♥ ♦-#❤♦❣♦♥❛❧❡ ⇐⇒







p ◦ p = p
❡#

Im(p) ⊥ Ker(p)

❊# ❞❛♥& ❝❡ ❝❛&✱ E = Im(p)
⊥
⊕Ker(p) ❡# p ❡&# ❧❛ ♣-♦❥❡❝#✐♦♥ ♦-#❤♦❣♦♥❛❧❡ &✉- Im(p).

❘❡♠❛2'✉❡ ✿ ❙✐ p ❡&# ❧❛ ♣-♦❥❡❝#✐♦♥ ♦-#❤♦❣♦♥❛❧❡ &✉- F ❛❧♦-& ❝✬❡&# ✉♥ ♣-♦❥❡❝#❡✉- ♦-#❤♦❣♦♥❛❧✳ ❉❡ ♣❧✉&✱ s = 2p − Id ❡&# ❧❛

&②♠?#-✐❡ ♦-#❤♦❣♦♥❛❧❡ ♣❛- -❛♣♣♦-# 8 F ❡# ♦♥ ❛

F = Im(p) = Ker(p− Id) = Ker(s− Id) ❡# F⊥ = Ker(p) = Im(p− Id) = Ker(s+ Id).

■❧❧✉*"2❛"✐♦♥ ❣2❛♣❤✐'✉❡ ✿

✸✻✵
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❊♥ ✉#✐❧✐&❛♥# ❧✬❡①♣,❡&&✐♦♥ ❞✉ ♣,♦❥❡#0 ♦,#❤♦❣♦♥❛❧ ❡♥ ❜❛&❡ ♦,#❤♦♥♦♠❛❧❡ ♦❜#❡♥✉ ❞❛♥& ❧❛ ♣,❡✉✈❡ ❞❡ ❧❛ ♣,♦♣♦&✐#✐♦♥ ✶✺✱ ❡# ❧❛

❞0✜♥✐#✐♦♥ ❞❡ ❞❡✉① &♦✉&✲❡&♣❛❝❡& &✉♣♣❧0♠❡♥#❛✐,❡& ♦,#❤♦❣♦♥❛✉①✱ ♦♥ ♦❜#✐❡♥# ❧❡& ❞❡✉① ❛&&❡,#✐♦♥& &✉✐✈❛♥#❡& &♦✉✈❡♥# ❜✐❡♥ ✉#✐❧❡&

❞❛♥& ❧❛ ,0&♦❧✉#✐♦♥ ❞✬❡①❡,❝✐❝❡&✳

+4♦♣♦*✐"✐♦♥ ✶✼ ✭❚❘➮❙ ■▼+❖❘❚❆◆❚✮

❙♦✐# F ✉♥ &♦✉&✲❡&♣❛❝❡ ✈❡❝#♦,✐❡❧ ❞❡ ❞✐♠❡♥&✐♦♥ ✜♥✐❡ ❞❡ E✱ pF ❧❛ ♣,♦❥❡❝#✐♦♥ ♦,#❤♦❣♦♥❛❧❡ &✉, F ❡# x ✉♥ ✈❡❝#❡✉, ❞❡ E. ❖♥ ❛ ✿

• ❙✐ B = (e1, . . . , en) ❡&# ✉♥ ❜❛&❡ ♦,#❤♦♥♦,♠0❡ ❞❡ F ❛❧♦,& pF (x) =
n
∑

i=1

〈ei, x〉ei.

• ❖♥ ❛ ❧❛ ❝❛,❛❝#0,✐&❛#✐♦♥ &✉✐✈❛♥#❡✳

y = pF (x) ⇐⇒







y ∈ F

x− y ∈ F⊥

❊①❡♠♣❧❡ ✶✹✳✼✳ +4♦❥❡"$ ♦4"❤♦❣♦♥❛❧ ❞✬✉♥ ✈❡❝"❡✉4 *✉4 ✉♥❡ ❞4♦✐"❡ ✈❡❝"♦4✐❡❧❧❡ ✿

❙♦✐# u ∈ E ✉♥ ✈❡❝#❡✉) ♥♦♥ ♥✉❧ ❡# ∆ = Vect{u}. ❆❧♦),
e =

u

‖u‖ ❢♦)♠❡ ✉♥❡ ❜❛,❡ ♦)#❤♦♥♦)♠❛❧❡ ❞❡ ∆ ❡# ❞♦♥❝ ❛✈❡❝

❧❡, ♥♦#❛#✐♦♥, ♣)4❝4❞❡♥#❡,✱ ♦♥ ❛

∀x ∈ E, p∆(x) = 〈e, x〉e =
〈u, x〉
‖u‖2 u.

6❛) ❡①❡♠♣❧❡✱ ❞❛♥, R
3, ♠✉♥✐ ❞✉ ♣)♦❞✉✐# ,❝❛❧❛✐)❡ ✉,✉❡❧✱ ,✐ ∆ = Vect{(1, 2,−2)} ❛❧♦), e =

1

3
(1, 2,−2) ❢♦)♠❡ ✉♥❡ ❜❛,❡ ♦)#❤♦✲

♥♦♠)❛❧❡ ❞❡ ∆ ❡# ♣♦✉) #♦✉# u = (x, y, z) ∈ R
3, ♦♥ ❛

p∆(u) = 〈e, u〉e =
x+ 2y − 2z

9
(1, 2,−2).

❆♣♣❧✐❝❛"✐♦♥ ✿ ❆❧❣♦4✐"❤♠❡ ❞✬♦4"❤♦♥♦4♠❛❧✐*❛"✐♦♥ ❞❡ ●4❛♠✲❙❝❤♠✐❞"✳

❉❛♥& ✉♥ ❡&♣❛❝❡ ❡✉❝❧✐❞✐❡♥ E ❞❡ ❞✐♠❡♥&✐♦♥ n✱ ♦♥ &❡ ❞♦♥♥❡ ✉♥❡ ❜❛&❡ (u1, . . . , un)✳ ❖♥ &✉♣♣♦&❡ ❛✈♦✐, ♦,#❤♦♥♦,♠❛❧✐&0 (u1, . . . , up)
❡♥ (e1, . . . , ep) ❡# ♦♥ ❞♦♥♥❡ ✉♥❡ ❝♦♥&#,✉❝#✐♦♥ ❞❡ ep+1.
▲❡ ♣,♦❥❡#0 ♦,#❤♦❣♦♥❛❧ ❞❡ up+1 &✉, Vect{u1, . . . , up} = Vect{e1, . . . , ep} &✬0❝,✐#

vp+1 =

p
∑

i=1

〈ei, up+1〉ei.

❊# ❞♦♥❝✱ ♦♥ ♣♦&❡

e′p+1 = up+1 − vp+1 = up+1 −
p

∑

i=1

〈ei, up+1〉ei.

❈✬❡&# ✉♥ ✈❡❝#❡✉, ❞❡ Vect{u1, . . . , up, up+1}, ♦,#❤♦❣♦♥❛❧ A ❝❤❛❝✉♥ ❞❡& ✈❡❝#❡✉,&

e1, . . . , ep ❡# #❡❧ B✉❡

〈e′p+1, up+1〉 = ‖up+1‖2 −
p

∑

i=1

〈ei, up+1〉2 = ‖up+1‖2 − ‖vp+1‖2 > 0,

❞✬❛♣,C& ❧✬0❣❛❧✐#0 ❞❡ D②#❤❛❣♦,❡✳

❊# ❧❛ ♠✐♥♦,❛#✐♦♥ ❡&# &#,✐❝#❡ ❝❛, up+1 /∈ Vect{e1, . . . , ep} ❡# ❞♦♥❝ up+1 6= vp+1.

■❧ ,❡&#❡ A ♥♦,♠❛❧✐&❡, ❧❡ ✈❡❝#❡✉, e′p+1 ❡♥ ♣♦&❛♥# ep+1 =
e′p+1

‖e′p+1‖
.

✸✻✶
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❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❉❛♥# R
3
♠✉♥✐ ❞✉ ♣)♦❞✉✐+ #❝❛❧❛✐)❡ ✉#✉❡❧✱ ♦)+❤♦♥♦)♠❛❧✐#❡) ❧❛ ❜❛#❡ (u1, u2, u2) ❛✈❡❝

u1 = (1, 0, 0), u2 = (1, 2,−1) ❡+ u3 = (2, 1, 0).

✶✹✳✹✳✸ ❉✐&'❛♥❝❡ , ✉♥ &✳❡✳✈✳ ❡♥ ❞✐♠❡♥&✐♦♥ ✜♥✐❡

❉$✜♥✐"✐♦♥ ✾

❙♦✐+ F ✉♥ #♦✉#✲❡#♣❛❝❡ ✈❡❝+♦)✐❡❧ ❞❡ E ❞❡ ❞✐♠❡♥#✐♦♥ ✜♥✐❡ ❡+ x ✉♥ ✈❡❝+❡✉) ❞❡ E✳ ❖♥ ❛♣♣❡❧❧❡ ❞✐#+❛♥❝❡ ❞❡ x 8 F ❧❡ )9❡❧ ✿

d(x, F ) = inf{d(x, y), y ∈ F} = inf{‖x− y‖, y ∈ F}.

❘❡♠❛4'✉❡ ✿ ❈❡++❡ ❞9✜♥✐+✐♦♥ ❛ ❜✐❡♥ ✉♥ #❡♥# ♣✉✐#<✉❡ ❧✬❡♥#❡♠❜❧❡ {‖x − y‖, y ∈ F} ❡#+ ♥♦♥ ✈✐❞❡ ✭✐❧ ❝♦♥+✐❡♥+ ‖x − 0‖ ❝❛)
0 ∈ F ✮ ❡+ ✐❧ ❡#+ ♠✐♥♦)9 ♣❛) 0.

✸✻✷
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+2♦♣♦*✐"✐♦♥ ✶✽

❙♦✐# F ✉♥ &♦✉&✲❡&♣❛❝❡ ✈❡❝#♦-✐❡❧ ❞❡ E ❞❡ ❞✐♠❡♥&✐♦♥ ✜♥✐❡✱ x ✉♥ ✈❡❝#❡✉- ❞❡ E ❡# pF ❧❛ ♣-♦❥❡❝#✐♦♥ ♦-#❤♦❣♦♥❛❧❡ &✉- F. ❖♥ ❛ ✿

• d(x, F ) = ‖x− pF (x)‖,
• pF (x) ❡&# ❧❡ &❡✉❧ ✈❡❝#❡✉- u ❞❡ F #❡❧ 8✉❡ ‖x− u‖ -9❛❧✐&❡ ❧❛ ❞✐&#❛♥❝❡ ❞❡ x : F,
• ❧❡ #❤9♦-;♠❡ ❞❡ <②#❤❛❣♦-❡ ❞♦♥♥❡ ‖x‖2 = ‖pF (x)‖2 + d(x, F )2.

+2❡✉✈❡✳

✷

❖♥ -❡♠❛-8✉❡ ❡♥ ♣❛-#✐❝✉❧✐❡- 8✉❡ ‖pF (x)‖2 6 ‖pF (x)‖2 + d(x, F )2 = ‖x‖2 ❡# ❞♦♥❝ ♦♥ ❛ ❧❡ ❝♦-♦❧❧❛✐-❡ &✉✐✈❛♥#✳

❈♦2♦❧❧❛✐2❡ ✹ ✭■♥$❣❛❧✐"$ ❞❡ ❇❡**❡❧✮

❙♦✐# F ✉♥ &♦✉&✲❡&♣❛❝❡ ✈❡❝#♦-✐❡❧ ❞❡ E ❞❡ ❞✐♠❡♥&✐♦♥ ✜♥✐❡ ❡# pF ❧❛ ♣-♦❥❡❝#✐♦♥ ♦-#❤♦❣♦♥❛❧❡ &✉- F. ❖♥ ❛ ✿

∀x ∈ E, ‖pF (x)‖ 6 ‖x‖.

✶✹✳✹✳✹ ❉✐%&❛♥❝❡ + ✉♥ ♣❧❛♥ ❞❛♥% R
3

❉❛♥& ❝❡ ♣❛-❛❣-❛♣❤❡✱ ♦♥ ❞♦♥♥❡ #-♦✐& ❢❛A♦♥& ❞❡ ❞❡#❡-♠✐♥❡- ❧❛ ❞✐&#❛♥❝❡ ❞✬✉♥ ✈❡❝#❡✉- : ✉♥ ♣❧❛♥ ❞❛♥& R
3
♠✉♥✐ ❞✉ ♣-♦❞✉✐# &❝❛❧❛✐-❡

✉&✉❡❧✳ ■❧ &✬❛❣✐# ❞❡ #❡❝❤♥✐8✉❡& ❞❡ ❝❛❧❝✉❧& ❜❛&✐8✉❡& 8✉✬✐❧ ❢❛✉# ♠❛E#-✐&❡-✳ ❊❧❧❡& ♣❡✉✈❡♥# 9❣❛❧❡♠❡♥# &✬❛♣♣❧✐8✉❡- ❞❛♥& ❧❛ ❞9#❡-♠✐♥❛#✐♦♥

❞❡ ♠❛#-✐❝❡& ❞❡ ♣-♦❥❡❝#✐♦♥& ♦-#❤♦❣♦♥❛❧❡&✳ ❊❧❧❡& ♣❡-♠❡##-♦♥# ❛✉&&✐ ❞❡ ❝♦♠♣-❡♥❞-❡ ❞❡& &✐#✉❛#✐♦♥& ❞❛♥& ❞❡& ❝❛& ♣❧✉& ❛❜&#-❛✐#&✳

• ❘❡❝❤❡2❝❤❡ ❞✬✉♥ ♣2♦❥❡"$ ♦2"❤♦❣♦♥❛❧

❊①❡2❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❉9#❡-♠✐♥❡- ❧❡ ♣-♦❥❡#9 ♦-#❤♦❣♦♥❛❧ ❞✬✉♥ ✈❡❝#❡✉- v = (a, b, c) ∈ R
3
&✉- ❧❡ ♣❧❛♥ ✈❡❝#♦-✐❡❧ P : 2x+ y − z = 0.

✸✻✸
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• ❉✐*"❛♥❝❡ ❞✬✉♥ ✈❡❝"❡✉6 7 ✉♥ ♣❧❛♥ ✿ ❡♥ ✉"✐❧✐*❛♥" ✉♥ ✈❡❝"❡✉6 ♥♦6♠❛❧

❊①❡6❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❉!"❡$♠✐♥❡$ ❧❛ ❞✐+"❛♥❝❡ ❞✬✉♥ ✈❡❝"❡✉$ v = (a, b, c) ∈ R
3
❛✉ ♣❧❛♥ ✈❡❝"♦$✐❡❧ P : 2x+ y − z = 0.

• ❉✐*"❛♥❝❡ ❞✬✉♥ ✈❡❝"❡✉6 7 ✉♥ ♣❧❛♥ ✿ ❡♥ ✉"✐❧✐*❛♥" ✉♥❡ ❜❛*❡

❊①❡6❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❉!"❡$♠✐♥❡$ ❧❛ ❞✐+"❛♥❝❡ ❞✉ ✈❡❝"❡✉$ v = (2,−2, 0) ∈ R
3
❛✉ ♣❧❛♥ ✈❡❝"♦$✐❡❧ P = Vect{u1, u2} ❛✈❡❝

u1 = (1, 1, 1) ❡" u2 = (2, 1, 0)

✸✻✹
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• ❉✐*"❛♥❝❡ ❞✬✉♥ ✈❡❝"❡✉6 7 ✉♥ ♣❧❛♥ ✿ ❡♥ ✉"✐❧✐*❛♥" ✉♥❡ ❜❛*❡ ♦6"❤♦♥♦6♠❛❧❡

❊①❡6❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❉!"❡$♠✐♥❡$ ❧❛ ❞✐+"❛♥❝❡ ❞✉ ✈❡❝"❡✉$ v = (2,−2, 0) ∈ R
3
❛✉ ♣❧❛♥ ✈❡❝"♦$✐❡❧ P = Vect{u1, u2} ❛✈❡❝

u1 = (1, 1, 1) ❡" u2 = (2, 1, 0)

✶✹✳✹✳✺ ❉✐&'❛♥❝❡ , ✉♥ ❤②♣❡1♣❧❛♥

❖♥ $❛♣♣❡❧❧❡ 2✉✬♦♥ ♣❡✉" ❞!✜♥✐$ ✉♥ ❤②♣❡$♣❧❛♥ ❞❡ ❞❡✉① ❢❛9♦♥+ ✿

• ❯♥ ❤②♣❡$♣❧❛♥ ❡+" ❧❡ ♥♦②❛✉ ❞✬✉♥❡ ❢♦$♠❡ ❧✐♥!❛✐$❡ ♥♦♥ ♥✉❧❧❡✳
❊" ❞❡✉① ❢♦$♠❡+ ❧✐♥!❛✐$❡+ ♥♦♥ ♥✉❧❧❡+ ❞!✜♥✐++❡♥" ❧❡ ♠>♠❡ ❤②♣❡$♣❧❛♥ +✐ ❡" +❡✉❧❡♠❡♥" +✐ ❡❧❧❡+ +♦♥" ♣$♦♣♦$"✐♦♥♥❡❧❧❡+✳

• ❯♥ ❤②♣❡$♣❧❛♥ ❡+" ✉♥ +♦✉+✲❡+♣❛❝❡ ✈❡❝"♦$✐❡❧ ❛❞♠❡""❛♥" ✉♥❡ ❞$♦✐"❡ ✈❡❝"♦$✐❡❧❧❡ ♣♦✉$ +✉♣♣❧!♠❡♥"❛✐$❡✳

❉❛♥+ ✉♥ ❡+♣❛❝❡ ✈❡❝"♦$✐❡❧ E ❞❡ ❞✐♠❡♥*✐♦♥ ✜♥✐❡ n > 1✱ ✉♥ ❤②♣❡$♣❧❛♥ H ❡+" ❞♦♥❝ ✉♥ +♦✉+✲❡+♣❛❝❡ ✈❡❝"♦$✐❡❧ ❞❡ ❞✐♠❡♥+✐♦♥ n−1.
❊" +✐ ❧✬❡+♣❛❝❡ ✈❡❝"♦$✐❡❧ ❡+" ♠✉♥✐ ❞✬✉♥ ♣$♦❞✉✐" +❝❛❧❛✐$❡✱ ♦♥ ❛

E = H ⊕H⊥

❛✈❡❝ dim(H⊥) = 1. ❆✐♥+✐✱ H⊥
❡+" ✉♥❡ ❞$♦✐"❡ ✈❡❝"♦$✐❡❧❧❡ ❡" ❞♦♥❝ ✐❧ ❡①✐+"❡ a ∈ E ♥♦♥ ♥✉❧ "❡❧ 2✉❡ H⊥ = Vect{a}. ❆✈❡❝ ❝❡+

♥♦"❛"✐♦♥+✱ ♦♥ ❛ ❧❛ ♣$♦♣♦+✐"✐♦♥ +✉✐✈❛♥"❡✳

+6♦♣♦*✐"✐♦♥ ✶✾ ✭7 *❛✈♦✐6 6❡"6♦✉✈❡6 6❛♣✐❞❡♠❡♥"✮

❙♦✐" H ✉♥ ❤②♣❡$♣❧❛♥ ❞❡ E ❛✈❡❝ H⊥ = Vect{a} ❡" +♦✐" x ∈ E.

▲❡ ♣$♦❥❡"! ♦$"❤♦❣♦♥❛❧ ❞❡ x +✉$ H ❡+" pH(x) = x−
〈

a

‖a‖ , x
〉

a

‖a‖ .

+6❡✉✈❡✳

✷

✸✻✺
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+2♦♣♦*✐"✐♦♥ ✷✵ ✭7 *❛✈♦✐2 2❡"2♦✉✈❡2 2❛♣✐❞❡♠❡♥"✮

❙♦✐# H ✉♥ ❤②♣❡*♣❧❛♥ ❞❡ E ❛✈❡❝ H⊥ = Vect{a}. 0♦✉* #♦✉# ✈❡❝#❡✉* x ∈ E, ♦♥ ❛ d(x,H) =
|〈a, x〉|
‖a‖ .

+2❡✉✈❡✳

✷

❈❛* ❞✬✉♥ ❤②♣❡2♣❧❛♥ ❞❡ R
n
✿ ❖♥ ♠✉♥✐# R

n
❞✉ ♣*♦❞✉✐# 3❝❛❧❛✐*❡ ✉3✉❡❧ ❡# ♦♥ 3✉♣♣♦3❡ 4✉❡ H ❡3# ❞♦♥♥5 ♣❛* ✉♥❡ 54✉❛#✐♦♥

❝❛*#53✐❡♥♥❡✳

H : a1x1 + · · ·+ anxn = 0.

❆✐♥3✐✱ ❡♥ ♥♦#❛♥# a = (a1, . . . , an)✱ ♦♥ ❛

x = (x1, . . . , xn) ∈ H ⇐⇒ a1x1 + · · ·+ anxn = 0

⇐⇒ 〈a, x〉 = 0

⇐⇒ x ∈
(

Vect{a}
)⊥

.

❆✐♥3✐✱ H =
(

Vect{a}
)⊥

♦✉ ❡♥❝♦*❡ ✭♣✉✐34✉❡ E ❡3# ❞❡ ❞✐♠❡♥3✐♦♥ ✜♥✐❡✮ Vect{a} = H⊥. ▲❛ ♣*♦♣♦3✐#✐♦♥ ♣*5❝5❞❡♥#❡ ❞♦♥♥❡ ❛❧♦*3

d(x,H) =
|〈a, x〉|
‖a‖ =

|a1x1 + · · ·+ anxn|
√

a21 + · · ·+ a2n

▲✐❡♥ ❛✈❡❝ ❧❡* ❢♦2♠❡* ❧✐♥$❛✐2❡* ✿ ❙✐ H ❡3# ❞5✜♥✐ ❝♦♠♠❡ ♥♦②❛✉ ❞✬✉♥❡ ❢♦*♠❡ ❧✐♥5❛✐*❡ ϕ ∈ L(E,R) ♥♦♥ ♥✉❧❧❡ ✿

H = Ker(ϕ)

❉✬❛♣*A3 ❧❡ ❝♦*♦❧❧❛✐*❡ ✷✱ ✐❧ ❡①✐3#❡ ✉♥ ✉♥✐4✉❡ ✈❡❝#❡✉* a ∈ E #❡❧ 4✉❡

∀x ∈ E, ϕ(x) = 〈a, x〉.

❆✐♥3✐✱ H = Ker(ϕ) = {x ∈ E, 〈a, x〉 = 0} =
(

Vect{a}
)⊥

❡# ❞♦♥❝ Vect{a} = H⊥. ▲❛ ♣*♦♣♦3✐#✐♦♥ ♣*5❝5❞❡♥#❡ ❞♦♥♥❡ ❛❧♦*3

d(x,H) =
|〈a, x〉|
‖a‖ =

|ϕ(x)|
√

ϕ(a)
.

✸✻✻
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✶✹✳✺ ❆♥♥❡①❡ ✿ ❞❡* ♣,♦❞✉✐0* *❝❛❧❛✐,❡* ❡0 ❞❡* ❢❛♠✐❧❧❡* ❞❡ ♣♦❧②♥7♠❡*

◆❡ ♣❛$ ❧❡$ ❛♣♣&❡♥❞&❡ ✦

✶✹✳✺✳✶ ▲❡$ ♣♦❧②♥1♠❡$ ❞❡ ▲❛❣&❛♥❣❡

❙♦✐❡♥% a0, a1, . . . , an ❞❡' ()❡❧' ❞✐'%✐♥❝%' ❞❡✉①✲/✲❞❡✉①✳ 1♦✉( %♦✉% (P,Q) ∈ (Rn[X])2, ♦♥ ♣♦'❡

〈P,Q〉 =
n
∑

i=0

P (ai)Q(ai).

❈✬❡'% ✉♥ ♣(♦❞✉✐% '❝❛❧❛✐(❡ '✉( Rn[X] ❡% ❧❡' ♣♦❧②♥7♠❡' ❞✬✐♥%❡(♣♦❧❛%✐♦♥ ❞❡ ▲❛❣(❛♥❣❡ ❛''♦❝✐)' / a0, a1, . . . , an ❢♦(♠❡♥% ✉♥❡ ❜❛'❡

♦(%❤♦♥♦(♠)❡ ♣♦✉( ❝❡ ♣(♦❞✉✐% '❝❛❧❛✐(❡✳

∀k ∈ {0, . . . , n}, Lk[X] =
n
∏

i=0
i 6=k

(X − ai)

(ak − ai)
.

+2♦♣2✐$"$* ✿

• 1♦✉( %♦✉% k ∈ {0, . . . , n}, ♦♥ ❛ deg(Lk) = n.

• 1♦✉( %♦✉% i, k ∈ {0, . . . , n}, ♦♥ ❛ Lk(ai) = δi,k =







0 '✐ i 6= k

1 '✐ i = k

• 1♦✉( %♦✉% P ∈ Rn[X]✱ P (X) =

n
∑

i=0

P (ai)Li(X).

❆✉① ❝♦♥❝♦✉2* ✿ ❊✸❆ #❙■ ▼❛(❤*✶ ✷✵✶✼✱ ✭❊✸❆ #❙■ ▼❛(❤*✶ ✷✵✶✹✮✱ ❈❈■◆# ▼# ▼❛(❤*✶ ✷✵✶✽✱ ❊✸❆ #❈ ❡( #❙■ ✷✵✷✶✱ ❈❡♥(8❛❧❡

#❈ ✷✵✷✷

✶✹✳✺✳✷ ▲❡$ ♣♦❧②♥1♠❡$ ❞❡ ▲❡❣❡♥❞&❡

1♦✉( %♦✉% P,Q ∈ R[X], ♦♥ ♣♦'❡ ✿

〈P,Q〉 =
∫ 1

−1

P (t)Q(t)dt.

❈✬❡'% ✉♥ ♣(♦❞✉✐% '❝❛❧❛✐(❡ '✉( R[X] ✭❡% ❞♦♥❝ '✉( Rn[X]✮✳ ▲❡' ♣♦❧②♥7♠❡' ❞❡ ▲❡❣❡♥❞(❡ ❢♦(♠❡♥% ✉♥❡ ❢❛♠✐❧❧❡ ♦(%❤♦❣♦♥❛❧❡ ❞❡

✈❡❝%❡✉(' ♥♦♥ ♥✉❧'✳ ■❧' '♦♥% ❝♦♠♣❧D%❡♠❡♥% ❞)✜♥✐' ♣❛( ❧❛ (❡❧❛%✐♦♥ ✿

∀n ∈ N, Ln(X) =
1

n!2n
dn

dxn

(

(X2 − 1)n
)

.

+2♦♣2✐$"$* ✿

• 1♦✉( %♦✉% n ∈ N, ♦♥ ❛ deg(Ln) = n✱

• ❊♥ ❞)✈❡❧♦♣♣❛♥% ♣❛( ❧❛ ❢♦(♠✉❧❡ ❞✉ ❜✐♥7♠❡ ❞❡ ◆❡✇%♦♥ ❡% ❡♥ ❞)(✐✈❛♥% n ❢♦✐'✱ ♦♥ ♠♦♥%(❡(❛✐% I✉❡

Ln(X) =
n
∑

k=0

(

n

k

)2

(X − 1)n−k(X + 1)k.

❆✉① ❝♦♥❝♦✉2* ✿ ❈❡♥(8❛❧❡ ▼# ▼❛(❤*✷ ✷✵✶✶
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✶✹✳✺✳✸ ▲❡' ♣♦❧②♥-♠❡' ❞❡ ❚❝❤❡❜②❝❤❡✈

 ♦✉# $♦✉$ P,Q ∈ R[X], ♦♥ ♣♦'❡ ✿

〈P,Q〉 =
∫ 1

−1

P (t)Q(t)√
1− t2

dt =

∫ π

0

P (cos(θ))Q(cos(θ))dθ.

▲❛ ♣#❡♠✐.#❡ ✐♥$/❣#❛❧❡ ✭✐♠♣#♦♣#❡✮ ❡'$ ❝♦♥✈❡#❣❡♥$❡✳ ❖♥ ♠♦♥$#❡ ❧✬/❣❛❧✐$/ ♣❛# ❧❡ ❝❤❛♥❣❡♠❡♥$ ❞❡ ✈❛#✐❛❜❧❡ t = cos(θ)✳ ❈✬❡'$ ✉♥
♣#♦❞✉✐$ '❝❛❧❛✐#❡ '✉# R[X] ✭❡$ ❞♦♥❝ '✉# Rn[X]✮✳

▲❡' ♣♦❧②♥>♠❡' ❞❡ ❚❝❤❡❜②❝❤❡✈ ❢♦#♠❡♥$ ✉♥❡ ❢❛♠✐❧❧❡ ♦#$❤♦❣♦♥❛❧❡ ❞❡ ✈❡❝$❡✉#' ♥♦♥ ♥✉❧'✳ ■❧' '♦♥$ ❝♦♠♣❧.$❡♠❡♥$ ❞/✜♥✐' ♣❛# ❧❛

#❡❧❛$✐♦♥ ✿

∀n ∈ N, ∀θ ∈ R Tn(cos(θ)) = cos(nθ).

+2♦♣2✐$"$* ✿

•  ♦✉# $♦✉$ n ∈ N, ❧❡ ♣♦❧②♥>♠❡ Tn ❡'$ ❞❡ ❞❡❣#/ n✱ '♦♥ $❡#♠❡ ❞♦♠✐♥❛♥$ ❡'$ 2
n−1

❡$ ✐❧ ❡'$ ❞❡ ♠D♠❡ ♣❛#✐$/ E✉❡ ❧✬❡♥$✐❡# n.

• T0 = 1, T1(X) = X ❡$ ♦♥ ❛ ❧❛ #❡❧❛$✐♦♥ ❞❡ #/❝✉##❡♥❝❡ '✉✐✈❛♥$❡✳

∀n ∈ N
∗, Tn+1(X)− 2XTn(X) + Tn−1(X) = 0.

❆✉① ❝♦♥❝♦✉2* ✿ ❊✸❆ #❙■ ▼❛(❤*✶ ✷✵✶✹✱ ❈❡♥(3❛❧❡ ▼# ▼❛(❤*✷ ✷✵✶✹✱ ❈❡♥(3❛❧❡ #❈ ▼❛(❤*✶ ✷✵✶✷✱ ❊✸❆ #❈ ▼❛(❤*❆ ✷✵✵✺✱

❈❈# ▼# ▼❛(❤*✶ ✷✵✵✸✱ ❈❡♥(3❛❧❡ #❈ ✷✵✷✷✳✳✳

✶✹✳✺✳✹ ▲❡' ♣♦❧②♥-♠❡' ❞❡ ▲❛❣✉❡88❡

 ♦✉# $♦✉$ P,Q ∈ R[X], ♦♥ ♣♦'❡ ✿ 〈P,Q〉 =
∫ +∞

0

P (t)Q(t)e−tdt.

■❧ '✬❛❣✐$ ❞✬✉♥❡ ✐♥$/❣#❛❧❡ ✐♠♣#♦♣#❡ ❝♦♥✈❡#❣❡♥$❡✳ ❈✬❡'$ ✉♥ ♣#♦❞✉✐$ '❝❛❧❛✐#❡ '✉# R[X] ✭❡$ ❞♦♥❝ '✉# Rn[X]✮✳ ▲❡' ♣♦❧②♥>♠❡' ❞❡
▲❛❣✉❡##❡ ❢♦#♠❡♥$ ✉♥❡ ❢❛♠✐❧❧❡ ♦#$❤♦❣♦♥❛❧❡ ❞❡ ✈❡❝$❡✉#' ♥♦♥ ♥✉❧'✳ ■❧' '♦♥$ ❝♦♠♣❧.$❡♠❡♥$ ❞/✜♥✐' ♣❛# ❧❛ #❡❧❛$✐♦♥ ✿

∀n ∈ N, Ln(X) =
ex

n!

dn

dxn

(

xne−x
)

.

✶✹✳✺✳✺ ▲❡' ♣♦❧②♥-♠❡' ❞✬❍❡8♠✐<❡

 ♦✉# $♦✉$ P,Q ∈ R[X], ♦♥ ♣♦'❡ ✿

〈P,Q〉 =
∫

R

P (t)Q(t)e−t2dt.

■❧ '✬❛❣✐$ ❞✬✉♥❡ ✐♥$/❣#❛❧❡ ✐♠♣#♦♣#❡ ❝♦♥✈❡#❣❡♥$❡✳ ❈✬❡'$ ✉♥ ♣#♦❞✉✐$ '❝❛❧❛✐#❡ '✉# R[X] ✭❡$ ❞♦♥❝ '✉# Rn[X]✮✳ ▲❡' ♣♦❧②♥>♠❡' ❞❡
▲❛❣✉❡##❡ ❢♦#♠❡♥$ ✉♥❡ ❢❛♠✐❧❧❡ ♦#$❤♦❣♦♥❛❧❡ ❞❡ ✈❡❝$❡✉#' ♥♦♥ ♥✉❧'✳ ■❧' '♦♥$ ❝♦♠♣❧.$❡♠❡♥$ ❞/✜♥✐' ♣❛# ❧❛ #❡❧❛$✐♦♥ ✿

∀n ∈ N, Hn(X) = (−1)nex2 dn

dxn

(

e−x2
)

.

❆✉① ❝♦♥❝♦✉2* ✿ ▼✐♥❡*✲#♦♥(* #❙■ ▼❛(❤*✷ ✷✵✵✾✱ ❈❈# ▼# ▼❛(❤*✷ ✷✵✶✻✱ ❈❡♥(3❛❧❡ #❙■ ♠❛(❤* ✶ ✷✵✷✹

✸✻✽


