
❈❤❛♣✐%&❡ ✶✸

❱❛"✐❛❜❧❡' ❛❧(❛)♦✐"❡'

❉❛♥# ❝❡ ❝❤❛♣✐)*❡✱ Ω ❡#) ✉♥ ❡♥#❡♠❜❧❡ ❛♣♣❡❧0 ✉♥✐✈❡%& ❡) A ⊂ P(Ω) ❡#) ✉♥❡ )*✐❜✉ #✉* Ω. ▲❡# 0❧0♠❡♥)# ❞❡ A #♦♥) ❛♣♣❡❧0#

'✈'♥❡♠❡♥)&✳

❖♥ ❞0#✐❣♥❡ ❛✉##✐ ♣❛* P ✉♥❡ ♣*♦❜❛❜✐❧✐)0 #✉* (Ω,A)✳

✶✸✳✶ ❱❛%✐❛❜❧❡* ❛❧+❛,♦✐%❡*

✶✸✳✶✳✶ ❉$✜♥✐(✐♦♥

❉'✜♥✐)✐♦♥ ✶ ✭❱❛%✐❛❜❧❡ ❛❧'❛)♦✐%❡✮

❖♥ ❛♣♣❡❧❧❡ ✈❛%✐❛❜❧❡ ❛❧'❛)♦✐%❡ ❞✐&❝%6)❡ #✉* (Ω,A) )♦✉)❡ ❛♣♣❧✐❝❛)✐♦♥ X ❞0✜♥✐❡ #✉* Ω ❡) ✈0*✐✜❛♥) ✿

• X(Ω) ❡#) ❛✉ ♣❧✉& ❞'♥♦♠❜%❛❜❧❡ ✭✐✳❡✳ ✜♥✐ ♦✉ ❞0♥♦♠❜*❛❜❧❡✮

• <♦✉* )♦✉) x ∈ X(Ω)✱ ❧✬❡♥#❡♠❜❧❡ X−1({x}) = {ω ∈ Ω, X(ω) = x} ❡#) ✉♥ '✈'♥❡♠❡♥)✱ ❝✬❡#)✲?✲❞✐*❡ ✉♥ 0❧0♠❡♥) ❞❡ ❧❛

)*✐❜✉ A.

▲❡ &✉♣♣♦%) ❞❡ ❧❛ ✈❛*✐❛❜❧❡ ❛❧0❛)♦✐*❡ X ❡#) ❧✬❡♥#❡♠❜❧❡ ❞❡# ✈❛❧❡✉*# ♣*✐#❡# ♣❛* X ✿

X(Ω) = {X(ω), ω ∈ Ω} ⊂ E.

❙✐ ❞❡ ♣❧✉# X(Ω) ⊂ R✱ ♦♥ ❞✐*❛ A✉✬✐❧ #✬❛❣✐) ❞✬✉♥❡ ✈❛%✐❛❜❧❡ ❛❧'❛)♦✐%❡ %'❡❧❧❡ ❞✐&❝%6)❡ ✭✈✳❛✳*✳❞✳✮✳

❊♥ ❣0♥0*❛❧✱ ❧✬✉♥✐✈❡*# Ω ♥✬❡#) ♣❛# ❡①♣❧✐❝✐)0✱ ♦♥ ❝♦♥♥❛D) #❡✉❧❡♠❡♥) X(Ω).

8%♦♣♦&✐)✐♦♥ ✶ ✭➱✈'♥❡♠❡♥)& ❛&&♦❝✐'&✮

❙♦✐) X ✉♥❡ ✈❛*✐❛❜❧❡ ❛❧0❛)♦✐*❡ ❞✐#❝*E)❡ #✉* (Ω,A) ❡) ? ✈❛❧❡✉*# ❞❛♥# ✉♥ ❡♥#❡♠❜❧❡ E.
<♦✉* )♦✉)❡ ♣❛*)✐❡ F ❞❡ E✱ ❧✬❡♥#❡♠❜❧❡ X−1(F ) = {ω ∈ Ω, X(ω) ∈ F} ❡#) ✉♥ 0✈0♥❡♠❡♥) ✭✐✳❡✳ ✉♥ 0❧0♠❡♥) ❞❡ A✮✳
❖♥ ❧❡ ♥♦)❡ (X ∈ F ).

8%❡✉✈❡✳

✷

✸✵✺
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+2♦♣♦*✐"✐♦♥ ✷

❙♦✐# X ✉♥❡ ✈❛)✐❛❜❧❡ ❛❧,❛#♦✐)❡ ❞✐.❝)0#❡ .✉) (Ω,A) ❡# 1 ✈❛❧❡✉). ❞❛♥. ✉♥ ❡♥.❡♠❜❧❡ E.

• 3♦✉) x ∈ E✱ ♦♥ ♥♦#❡ (X = x) ✭♣❛)❢♦✐. {X = x}✮ ❧✬,✈,♥❡♠❡♥# X−1({x}).

• ❖♥ ❛ (X ∈ ∅) = ∅ ❡# (X ∈ E) = Ω✳

• 3♦✉) #♦✉# ♣❛)#✐❡ F ❞❡ E✱ ♦♥ ❛ (X ∈ F ) = (X ∈ F ).

• 3♦✉) #♦✉#❡ ❢❛♠✐❧❧❡ (Fi)i∈I ❞❡ E✱ ♦♥ ❛ ✿

(

X ∈
⋃

i∈I

Fi

)

=
⋃

i∈I

(X ∈ Fi) ❡#

(

X ∈
⋂

i∈I

Fi

)

=
⋂

i∈I

(X ∈ Fi).

• ▲❡. ,✈,♥❡♠❡♥#. (X = x)x∈X(Ω) ❢♦)♠❡♥# ✉♥ .②.#0♠❡ ❝♦♠♣❧❡# ❞✬,✈,♥❡♠❡♥#.✳

+2❡✉✈❡✳

✷

◆♦"❛"✐♦♥* *✐ ❧❛ ✈❛2✐❛❜❧❡ ❛❧$❛"♦✐2❡ X ❡*"

2$❡❧❧❡ ✿

X−1({1}) (X = 1)

X−1([a, b]) (a 6 X 6 b)

X−1([a,+∞[) (a 6 X)

X−1(]−∞, a]) (X 6 a)

❊①❡♠♣❧❡ ✶✸✳✶✳ ❖♥ ❧❛♥❝❡ ❞❡✉① ❞)* + 6 ❢❛❝❡* ✉♥❡ ❢♦✐*✳ ▲❛ ✈❛2✐❛❜❧❡
❛❧)❛4♦✐2❡ S ❛**♦❝✐❡ + ✉♥ 2)*✉❧4❛4 ❧❛ *♦♠♠❡ ❞❡* ❞❡✉① ✈❛❧❡✉2* ♦❜4❡♥✉❡*✳
▲❡ *✉♣♣♦24 ❞❡ S ❡*4 ❞♦♥❝ {2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12}.
❖♥ ❛ ♣❛2 ❡①❡♠♣❧❡ ✭*✐ ❧❡* ❞)* ♥❡ *♦♥4 ♣❛* 42✉8✉)*✮ ✿

• ▲✬)✈)♥❡♠❡♥4 (S = 2) ❡*4 ❛✉**✐ ❧✬❡♥*❡♠❜❧❡ {(1, 1)} ❡4 ❞♦♥❝ ✿

P(S = 2) = P({(1, 1)}) =
1

36

• ▲✬)✈)♥❡♠❡♥4 (S 6 3) ❡*4 ❛✉**✐ ❧✬❡♥*❡♠❜❧❡ {(1, 1), (1, 2), (2, 1)}
❡4 ❞♦♥❝ ✿

P(S 6 3) = P({(1, 1), (1, 2), (2, 1)}) =
3

36
=

1

12

• ▲✬)✈)♥❡♠❡♥4 (S 6 1) ❡*4 ❛✉**✐ ❧✬❡♥*❡♠❜❧❡ ∅ ❡4 ❞♦♥❝ ✿

P(S 6 1) = P(∅) = 0

✸✵✻
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✶✸✳✶✳✷ ▲♦✐ ❞✬✉♥❡ ✈❛.✐❛❜❧❡ ❛❧1❛2♦✐.❡

❉$✜♥✐"✐♦♥ ✷ ✭▲♦✐ ❞❡ ♣8♦❜❛❜✐❧✐"$✮

❙♦✐# X ✉♥❡ ✈❛)✐❛❜❧❡ ❛❧,❛#♦✐)❡ ❞✐.❝)0#❡ .✉) (Ω,A,P) ❡# 1 ✈❛❧❡✉). ❞❛♥. ✉♥ ❡♥.❡♠❜❧❡ E.
❖♥ ❛♣♣❡❧❧❡ ❧♦✐ ❞❡ ♣8♦❜❛❜✐❧✐"$ ❞❡ X ❧✬❛♣♣❧✐❝❛#✐♦♥ ✿

PX :

{
P(X(Ω)) −→ [0, 1]

F 7−→ P(X ∈ F )

❖♥ ♣❡✉# ❞,♠♦♥#)❡) 7✉✬✐❧ .✬❛❣✐# ❞✬✉♥❡ ♣)♦❜❛❜✐❧✐#, .✉) X(Ω) ♠✉♥✐ ❞❡ ❧❛ #)✐❜✉ P(X(Ω))✳

+8♦♣♦*✐"✐♦♥ ✸

❙♦✐# X ✉♥❡ ✈❛)✐❛❜❧❡ ❛❧,❛#♦✐)❡ ❞✐.❝)0#❡ .✉) (Ω,A,P) ❡# 1 ✈❛❧❡✉). ❞❛♥. ✉♥ ❡♥.❡♠❜❧❡ E. ▲❛ ❧♦✐ ❞❡ ♣)♦❜❛❜✐❧✐#, ❞❡ X ❡.#

❝♦♠♣❧0#❡♠❡♥# ❞,#❡)♠✐♥,❡ ♣❛) ❧❛ ❞♦♥♥,❡ ❞❡ ✿

• .♦♥ .✉♣♣♦)# X(Ω) ✭❛✉ ♣❧✉. ❞,♥♦♠❜)❛❜❧❡✮✱

• ❧❛ ✈❛❧❡✉) ❞❡ P(X = x) = PX({x}) ♣♦✉) #♦✉# ,❧,♠❡♥# x ❞❡ X(Ω)✳

+8❡✉✈❡✳

✷

❘❡♠❛8'✉❡ ✿ ❛✈❡❝ ❝❡. ♥♦#❛#✐♦♥.✱ ❧❛ ❢❛♠✐❧❧❡ (P(X = x))x∈X(Ω) ❡.# ✉♥❡ ❞✐*"8✐❜✉"✐♦♥ ❞❡ ♣8♦❜❛❜✐❧✐"$ ❝❛) ✿

∀x ∈ X(Ω), P(X = x) > 0 ❡#

∑

x∈X(Ω)

P(X = x) = P




⋃

x∈X(Ω)

(X = x)



 = P(Ω) = 1.

❊①❡♠♣❧❡ ✶✸✳✷✳ ❖♥ "❡♣"❡♥❞ ❧✬❡①❡♠♣❧❡ ❞✉ ❧❛♥❝❡" ❞❡ ❞❡✉① ❞-.✱ ❡0 ❞❡ ❧❛ ✈❛"✐❛❜❧❡ ❛❧-❛0♦✐"❡ S.
❖♥ ❛ ❞-❥6 ✈✉ 7✉❡ S(Ω) = {2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12}.

P(S = 2) = PS({2}) = P({(1, 1)} P(S = 3) = PS({3}) = P({(1, 2), (2, 1)}

=
1

36
=

2

36
=

1

18

P(S = 4) = PS({4}) = P({(1, 3), (2, 2), (3, 1)} P(S = 5) = PS({5}) = P({(1, 4), (2, 3), (3, 2), (4, 1)}

=
3

36
=

1

12
=

4

36
=

1

9

P(S = 6) = PS({6}) = P({(1, 5), (2, 4), (3, 3), (4, 2), (5, 1)} P(S = 7) = PS({7}) = P({(1, 6), (2, 5), (3, 4), (4, 3),
(5, 2), (6, 1)}

=
5

36
=

6

36
=

1

6

P(S = 8) = PS({8}) = P({(2, 6), (3, 5), (4, 4), (5, 3), (6, 2)} P(S = 9) = PS({9}) = P({(3, 6), (4, 5), (5, 4), (6, 3)}

=
5

36
=

4

36
=

1

9

P(S = 10) = PS({10}) = P({(4, 6), (5, 5), (6, 4)} P(S = 11) = PS({11}) = P({(5, 6), (6, 5)}

=
3

36
=

1

12
=

2

36
=

1

18

P(S = 12) = PS({12}) = P({(6, 6)}

=
1

36

✸✵✼



X P (Ω,A) PX

(X(Ω),P(X(Ω)).

Ω = {1, 2, 3, 4, 5, 6}2 S(Ω) = {2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12}

PX({x}) E

• x ∈ X(Ω) PX({x}) = P(X = x) PX

• x /∈ X(Ω) PX({x}) = 0.

X Y (Ω,A,P) E.
X Y PX = PY

X ∼ Y.

X ∼ Y z ∈ E P(X = z) = P(Y = z) z ∈ X(Ω) ∩ Y (Ω), P(X = z) = P(Y = z) = 0

X (Ω,A) E, f : E −→ F

f(X) :

{
Ω −→ F
ω 7−→ f(X(ω))

(Ω,A) F
f(X) X.

X Y (Ω,A,P) E, f : E −→ F

X ∼ Y =⇒ f(X) ∼ f(Y )



6 X
f(x) = (x− 2)(x− 4). Y = f(X).

E

n ∈ N
∗ E n.

X (Ω,P(Ω),P)
E

• X(Ω) = E,

• ∀x ∈ E, P(X = x) =
1

n
.

X ∼ U(E).

E = [[1, n]] X ∼ U([[1, n]])

• X(Ω) = [[1, n]],

• ∀k ∈ [[1, n]], P(X = k) =
1

n
.

0 1 1− p p

p ∈]0, 1[. X (Ω,A,P) p

• X(Ω) = {0, 1},
• P(X = 1) = p P(X = 0) = 1− p.

X ∼ B(p).



n n ∈ N
∗

0 1
X 1

X(Ω) = [[0, n]]. P(X = 1).
P(X = k) k ∈ [[0, n]].

k n

(
n

k

)

.

pk(1− p)n−k. P(X = k) =

(
n

k

)

pk(1− p)n−k.

n ∈ N
∗ p ∈]0, 1[.

X (Ω,A,P) n p

• X(Ω) = [[0, n]],

• ∀k ∈ [[0, n]], P(X = k) =

(
n

k

)

pk(1− p)n−k.

X ∼ B(n, p).

k ∈ [[0, n]], P(X = k) > 0

∑

x∈X(Ω)

P(X = x) =
n∑

k=0

(
n

k

)

pk(1− p)n−k = (p+ (1− p))n = 1.

• X = n

• X = n

• X =

p ∈]0, 1[

T

(T = k) = { ( 0, 0, . . . , 0
︸ ︷︷ ︸

k−1

, 1) }.

T (Ω) = N
∗ ∀k ∈ N∗, P(T = k) = (1− p)k−1p.



∞.
P(T =∞) = 0.

p ∈]0, 1[. X (Ω,A,P) p

• X(Ω) = N
∗,

• ∀k ∈ N
∗, P(X = k) = (1− p)k−1p.

X ∼ G(p).

k ∈ N
∗

P(X = k) > 0

∑

x∈X(Ω)

P(X = x) =
+∞∑

k=1

(1− p)k−1p =
p

1− (1− p)
= 1.

• X = 6

• X =

X (Ω,A,P) p ∈]0, 1[.
n ∈ N

P(X > n) = (1− p)n.

X ∼ G(p) p ∈]0, 1[. n ∈ N P(X > n) = (1− p)n.
X

∀(k, n) ∈ (N∗)2, P(X>k)(X > k + n) = P(X > n)



X X(Ω) ⊂ N
∗

∀(k, n) ∈ (N∗)2, P(X>k)(X > k + n) = P(X > n)

X

λ ∈]0,+∞[. X (Ω,A,P) λ

• X(Ω) = N,

• ∀k ∈ N, P(X = k) =
λk

k!
e−λ.

X ∼ P(λ).

k ∈ N, P(X = k) > 0

∑

x∈X(Ω)

P(X = x) =
+∞∑

k=0

λk

k!
e−λ = eλe−λ = 1.
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■♥"❡2♣2$"❛"✐♦♥ ❡♥ "❡2♠❡* ❞✬$✈$♥❡♠❡♥"* 2❛2❡* ✿ ❈♦♥#$❛✐$❡♠❡♥# ❛✉① ❧♦✐, ♣$.❝.❞❡♠♠❡♥# ❞.✜♥✐❡,✱ ❝❡##❡ ❧♦✐ ♥✬❡,#✱ ❛ ♣$✐♦$✐✱

♣❛, ❧✐.❡ 4 ✉♥❡ ❡①♣.$✐❡♥❝❡ #②♣❡✳ ❉❡♥✐, 8♦✐,,♦♥ ✭✶✼✽✶✲✶✽✹✵✮ ❧✬✐♥#$♦❞✉✐# ❞❛♥, ,♦♥ ♦✉✈$❛❣❡ ❘❡❝❤❡$❝❤❡% %✉$ ❧❛ ♣$♦❜❛❜✐❧✐-. ❞❡%

❥✉❣❡♠❡♥-% ❡♥ ✶✽✸✼✳ ■❧ ❧✬♦❜#✐❡♥# ❝♦♠♠❡ ✓ ❧✐♠✐#❡ ✔ ❞❡ ❧❛ ❧♦✐ ❜✐♥♦♠✐❛❧❡ Xn ∼ B(n, pn) ❛✈❡❝ lim
n→+∞

npn = λ ,#$✐❝#❡♠❡♥# ♣♦,✐#✐❢✳

❊①❡2❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✷✮

8♦✉$ n ∈ N✱ ♦♥ ,❡ ❞♦♥♥❡ Xn ∼ B(n, pn) ❛✈❡❝ lim
n→+∞

npn = λ > 0. ❉.♠♦♥#$❡$ I✉❡ ✿

∀k ∈ N, lim
n→+∞

P(Xn = k) =
λk

k!
e−λ.

❊♥ ♣2❛"✐'✉❡ ✿ ❙♦✐# X ✉♥❡ ✈❛$✐❛❜❧❡ ❛❧.❛#♦✐$❡ ,✉✐✈❛♥# ✉♥❡ ❧♦✐ B(n, p)✳

❙✐ p ❡,# ♣❡#✐# ❡# ,✐ n ❡,# ❣$❛♥❞✱ ❧❡, ✈❛❧❡✉$, ♥✉♠.$✐I✉❡, ❞❡, ♣$♦❜❛❜✐❧✐#., P(X = k) ,♦♥# #$L, ✈♦✐,✐♥❡, ❞❡ e−np (np)
k

k!
✳ ❈❡❧❛ ,✐❣♥✐✜❡

I✉❡ X ,❡ ❝♦♠♣♦$#❡ ❛♣♣$♦①✐♠❛#✐✈❡♠❡♥# ❝♦♠♠❡ ,✐ ❡❧❧❡ ,✉✐✈❛✐# ✉♥❡ ❧♦✐ ❞❡ 8♦✐,,♦♥ ❞❡ ♣❛$❛♠L#$❡ np.

❊①❡♠♣❧❡ ✶✸✳✶✵✳ ❖♥ ❧❛♥❝❡ ✶✵✵ ❢♦✐% ❞❡✉① ❞.% ♥♦♥ -$✉9✉.% ❡- ♦♥ ❛♣♣❡❧❧❡ X ❧❛ ✈❛$✐❛❜❧❡ ❛❧.❛-♦✐$❡ ❞♦♥♥❛♥- ❧❡ ♥♦♠❜$❡ ❞❡ ❞♦✉❜❧❡

%✐① ♦❜-❡♥✉%✳ ▲❛ ❧♦✐ ❡①❛❝-❡ ❞❡ X ❡%- B(100, 1/36) 9✉✐ ❝♦♥❞✉✐- = ❞❡% ❝❛❧❝✉❧% ❝♦♠♣❧✐9✉.%✳

❖♥ ♣♦%❡ λ = np =
100

36
✱ ♦♥ ❛ ❧❡ -❛❜❧❡❛✉ %✉✐✈❛♥- ✿

k 0 1 2 3 4 5 10

P(X = k) ❛✈❡❝ X ∼ B(100, 1/36) 0.05978 0.1708 0.24156 0.22546 0.15621 0.08579 0.00038

P(X = k) ❛✈❡❝ X ∼ P(100/36) 0.06218 0.17271 0.23988 0.22211 0.15424 0.08569 0.00047

▲❛ ❞✐✛.$❡♥❝❡ ♥✬❡%- ♣❛% -$B% ❣$❛♥❞❡✱ %✉$-♦✉- ❧♦$%9✉❡ k ❡%- ♣$♦❝❤❡ ❞❡ ❧❛ ✈❛❧❡✉$ ♠♦②❡♥♥❡

E(X) = np =
100

36
≈ 2, 78.

❊♥ ♣2❛"✐'✉❡ ✿ ❖♥ ❝♦♥,✐❞L$❡ I✉✬✉♥❡ #$L, ❜♦♥♥❡ ❛♣♣$♦①✐♠❛#✐♦♥ ❞❡ ❧❛ ❧♦✐ ❜✐♥♦♠✐❛❧❡ B(n, p) ❡,# ❧❛ ❧♦✐ ❞❡ 8♦✐,,♦♥ P(np) ,✐ ✭❧❡,
❝♦♥❞✐#✐♦♥, ✈❛$✐❡♥# ,❡❧♦♥ ❧❡, ❛✉#❡✉$,✮ ✿

• n > 30, p 6 0, 1 ❡# np < 15 • n > 20 ❡# p 6 0, 05

• n > 20, p 6 0, 1 ❡# np < 5 • n > 100 ❡# np < 10

❉✬✉♥❡ ♠❛♥✐L$❡ ❣.♥.$❛❧❡✱ ✐❧ ❢❛✉# ❞❡, ❛,,❡③ ❣$❛♥❞❡, ✈❛❧❡✉$, ❞❡ n ❡# ❞❡, ♣❡#✐#❡, ✈❛❧❡✉$, ❞❡ p.

✸✶✸
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❊①❡♠♣❧❡* ❞❡ *✐"✉❛"✐♦♥* ❝♦♥❝89"❡* ✿

• X = ◆♦♠❜$❡ ❞❡ ❞'❢❛✉+, ,✉$ ✉♥❡ ♣✐0❝❡ ✉,✐♥'❡✳

• X = ◆♦♠❜$❡ ❞❡ ❝❧✐❡♥+, ❡♥+$❛♥+ ❞❛♥, ✉♥ ♠❛❣❛,✐♥ ❡♥ ✉♥❡ ❥♦✉$♥'❡✳

• X = ◆♦♠❜$❡ ❞✬❡$$❡✉$, ❞❡ ❢$❛♣♣❡ ,✉$ ✉♥❡ ♣❛❣❡ ❞✬✉♥ ❧✐✈$❡✳

• X = ◆♦♠❜$❡ ❞❡ ♣❛$+✐❝✉❧❡, ❛❧♣❤❛ '♠✐,❡, ♣❛$ ✉♥ ♠❛+'$✐❛✉ $❛❞✐♦❛❝+✐❢ ❡♥ ✉♥❡ ♠✐♥✉+❡✳

✶✸✳✶✳✹ ▲♦✐ ❝♦♥❞✐*✐♦♥♥❡❧❧❡ ❞❡ X -❛❝❤❛♥* ✉♥ 1✈1♥❡♠❡♥* A

❉$✜♥✐"✐♦♥ ✾

❙♦✐+ X ✉♥❡ ✈❛$✐❛❜❧❡ ❛❧'❛+♦✐$❡ ❞✐,❝$0+❡ ,✉$ (Ω,A,P) ❡+ A ∈ A✳
❖♥ ❛♣♣❡❧❧❡ ❧♦✐ ♣$♦❜❛❜✐❧✐+' ❝♦♥❞✐+✐♦♥♥❡❧❧❡ ❞❡ X ,❛❝❤❛♥+ A✱ ❧❛ ❧♦✐ ❞❡ ♣$♦❜❛❜✐❧✐+' ❛,,♦❝✐'❡ < X ♣♦✉$ ❧❛ ♣$♦❜❛❜✐❧✐+' ❝♦♥❞✐+✐♦♥❡❧❧❡

PA ✭♣$♦❜❛❜✐❧✐+' ,❛❝❤❛♥+ A✮✳

∀F ⊂ X(Ω), (PA)X(F ) = PA(X ∈ F ) = P((X ∈ F )|A) =
P((X ∈ F ) ∩A)

P(A)
=

P(X−1(F ) ∩A)

P(A)
.

✶✸✳✶✳✺ ❈♦✉♣❧❡- ❞❡ ✈❛7✐❛❜❧❡- ❛❧1❛*♦✐7❡-

❉❛♥, +♦✉+ ❝❡ ♣❛$❛❣$❛♣❤❡✱ ♦♥ ❝♦♥,✐❞0$❡ ❞❡, ✈❛$✐❛❜❧❡, ❛❧'❛+♦✐$❡, ❞✐,❝$0+❡, ,✉$ (Ω,A).

X : Ω −→ X(Ω) ⊂ E ❡+ Y : Ω −→ Y (Ω) ⊂ F.

❉$✜♥✐"✐♦♥ ✶✵

❙✐ X ❡+ Y ,♦♥+ ❞❡✉① ✈❛$✐❛❜❧❡, ❛❧'❛+♦✐$❡, ❞✐,❝$0+❡, ,✉$ (Ω,A) < ✈❛❧❡✉$, ❞❛♥, E ❡+ F $❡,♣❡❝+✐✈❡♠❡♥+✱ ❧✬❛♣♣❧✐❝❛+✐♦♥ ✿

(X,Y ) :

{
Ω −→ X(Ω)× Y (Ω) ⊂ E × F
ω 7−→ (X(ω), Y (ω))

❡,+ ✉♥❡ ✈❛$✐❛❜❧❡ ❛❧'❛+♦✐$❡ ❞✐,❝$0+❡ ❛♣♣❡❧'❡ ❝♦✉♣❧❡ ❞❡ ✈❛$✐❛❜❧❡, ❛❧'❛+♦✐$❡,✳

❉$✜♥✐"✐♦♥ ✶✶

❙✐ X ❡+ Y ,♦♥+ ❞❡✉① ✈❛$✐❛❜❧❡, ❛❧'❛+♦✐$❡, ❞✐,❝$0+❡, ,✉$ (Ω,A,P)✱ ❧❛ ❧♦✐ ❞❡ ♣$♦❜❛❜✐❧✐+' ❞❡ (X,Y ) ❡,+ ❛♣♣❡❧'❡ ❧♦✐ ❝♦♥❥♦✐♥"❡
❞❡ (X,Y ). ❊❧❧❡ ❡,+ ❝♦♠♣❧0+❡♠❡♥+ ❞'+❡$♠✐♥'❡ ♣❛$ ❧❛ ❞♦♥♥'❡ ❞❡ ❧❛ ✈❛❧❡✉$ ❞❡ ✿

P

(

(X,Y ) = (x, y)
)

= P(X = x, Y = y) ♣♦✉$ +♦✉+ '❧'♠❡♥+ (x, y) ❞❡ X(Ω)× Y (Ω).

▲❡, ❧♦✐, ❞❡ X ❡+ ❞❡ Y ,♦♥+ ❛♣♣❡❧'❡, ❧♦✐* ♠❛8❣✐♥❛❧❡* ❞✉ ❝♦✉♣❧❡ (X,Y ).

❊①❡♠♣❧❡ ✶✸✳✶✶✳ ❉❛♥# ✉♥❡ ✉&♥❡ ❝♦♥)❡♥❛♥) ✻ ❜♦✉❧❡# ❜❧❛♥❝❤❡#✱ ✹ ❜♦✉❧❡# &♦✉❣❡# ❡) ✷ ❜♦✉❧❡# ♥♦✐&❡#✱ ♦♥ )✐&❡ ✸ ❜♦✉❧❡#✳ ❖♥ ♥♦)❡

X ❧❛ ✈❛&✐❛❜❧❡ ❛❧7❛)♦✐&❡ ❞♦♥♥❛♥) ❧❡ ♥♦♠❜&❡ ❞❡ ❜♦✉❧❡# ❜❧❛♥❝❤❡# ❡) Y ❝❡❧❧❡ ❞♦♥♥❛♥) ❧❡ ♥♦♠❜&❡ ❞❡ ❜♦✉❧❡# ♥♦✐&❡#✳ X(Ω) = [[0, 3]] ❡)

Y (Ω) = [[0, 2]]. ■❧ ② ❛

(
12

3

)

= 220 )✐&❛❣❡# ♣♦##✐❜❧❡# ❡) ✿

∀(i, j) ∈ [[0, 3]]× [[0, 2]], P(X = i, Y = j) =

(
6

i

) (
2

j

) (
4

3− i− j

)

220
.

❖♥ ❝♦♥✈✐❡♥) ❞❛♥# ❝❡))❡ 7❣❛❧✐)7 >✉❡ #✐ 3− i− j /∈ [[0, 4]] ❛❧♦&#

(
4

3− i− j

)

= 0.

✸✶✹
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 ❛" ❧❡ ❝❛❧❝✉❧✱ ♦♥ ♦❜+✐❡♥+ ❧❛ ❧♦✐ ❝♦♥❥♦✐♥+❡ ❞❡ (X,Y )✳

X = 0 X = 1 X = 2 X = 3 ▲♦✐ ❞❡ Y

Y = 0 36/220 60/220 20/220
Y = 1 48/220 30/220 ✵

Y = 2 ✵ ✵

▲♦✐ ❞❡ X ✶

+4♦♣♦*✐"✐♦♥ ✻

❆✈❡❝ ❧❡% ♥♦(❛(✐♦♥% ♣,-❝-❞❡♥(❡%✱ %✐ ❧✬♦♥ ❝♦♥♥❛1( ❧❛ ❧♦✐ ❝♦♥❥♦✐♥(❡ ❞❡ (X,Y ) ❛❧♦,% ♦♥ ❝♦♥♥❛1( %❡% ❧♦✐% ♠❛,❣✐♥❛❧❡%✱ ♠❛✐% ❧❛
,-❝✐♣,♦5✉❡ ❡%( ❢❛✉%%❡✳

+4❡✉✈❡✳

✷

❊①❡♠♣❧❡ ✶✸✳✶✷✳ ❖♥ ❝♦♥2+"✉✐+ ❞❡✉① ❝♦✉♣❧❡2 ❞❡ ✈❛"✐❛❜❧❡2 (X,Y ) ❡+ (X ′, Y ′) 6 ✈❛❧❡✉"2 ❞❛♥2 [[0, 1]]2 ❛②❛♥+ ♠9♠❡2 ❧♦✐2 ♠❛"❣✐♥❛❧❡2
♠❛✐2 ❞❡2 ❧♦✐2 ❝♦♥❥♦✐♥+❡2 ❞✐2+✐♥❝+❡2✳

• ▲❛ ♣"❡♠✐;"❡ 2✉✐+ ✉♥❡ ❧♦✐ ✉♥✐❢♦"♠❡ ✿

∀(i, j) ∈ [[0, 1]]2, P

(

(X,Y ) = (i, j)
)

=
1

4
.

❖♥ ❛ ❛❧♦"2 ✿

P(X = 0) = P(X = 1) =
1

2
❡+ P(Y = 0) = P(Y = 1) =

1

2
.

• ▲❛ 2❡❝♦♥❞❡ ❡2+ ❞♦♥♥>❡ ♣❛" ✿

P((X ′, Y ′) = (0, 0)) =
1

6
, P((X ′, Y ′) = (0, 1)) =

1

3
,

P((X ′, Y ′) = (1, 0)) =
1

3
❡+ P((X ′, Y ′) = (1, 1)) =

1

6
.

❖♥ ❛ ❡♥❝♦"❡ ✿

P(X ′ = 0) = P(X ′ = 1) =
1

2
❡+ P(Y ′ = 0) = P(Y ′ = 1) =

1

2
.

X = 0 X = 1 ▲♦✐ ❞❡ Y

Y = 0 1/4 1/4
Y = 1 1/4 1/4

▲♦✐ ❞❡ X ✶

X ′ = 0 X ′ = 1 ▲♦✐ ❞❡ Y ′

Y ′ = 0 1/6 1/3
Y ′ = 1 1/3 1/6

▲♦✐ ❞❡ X ′
✶

 ❛" ❝♦♥2>?✉❡♥+✱ ❧❡2 ❧♦✐2 ♠❛"❣✐♥❛❧❡2 ❞✬✉♥ ❝♦✉♣❧❡ ❞❡ ✈❛"✐❛❜❧❡2 ❛❧>❛+♦✐"❡2 ♥❡ 2✉✣2❡♥+ ♣❛2 ♣♦✉" ❞>✜♥✐" 2❛ ❧♦✐ ❝♦♥❥♦✐♥+❡✳

✸✶✺
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❉$✜♥✐"✐♦♥ ✶✷ ✭▲♦✐* ❝♦♥❞✐"✐♦♥♥❡❧❧❡*✮

❙♦✐# (X,Y ) ✉♥ ❝♦✉♣❧❡ ❞❡ ✈❛-✐❛❜❧❡/ ❛❧0❛#♦✐-❡/ ❞✐/❝-1#❡/ /✉- (Ω,A,P)✳
• 3♦✉- #♦✉# y ∈ Y (Ω) #❡❧ 4✉❡ P(Y = y) 6= 0 ♦♥ ❛♣♣❡❧❧❡ ❧♦✐ ❝♦♥❞✐#✐♦♥♥❡❧❧❡ ❞❡ X /❛❝❤❛♥# (Y = y) ❧❛ ❧♦✐ ❞❡ ♣-♦❜❛❜✐❧✐#0

❞0✜♥✐❡ /✉- (X(Ω),P(X(Ω))) ♣❛- ✿






P(X(Ω)) −→ [0, 1]

{x} 7−→ P(Y=y)(X = x) = P(X = x| Y = y) =
P(X = x, Y = y)

P(Y = y)

• 3♦✉- #♦✉# x ∈ X(Ω) #❡❧ 4✉❡ P(X = x) 6= 0 ♦♥ ❛♣♣❡❧❧❡ ❧♦✐ ❝♦♥❞✐#✐♦♥♥❡❧❧❡ ❞❡ Y /❛❝❤❛♥# (X = x) ❧❛ ❧♦✐ ❞❡ ♣-♦❜❛❜✐❧✐#0

❞0✜♥✐❡ /✉- (Y (Ω),P(Y (Ω))) ♣❛-






P(Y (Ω)) −→ [0, 1]

{y} 7−→ P(X=x)(Y = y) = P(Y = y| X = x) =
P(X = x, Y = y)

P(X = x)

❊①❡♠♣❧❡ ✶✸✳✶✸✳ ❖♥ "❡♣"❡♥❞ ❧✬❡①❡♠♣❧❡ ❞❡ ❧✬✉"♥❡ ❝♦♥-❡♥❛♥- ✻ ❜♦✉❧❡1 ❜❧❛♥❝❤❡1✱ ✹ ❜♦✉❧❡1 "♦✉❣❡1 ❡- ✷ ❜♦✉❧❡1 ♥♦✐"❡1✱ ❞❛♥1 ❧❛8✉❡❧❧❡

♦♥ -✐"❡ ✸ ❜♦✉❧❡1✳

❉<-❡"♠✐♥❡" ❧❛ ❧♦✐ ❝♦♥❞✐-✐♦♥♥❡❧❧❡ ❞❡ X 1❛❝❤❛♥- (Y = 1)✳

●$♥$@❛❧✐*❛"✐♦♥ ❛✉ ❝❛* ❞❡ n ✈❛@✐❛❜❧❡* ❛❧$❛"♦✐@❡*✳

❉$✜♥✐"✐♦♥ ✶✸

❙♦✐❡♥# X1, . . . , Xn /♦♥# ❞❡/ ✈❛-✐❛❜❧❡/ ❛❧0❛#♦✐-❡/ ❞✐/❝-1#❡/ /✉- (Ω,A)✱ 9 ✈❛❧❡✉-/ ❞❛♥/ E1, . . . , En -❡/♣❡❝#✐✈❡♠❡♥#✳ ❆❧♦-/

❧✬❛♣♣❧✐❝❛#✐♦♥ ✿

(X1, . . . , Xn) :

{
Ω −→ X1(Ω)× · · · ×Xn(Ω) ⊂ E1 × · · · × En

ω 7−→ (X1(ω), . . . , Xn(ω))

❡/# ✉♥❡ ✈❛-✐❛❜❧❡ ❛❧0❛#♦✐-❡ ❞✐/❝-1#❡ ❛♣♣❡❧0❡ ✈❡❝#❡✉- ❞❡ ✈❛-✐❛❜❧❡/ ❛❧0❛#♦✐-❡/✳

❉$✜♥✐"✐♦♥ ✶✹

❙✐ X1, . . . , Xn /♦♥# ❞❡/ ✈❛-✐❛❜❧❡/ ❛❧0❛#♦✐-❡/ ❞✐/❝-1#❡/ /✉- (Ω,A,P)✱ ❧❛ ❧♦✐ ❞❡ ♣-♦❜❛❜✐❧✐#0 ❞❡ (X1, . . . , Xn) ❡/# ❛♣♣❡❧0❡ ❧♦✐
❝♦♥❥♦✐♥"❡ ❞❡ (X1, . . . , Xn). ❊❧❧❡ ❡/# ❝♦♠♣❧1#❡♠❡♥# ❞0#❡-♠✐♥0❡ ♣❛- ❧❛ ❞♦♥♥0❡ ❞❡ ❧❛ ✈❛❧❡✉- ❞❡ ✿

P

(

(X1, . . . , Xn) = (x1, . . . , xn)
)

= P(X1 = x1, . . . , Xn = xn) ♣♦✉- #♦✉# 0❧0♠❡♥# (x1, . . . , xn) ❞❡ X1(Ω)× · · · ×Xn(Ω).

▲❡/ ❧♦✐/ ❞❡ X1, . . . , Xn /♦♥# ❛♣♣❡❧0❡/ ❧♦✐* ♠❛@❣✐♥❛❧❡* ❞✉ ✈❡❝#❡✉- (X1, . . . , Xn).

✶✸✳✶✳✻ ❱❛&✐❛❜❧❡+ ❛❧,❛-♦✐&❡+ ✐♥❞,♣❡♥❞❛♥-❡+

❉$✜♥✐"✐♦♥ ✶✺ ✭■♥❞$♣❡♥❞❛♥❝❡ ❞❡ ❞❡✉① ✈❛@✐❛❜❧❡* ❛❧$❛"♦✐@❡*✮

❉❡✉① ✈❛-✐❛❜❧❡/ ❛❧0❛#♦✐-❡/ ❞✐/❝-1#❡/ X ❡# Y ❞0✜♥✐❡/ /✉- (Ω,A,P) /♦♥# ❞✐#❡/ ✐♥❞$♣❡♥❞❛♥"❡* /✐✱ ♣♦✉- #♦✉# A ⊂ X(Ω) ❡#
B ⊂ Y (Ω)✱ ❧❡/ 0✈0♥❡♠❡♥#/ (X ∈ A) ❡# (Y ∈ B) /♦♥# ✐♥❞0♣❡♥❞❛♥#/✱ ❝❡ 4✉✐ /✬0❝-✐# ✿

∀(A,B) ∈ P(X(Ω))× P(Y (Ω)), P

(

(X ∈ A) ∩ (Y ∈ B)
)

= P(X ∈ A)P(Y ∈ B).

❖♥ ♥♦#❡ ❞❛♥/ ❝❡ ❝❛/ X ⊥⊥ Y.

✸✶✻
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❖♥ ❛❞♠❡& ❧❛ ♣)♦♣♦+✐&✐♦♥ +✉✐✈❛♥&❡✳

+2♦♣♦*✐"✐♦♥ ✼

❙♦✐❡♥& X ❡& Y +♦♥& ❞❡✉① ✈❛)✐❛❜❧❡+ ❛❧3❛&♦✐)❡+ ❞✐+❝)5&❡+ +✉) (Ω,A,P)✱ ❛❧♦)+ ✿

X ⊥⊥ Y ⇐⇒
(

∀(x, y) ∈ X(Ω)× Y (Ω), P(X = x, Y = y) = P(X = x)P (Y = y)
)

.

❊①❡2❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✷✮

❙♦✐& (X,Y ) ✉♥ ❝♦✉♣❧❡ ❞❡ ✈❛)✐❛❜❧❡+ ❛❧3❛&♦✐)❡+ 8 ✈❛❧❡✉)+ ❞❛♥+ N2
&❡❧ 9✉❡ ✿

∀(p, q) ∈ N
2, P((X,Y ) = (p, q)) = P(X = p, Y = q) = λ

p+ q

p!q!2p+q
.

❉3&❡)♠✐♥❡) λ✱ ❝❛❧❝✉❧❡) ❧❡+ ❧♦✐+ ♠❛)❣✐♥❛❧❡+ ♣✉✐+ ♠♦♥&)❡) 9✉❡ ❧❡+ ✈❛)✐❛❜❧❡+ ❛❧3❛&♦✐)❡+ X ❡& Y +♦♥& ✐♥❞3♣❡♥❞❛♥&❡+✳

❊①❡♠♣❧❡ ✶✸✳✶✹✳ ❙♦✐❡♥% X,Y ❞❡✉① ✈❛+✐❛❜❧❡. ❛❧/❛%♦✐+❡. ✐♥❞/♣❡♥❞❛♥%❡. %❡❧. 1✉❡ X ∼ U({−1, 1}) ❡% Y ∼ U({−1, 1})✳
❖♥ ♣♦.❡ U = X + Y ❡% V = X − Y. ▲❡. ✈❛+✐❛❜❧❡. ❛❧/❛%♦✐+❡. U ❡% V .♦♥%✲❡❧❧❡. ✐♥❞/♣❡♥❞❛♥%❡. ❄

✸✶✼
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❖♥ ❣#♥#$❛❧✐(❡ ❧❛ ❞#✜♥✐,✐♦♥ ❞✬✐♥❞#♣❡♥❞❛♥❝❡ 1 ♣❧✉(✐❡✉$( ✈❛$✐❛❜❧❡( ❛❧#❛,♦✐$❡(✳ ❖♥ ♣♦✉$$❛✐, ❞#♠♦♥,$❡$ ❧❡( ♣$♦♣♦(✐,✐♦♥( ♣❛$ $#❝✉$✲

$❡♥❝❡✳

❉$✜♥✐"✐♦♥ ✶✻ ✭■♥❞$♣❡♥❞❛♥❝❡ ❞❡ ♥ ✈❛:✐❛❜❧❡* ❛❧$❛"♦✐:❡*✮

❙♦✐, X1, . . . , Xn (♦♥, n ✈❛$✐❛❜❧❡( ❛❧#❛,♦✐$❡( ❞✐(❝$9,❡( (✉$ (Ω,A,P)✱ ♦♥ ❞✐, ;✉❡ (X1, . . . , Xn) ❡(, ✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ✈❛$✐❛❜❧❡(
✐♥❞#♣❡♥❞❛♥,❡( (✐ ✿

∀(A1, . . . , An) ∈ P(X1(Ω))× · · · × P(Xn(Ω)), P

(
n⋂

i=1

(Xi ∈ Ai)

)

=

n∏

i=1

P(Xi ∈ Ai).

+:♦♣♦*✐"✐♦♥ ✽

❙✐ X1, . . . , Xn (♦♥, n ✈❛$✐❛❜❧❡( ❛❧#❛,♦✐$❡( ❞✐(❝$9,❡( (✉$ (Ω,A,P)✱ ❛❧♦$( (X1, . . . , Xn) ❡(, ✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ✈❛$✐❛❜❧❡( ✐♥❞#♣❡♥✲
❞❛♥,❡( (✐ ❡, (❡✉❧❡♠❡♥, (✐ ✿

∀(x1, . . . , xn) ∈
n∏

i=1

Xi(Ω), P((X1, . . . , Xn) = (x1, . . . , xn)) =
n∏

i=1

P(Xi = xi).

■❧ ♥✬② ❛ ♣❛( ❞❡ ♥♦,❛,✐♦♥ ♦✣❝✐❡❧❧❡ ❛✉ ♣$♦❣$❛♠♠❡ ♣♦✉$ #❝$✐$❡ ;✉❡ (X1, . . . , Xn) ❡(, ✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ✈❛$✐❛❜❧❡( ✐♥❞#♣❡♥❞❛♥,❡(✳

❉$✜♥✐"✐♦♥ ✶✼ ✭■♥❞$♣❡♥❞❛♥❝❡ ❞✬✉♥❡ *✉✐"❡ ❞❡ ✈❛:✐❛❜❧❡* ❛❧$❛"♦✐:❡*✮

❙♦✐, (Xn)n∈N ✉♥❡ (✉✐,❡ ❞❡ ✈❛$✐❛❜❧❡( ❛❧#❛,♦✐$❡( ❞✐(❝$9,❡( (✉$ (Ω,A,P)✳ ❖♥ ❞✐, ;✉❡ ❝❡( ✈❛$✐❛❜❧❡( ❛❧#❛,♦✐$❡( (♦♥, ✐♥❞#♣❡♥❞❛♥,❡(✱
(✐ ,♦✉,❡ (♦✉(✲❢❛♠✐❧❧❡ ✜♥✐❡ ❞❡ ,❡$♠❡( ❞❡ (Xn)n∈N ❡(, ✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ✈❛$✐❛❜❧❡( ❛❧#❛,♦✐$❡( ✐♥❞#♣❡♥❞❛♥,❡(✳
A♦✉$ ❝❡❧❛✱ ✐❧ ❢❛✉, ❡, ✐❧ (✉✣, ❞❡ ✈#$✐✜❡$ ;✉❡ ♣♦✉$ ,♦✉, n ∈ N, ❧❡( ✈❛$✐❛❜❧❡( ❛❧#❛,♦✐$❡( X0, . . . , Xn (♦♥, ✐♥❞#♣❡♥❞❛♥,❡(✳

❉$✜♥✐"✐♦♥ ✶✽ ✭❙✉✐"❡ ✐✳✐✳❞✳✮

❙♦✐, (Xn)n∈N ✉♥❡ (✉✐,❡ ❞❡ ✈❛$✐❛❜❧❡( ❛❧#❛,♦✐$❡( ❞✐(❝$9,❡( (✉$ (Ω,A,P)✳ ❖♥ ❞✐, ;✉❡ ❝❡( ✈❛$✐❛❜❧❡( ❛❧#❛,♦✐$❡( ❢♦$♠❡♥, ✉♥❡ (✉✐,❡
✐♥❞$♣❡♥❞❛♥"❡ ❡" ✐❞❡♥"✐'✉❡♠❡♥" ❞✐*":✐❜✉$❡ ✭♦♥ ♥♦,❡ ✐✳✐✳❞✳✮ (✐ ❧✬♦♥ ❛ ✿

• A♦✉$ ,♦✉, (i, j) ∈ N
2, ♦♥ ❛ Xi ∼ Xj ✭❧❡( Xn (✉✐✈❡♥, ,♦✉,❡( ❧❛ ♠D♠❡ ❧♦✐✮✱

• (Xn)n∈N ❡(, ✉♥❡ (✉✐,❡ ❞❡ ✈❛$✐❛❜❧❡( ❛❧#❛,♦✐$❡( ✐♥❞#♣❡♥❞❛♥,❡(✳

❊①❡♠♣❧❡ ✶✸✳✶✺✳  ❛" ❡①❡♠♣❧❡✱ ❧❛ ")♣)*✐*✐♦♥ ✐♥❞)♣❡♥❞❛♥*❡ ❞✬✉♥❡ ♠1♠❡ ❡①♣)"✐❡♥❝❡ ❞❡ *②♣❡ )❝❤❡❝✴6✉❝❝76 ❝♦♠♠❡ ❧❡ ❥❡✉ ❞❡ ♣✐❧❡

♦✉ ❢❛❝❡ ✐♥✜♥✐✱ ❞♦♥♥❡ ✉♥❡ 6✉✐*❡ ❞❡ ✈❛"✐❛❜❧❡6 ❛❧)❛*♦✐"❡6 ✐✳✐✳❞✳ ❞❡ ❇❡"♥♦✉❧❧✐✳

❋♦♥❝"✐♦♥ ❞❡ ✈❛:✐❛❜❧❡* ❛❧$❛"♦✐:❡* ✿

❖♥ $❛♣♣❡❧❧❡ ;✉❡ (✐ X : Ω −→ X(Ω) ⊂ E ❡(, ✉♥❡ ✈❛$✐❛❜❧❡ ❛❧#❛,♦✐$❡ ❞✐(❝$9,❡ ❡, (✐ f : E −→ F ❡(, ✉♥❡ ❛♣♣❧✐❝❛,✐♦♥✱ ❧❛ ✈❛$✐❛❜❧❡

❛❧#❛,♦✐$❡ f(X) ❡(, ✿

f(X) :

{
Ω −→ F
ω 7−→ f(X(ω))

❖♥ ❛❞♠❡, ❛❧♦$( ❧❡( ♣$♦♣♦(✐,✐♦♥ (✉✐✈❛♥,❡✳

+:♦♣♦*✐"✐♦♥ ✾

• ❙✐ X ❡, Y (♦♥, ❞❡✉① ✈❛$✐❛❜❧❡( ❛❧#❛,♦✐$❡( ❞✐(❝$9,❡( (✉$ (Ω,A,P) 1 ✈❛❧❡✉$( ❞❛♥( E ❡, F ✱ ❡, f, g ❞❡✉① ❛♣♣❧✐❝❛,✐♦♥ ❞#✜♥✐❡(
(✉$ X(Ω) ❡, Y (Ω) $❡(♣❡❝,✐✈❡♠❡♥,✳ ❖♥ ❛ ❧✬✐♠♣❧✐❝❛,✐♦♥ ✿

X ⊥⊥ Y =⇒ f(X) ⊥⊥ g(Y ).

• ❈❡ $#(✉❧,❛, (✬#,❡♥❞ 1 n ✈❛$✐❛❜❧❡( ❛❧#❛,♦✐$❡( ✿

(X1, . . . , Xn) ✐♥❞#♣❡♥❞❛♥,❡( =⇒ (f1(X1), . . . , fn(Xn)) ✐♥❞#♣❡♥❞❛♥,❡(✱

♦G f1, . . . , fn (♦♥, ❞❡( ❢♦♥❝,✐♦♥( ❞#✜♥✐❡( (✉$ X1(Ω), . . . , Xn(Ω) $❡(♣❡❝,✐✈❡♠❡♥,✳

✸✶✽
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+2♦♣♦*✐"✐♦♥ ✶✵ ✭▲❡♠♠❡ ❞❡* ❝♦❛❧✐"✐♦♥*✮

❙✐X1, . . . , Xn "♦♥% n ✈❛(✐❛❜❧❡" ❛❧,❛%♦✐(❡" ❞✐"❝(/%❡" ✐♥❞,♣❡♥❞❛♥%❡" "✉( (Ω,A,P) 2 ✈❛❧❡✉(" ❞❛♥" E✱ ❛❧♦(" ♣♦✉( %♦✉%❡" ❢♦♥❝%✐♦♥"

f ❡% g ❞,✜♥✐❡" "✉(

p
∏

i=1

Xi(Ω) ❡%
n∏

i=p+1

Xi(Ω) (❡"♣❡❝%✐✈❡♠❡♥%✱ ♦♥ ❛ ✿

f(X1, . . . , Xp) ⊥⊥ g(Xp+1, . . . , Xn)

❘❡♠❛$%✉❡ ✿ ❖♥ ❛ ✐❝✐ ❞❡✉① ❝♦❛❧✐%✐♦♥" ✭❞❡✉① ❢♦♥❝%✐♦♥" f ❡% g✮✱ ♦♥ ❛❞♠❡%%(❛ ❛✉""✐ <✉❡ ❧❡ (,"✉❧%❛% ❡"% ❡♥❝♦(❡ ✈❛❧❛❜❧❡ ♣♦✉( ♣❧✉"

❞❡ ❞❡✉① ❝♦❛❧✐%✐♦♥"✳

✶✸✳✶✳✼ ❙♦♠♠❡ ❞❡ ✈❛+✐❛❜❧❡/ ❛❧0❛1♦✐+❡/ ✐♥❞0♣❡♥❞❛♥1❡/

▲✬,♥♦♥❝, "✉✐✈❛♥% ♥✬❡"% ♣❛" ❛✉ ♣(♦❣(❛♠♠❡✳ ■❧ ❢❛✉❞(❛ "②"%,♠❛%✐<✉❡♠❡♥% ❥✉"%✐✜❡( ❧❡" ❝❛❧❝✉❧"✳

❙♦✐% X1 ❡% X2 ❞❡✉① ✈❛(✐❛❜❧❡" ❛❧,❛%♦✐(❡" (,❡❧❧❡" ❞✐"❝(/%❡" "✉( (Ω,A,P) ❡% ✐♥❞+♣❡♥❞❛♥-❡.✳ ❆❧♦(" X = X1 + X2 ❡"% ✉♥❡

✈❛(✐❛❜❧❡ ❛❧,❛%♦✐(❡ (,❡❧❧❡ ❞✐"❝(/%❡ ❡%

∀x ∈ X(Ω), P(X1 +X2 = x) =
∑

x1∈X1(Ω)

P(X1 = x1)P(X2 = x− x1).

❊♥ ❡✛❡- ✿ ❙✐ ♣♦"❡ X = X1 +X2, ♦♥ ❛ ,✈✐❞❡♠♠❡♥% X(Ω) ⊂ R. ❖♥ ❛ ✿

X(Ω) = {x1 + x2, x1 ∈ X1(Ω) ❡% x2 ∈ X2(Ω)} ⊂ R.

E❛( ❧❛ ♣(♦♣♦"✐%✐♦♥ ✹✱ ❧✬❛♣♣❧✐❝❛%✐♦♥ X = f(X1, X2) = X1 +X2 : Ω −→ X(Ω) ❡"% ✉♥❡ ✈❛(✐❛❜❧❡ ❛❧,❛%♦✐(❡ ✭(,❡❧❧❡✮ ❞✐"❝(/%❡✳

❉,%❡(♠✐♥♦♥" "❛ ❧♦✐ ✿ ♣♦✉( x ∈ X(Ω), ♦♥ ❝❛❧❝✉❧❡ P(X = x).

✸✶✾
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+2♦♣♦*✐"✐♦♥ ✶✶ ✭❙♦♠♠❡ ❞❡ ❧♦✐* ❜✐♥♦♠✐❛❧❡*✮

❙♦✐❡♥% X1, . . . , Xq ❞❡' ✈❛*✐❛❜❧❡' ❛❧-❛%♦✐*❡' ✭♠✉%✉❡❧❧❡♠❡♥%✮ ✐♥❞-♣❡♥❞❛♥%❡' '✉✐✈❛♥% ❞❡' ❧♦✐' ❜✐♥♦♠✐❛❧❡' %❡❧❧❡' 3✉❡ ✿

X1 ∼ B(n1, p), X2 ∼ B(n2, p), . . . , Xq ∼ B(nq, p).

❆❧♦*' ❧❛ ✈❛*✐❛❜❧❡ ❛❧-❛%♦✐*❡ X1 + · · ·+Xq '✉✐% ✉♥❡ ❧♦✐ ❜✐♥♦♠✐❛❧❡ ✿

q
∑

i=1

Xi ∼ B(n1 + · · ·+ nq, p).

+2❡✉✈❡✳✭❊✷✮ ❖♥ ❧❡ ♠♦♥%*❡ ❞❛♥' ❧❡ ❝❛' ♦8 q = 2. ▲❡ ❝❛' ❣-♥-*❛❧ '✬♦❜%✐❡♥❞*❛✐% ❡♥'✉✐%❡ ♣❛* *-❝✉**❡♥❝❡ '✉* q.
❙♦✐❡♥% X1 ∼ B(n1, p) ❡% X2 ∼ B(n2, p) ❞❡✉① ✈❛*✐❛❜❧❡' ✐♥❞-♣❡♥❞❛♥%❡'✳ ❖♥ ❛ X1(Ω) = [[0, n1]] ❡% X2(Ω) = [[0, n2]]✱ ❞♦♥❝
(X1 +X2)(Ω) = [[0, n1 + n2]].

❖♥ -❝*✐% ❧❛ ❢♦*♠✉❧❡ ❞❡' ♣*♦❜❛❜✐❧✐%-' %♦%❛❧❡' ❛✈❡❝ ❧❡ '②'%A♠❡ ❝♦♠♣❧❡% ❞✬-✈-♥❡♠❡♥%'✱ (X1 = i)i∈{0,...,n1
. ❖♥ ♦❜%✐❡♥% ♣♦✉*

k ∈ [[0, n1 + n2]]✱ ♦♥ ❛ ✿

P(X1 +X2 = k) =

n1∑

i=0

P

(

(X1 +X2 = k) ∩ (X1 = i)
)

=

n1∑

i=0

P

(

(X2 = k − i) ∩ (X1 = i)
)

X1, X2 '♦♥% ✐♥❞-♣❡♥❞❛♥%❡'

=

n1∑

i=0

P(X1 = i)P(X2 = k − i)
︸ ︷︷ ︸

=0 si k−i<0

=
k∑

i=0

P(X1 = i)P(X2 = k − i)

=
k∑

i=0

(
n1

i

)

pi(1− p)n1−i

(
n2

k − i

)

pk−i(1− p)n2−(k−i)

=
k∑

i=0

(
n1

i

)(
n2

k − i

)

pk(1− p)n1+n2−k

= pk(1− p)n1+n2−k

k∑

i=0

(
n1

i

)(
n2

k − i

)

❖♥ *❛♣♣❡❧❧❡ ❧✬✐❞❡♥%✐%- ❞❡ ❱❛♥❞❡*♠♦♥❞❡✱ ❞-♠♦♥%*-❡ ❞❛♥' ❧❡ ❝❤❛♣✐%*❡ ✓ E*♦❜❛❜✐❧✐%-' ✔✳

▲❡♠♠❡ ✭❋♦2♠✉❧❡ ❞❡ ❱❛♥ ❞❡2 ▼♦♥❞❡✮

E♦✉* %♦✉% n, p ∈ N ❡% %♦✉% k ∈ [[0, n+ p]] ❡♥%✐❡* ♥❛%✉*❡❧✱ ❛✈❡❝ ❧❛ ❝♦♥✈❡♥%✐♦♥

(
N

q

)

= 0 '✐ q /∈ [[0, N ]], ♦♥ ❛ ✿

k∑

i=0

(
n

i

)(
p

k − i

)

=

(
n+ p

k

)

,

❊♥ *❡♣♦*%❛♥% ❞❛♥' ❧❡' -❣❛❧✐%-' ♣*-❝-❞❡♥%❡' ❛✈❡❝ n = n1 ❡% p = n2✱ ♦♥ ♦❜%✐❡♥% ❜✐❡♥ 3✉❡

P(X1 +X2 = k) = pk(1− p)n1+n2−k

(
n1 + n2

k

)

❡% ❞♦♥❝ 3✉❡ X1 +X2 ∼ B(n1 + n2, p). ✷

❊①❡2❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶ ✲ ❙♦♠♠❡ ❞❡ ❧♦✐* ❞❡ +♦✐**♦♥✮

❙♦✐❡♥% X1, . . . , Xq ❞❡' ✈❛*✐❛❜❧❡' ❛❧-❛%♦✐*❡' ✭♠✉%✉❡❧❧❡♠❡♥%✮ ✐♥❞-♣❡♥❞❛♥%❡' '✉✐✈❛♥% ❞❡' ❧♦✐' ❞❡ E♦✐''♦♥' %❡❧❧❡' 3✉❡ ✿

X1 ∼ P(λ1), X2 ∼ P(λ2), . . . , Xq ∼ P(λq).

❆❧♦*' ❧❛ ✈❛*✐❛❜❧❡ ❛❧-❛%♦✐*❡ X1 + · · ·+Xq '✉✐% ✉♥❡ ❧♦✐ ❞❡ E♦✐''♦♥ ✿

q
∑

i=1

Xi ∼ P(λ1 + · · ·+ λq).

✸✷✵
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❖♥ ❧❡ ♠♦♥&'❡ ❞❛♥* ❧❡ ❝❛* ♦, q = 2. ▲❡ ❝❛* ❣/♥/'❛❧ *✬♦❜&✐❡♥❞'❛✐& ❡♥*✉✐&❡ ♣❛' '/❝✉''❡♥❝❡ *✉' q.

✶✸✳✷ ▼♦♠❡♥)* ❞✬✉♥❡ ✈❛0✐❛❜❧❡ ❛❧4❛)♦✐0❡ 04❡❧❧❡

✶✸✳✷✳✶ ❊%♣'(❛♥❝❡

❖♥ '❛♣♣❡❧❧❡ ❧❛ ❞/✜♥✐&✐♦♥ ✈✉❡ ❡♥ ♣'❡♠✐7'❡ ❛♥♥/❡ ✭❝❛* ✜♥✐✮✳

❉$✜♥✐"✐♦♥ ✶✾

❙♦✐& X ✉♥❡ ✈❛'✐❛❜❧❡ ❛❧/❛&♦✐'❡ '/❡❧❧❡ *✉' (Ω,P) ✉♥ ❡*♣❛❝❡ ♣'♦❜❛❜✐❧✐*/ ✜♥✐✳ ❖♥ ♥♦&❡ X(Ω) = {x1, . . . , xN}.
❖♥ ❛♣♣❡❧❧❡ ❡*♣$6❛♥❝❡ ❞❡ X ❧❛ *♦♠♠❡

E(X) =

N∑

n=1

xnP(X = xn).

■♥"❡6♣6$"❛"✐♦♥ ✿ ▲✬❡*♣/'❛♥❝❡ ❡*& ✉♥❡ ✓ ♠♦②❡♥♥❡ ♣'♦❜❛❜✐❧✐*&❡ ✔✳

?'❡♥♦♥* ♣❛' ❡①❡♠♣❧❡✱ ❧✬❡♥*❡♠❜❧❡ ❞❡* ♥♦&❡* ❞✬✉♥ ❞❡✈♦✐' ❞✬✉♥❡ ❝❧❛**❡✳ ❙✉♣♣♦*♦♥* B✉❡

2 /❧7✈❡* ♦♥& 10/20 3 /❧7✈❡* ♦♥& 7/20 2 /❧7✈❡* ♦♥& 6/20

4 /❧7✈❡* ♦♥& 12/20 1 /❧7✈❡ ❛ 16/20 3 /❧7✈❡* ♦♥& 9/20

▲❛ ♠♦②❡♥♥❡ ❞❡ ❝❧❛**❡ ❡*&

m =
1

15
(2× 10 + 3× 7 + 4× 12 + 1× 16 + 2× 6 + 3× 9)

=
2

15
× 10 +

3

15
× 7 +

4

15
× 12 +

1

15
× 16 +

2

15
× 6 +

3

15
× 9

▲❡* ❢'❛❝&✐♦♥* ❝♦''❡*♣♦♥❞❡♥& ❛✉① ♣'♦♣♦'&✐♦♥* ❞✬/❧7✈❡* ❛②❛♥& ✉♥❡ ♥♦&❡ ❞♦♥♥/❡✳ ❉❛♥* ❧❡ ❝❛❧❝✉❧ ❞✬✉♥❡ ❡*♣/'❛♥❝❡✱ ❝❡&&❡ ♣'♦♣♦'&✐♦♥

❡*& '❡♠♣❧❛❝/❡ ♣❛' ❧❛ ♣'♦❜❛❜✐❧✐&/ B✉✬✉♥ /❧7✈❡ ❛✐& ❝❡&&❡ ♥♦&❡✳ ▲✬❡*♣/'❛♥❝❡ ❡*& ❞♦♥❝ ❧❛ ✈❛❧❡✉' ♠♦②❡♥♥❡ ❞✬✉♥❡ ✈❛'✐❛❜❧❡ ❛❧/❛&♦✐'❡

B✉❡ ❧✬♦♥ ♣❡✉& ❡*♣/'❡' ♦❜&❡♥✐'✳

❖♥ ❡♥ ❞♦♥♥❡'❛ ❛✉**✐ ❡♥ ✜♥ ❞❡ ❝❤❛♣✐&'❡ ✉♥❡ ✐♥&❡'♣'/&❛&✐♦♥ ♥❛&✉'❡❧❧❡ ❣'F❝❡ G ❧❛ ❧♦✐ ❞❡* ❣'❛♥❞* ♥♦♠❜'❡*✳

❖♥ ❣/♥/'❛❧✐*❡ ❝❡&&❡ ♥♦&✐♦♥ ❛✉① ✈❛'✐❛❜❧❡* ❛❧/❛&♦✐'❡* '/❡❧❧❡* ❞✐*❝'7&❡*✳ ❖♥ ✉&✐❧✐*❡ ♣♦✉' ❝❡❧❛✱ ❧❛ ♥♦&✐♦♥ ❞❡ ❢❛♠✐❧❧❡ *♦♠♠❛❜❧❡✳

✸✷✶
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❈❛* ❞✬✉♥❡ ✈❛6✐❛❜❧❡ ❛❧$❛"♦✐6❡ ♣♦*✐"✐✈❡

❉$✜♥✐"✐♦♥ ✷✵

❙♦✐# X ✉♥❡ ✈❛)✐❛❜❧❡ ❛❧,❛#♦✐)❡ ),❡❧❧❡ ❞✐.❝)0#❡ ♣♦*✐"✐✈❡ .✉) (Ω,A, P )✳ ▲✬❡♥.❡♠❜❧❡ X(Ω) ❡.# ❝♦♥#❡♥✉ ❞❛♥. R
+
❡# ❧❛ ❢❛♠✐❧❧❡

{xP(X = x), x ∈ X(Ω)} ❡.# ✉♥❡ ❢❛♠✐❧❧❡ ❛✉ ♣❧✉. ❞,♥♦♠❜)❛❜❧❡ ❞✬,❧,♠❡♥#. ♣♦.✐#✐❢.✳

❖♥ ❛♣♣❡❧❧❡ ❡*♣$6❛♥❝❡ ❞❡ X ✿ E(X) =
∑

x∈X(Ω)

xP(X = x) ∈ [0,+∞].

❖♥ ❞✐# 9✉❡ X ❡.# ❞✬❡.♣,)❛♥❝❡ ✜♥✐❡ .✐ E(X) < +∞, ❝✬❡.#✲<✲❞✐)❡ .✐ ❧❛ ❢❛♠✐❧❧❡ {xP(X = x), x ∈ X(Ω)} ❡.# .♦♠♠❛❜❧❡✳

❘❡♠❛6'✉❡ ✿ ♦♥ ♣❡✉# ,#❡♥❞)❡ ❝❡##❡ ❞,✜♥✐#✐♦♥ ❛✉ ✈❛)✐❛❜❧❡. ❛❧,❛#♦✐)❡. ❞✐.❝)0#❡. < ✈❛❧❡✉). ❞❛♥. [0,+∞]. ❖♥ ❝♦♥✈✐❡♥❞)❛ ❛❧♦).

9✉❡ ❞❛♥. ❝❡ ❝❛. ✿

P(X = +∞) = 0 ❡# ✓ +∞P(X = +∞) ✔= 0.

❊♥ ✉#✐❧✐.❛♥# ❧❡. ♥♦#✐♦♥. ✐♥#)♦❞✉✐#❡. .✉) ❧❡. ❢❛♠✐❧❧❡. .♦♠♠❛❜❧❡✱ ♦♥ ♣❡✉# ♠❛♥✐♣✉❧❡) ❧❡. .♦♠♠❡. ✭✜♥✐❡. ♦✉ ❞,♥♦♠❜)❛❜❧❡.✮ ❞❡

♥♦♠❜)❡. ♣♦.✐#✐❢.✱ ❧❛ ✜♥✐#✉❞❡ ❞❡ ❧❛ .♦♠♠❡ ♣)♦✉✈❡)❛ ❧❛ .♦♠♠❛❜✐❧✐#,✳

❊①❡♠♣❧❡ ✶✸✳✶✻✳ ❙♦✐# A ∈ A ✉♥ &✈&♥❡♠❡♥#✳ ❖♥ ❛♣♣❡❧❧❡ ❢♦♥❝#✐♦♥ ✐♥❞✐❝❛#2✐❝❡ ❞❡ A ❧✬❛♣♣❧✐❝❛#✐♦♥ 4✉✐✈❛♥#❡ ✿

1lA :







Ω −→ {0, 1}
ω ∈ A 7−→ 1
ω /∈ A 7−→ 0

❖♥ ❛ ❧❡4 &❣❛❧✐#&4 (1lA = 0) = A ❡# (1lA = 1) = A. ❆✐♥4✐✱ 1lA ❡4# ❞♦♥❝ ✉♥❡ ✈❛2✐❛❜❧❡ ❛❧&❛#♦✐2❡ ❞❡ ❇❡2♥♦✉❧❧✐ ❞❡ ♣❛2❛♠;#2❡

p = P(1lA = 1) = P(A). ▲❛ ✈❛2✐❛❜❧❡ ❛❧&❛#♦✐2❡ 1lA ❡4# = 4✉♣♣♦2# ✜♥✐ {0, 1}✱ ❡❧❧❡ ❛❞♠❡# ❞♦♥❝ ✉♥❡ ❡4♣&2❛♥❝❡ ✿

E(1lA) = 0.P(1lA = 0) + 1.P(1lA = 1) = P(A).

• ❊*♣$6❛♥❝❡ ❞❡* ❧♦✐* ✉*✉❡❧❧❡* ✿

+6♦♣♦*✐"✐♦♥ ✶✷

• ❙✐ X ∼ U([[1, n]]) ❛❧♦). E(X) =
n+ 1

2
• ❙✐ X ∼ G(p) ❛❧♦). E(X) =

1

p

• ❙✐ X ∼ B(n, p) ❛❧♦). E(X) = np • ❙✐ X ∼ P(λ) ❛❧♦). E(X) = λ

+6❡✉✈❡✳✭❉✶✮

✸✷✷
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✷

✸✷✸



▼❛"❤$♠❛"✐'✉❡* +❙■ ❙✳ ❉✐♦♥

❆✉"3❡ ❡①♣3❡**✐♦♥ ❧♦3*'✉❡ X(Ω) ⊂ N ✿

+3♦♣♦*✐"✐♦♥ ✶✸

❙♦✐# X ✉♥❡ ✈❛)✐❛❜❧❡ ❛❧,❛#♦✐)❡ -✉) (Ω,A,P) . ✈❛❧❡✉)- ❞❛♥- N.

E(X) =
+∞∑

n=1

P(X > n) ∈ [0,+∞].

❊# ❡♥ ♣❛)#✐❝✉❧✐❡)✱ ♦♥ ❛ ❧✬,5✉✐✈❛❧❡♥❝❡ ✿ E(X) < +∞ ⇐⇒
∑

P(X > n) ❝♦♥✈❡)❣❡

+3❡✉✈❡✳ ■❧ -✬❛❣✐# ❞✉ #❤,♦):♠❡ ❞❡ ❋✉❜❜✐♥✐ ♣♦✉) ❧❡- -♦♠♠❡- ❞❡ ❢❛♠✐❧❧❡- . #❡)♠❡- ♣♦-✐#✐❢-✳

✷

❖♥ )❡#✐❡♥❞)❛ ♥,❛♥♠♦✐♥- ❧❡ )❛✐-♦♥♥❡♠❡♥# -✉✐✈❛♥#✳

❙♦✐# X ✉♥❡ ✈❛)✐❛❜❧❡ ❛❧,❛#♦✐)❡ -✉) (Ω,A,P) . ✈❛❧❡✉)- ❞❛♥- N. ❉❛♥- ❝❡ ❝❛- ✿

(X > n) = (n 6 X < n+ 1) ∪ (X > n+ 1) = (X = n) ∪ (X > n+ 1).

❊# ❝♦♠♠❡ ❧✬✉♥✐♦♥ ❡-# ❞✐-❥♦✐♥#❡✱ ♣❛) σ✲❛❞❞✐#✐✈✐#, ✿

P(X = n) = P(X > n)− P(X > n+ 1)

❙♦✉- ❧❡- ♠C♠❡- ❤②♣♦#❤:-❡-✱ ♦♥ ❛✉)❛✐# ♣✉ ❞,♠♦♥#)❡) 5✉❡ ✿

• P(X = n) = P(X > n− 1)− P(X > n),

• P(X = n) = P(X 6 n)− P(X 6 n− 1),

• P(X = n) = P(X < n+ 1)− P(X < n).

❊①❡3❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✸✮

❙♦✐# X ✉♥❡ ✈❛)✐❛❜❧❡ ❛❧,❛#♦✐)❡ -✉) (Ω,A,P) . ✈❛❧❡✉)- ❞❛♥- N. ❖♥ -✉♣♣♦-❡ 5✉❡ X ❡-# ❞✬❡-♣,)❛♥❝❡ ✜♥✐❡✳

❉,♠♦♥#)❡) 5✉❡ lim
N→+∞

(N + 1)P(X > N + 1) = 0, ❡# )❡#)♦✉✈❡) ❧❛ ❞❡✉①✐:♠❡ ❡①♣)❡--✐♦♥ ❞❡ ❧✬❡-♣,)❛♥❝❡ ❞❡ X.

✸✷✹
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❈❛* ❞✬✉♥❡ ✈❛6✐❛❜❧❡ ❛❧$❛"♦✐6❡ 9 ✈❛❧❡✉6* 6$❡❧❧❡* ♦✉ ❝♦♠♣❧❡①❡*

❉$✜♥✐"✐♦♥ ✷✶

❙♦✐# X ✉♥❡ ✈❛)✐❛❜❧❡ ❛❧,❛#♦✐)❡ ❞✐.❝)0#❡ .✉) (Ω,A,P) 1 ✈❛❧❡✉). R ♦✉ C.

❖♥ ❞✐# 3✉❡ X ❡.# ❞✬❡.♣,)❛♥❝❡ ✜♥✐❡ .✐ ❧❛ ❢❛♠✐❧❧❡ {xP(X = x), x ∈ X(Ω)} ❡.# .♦♠♠❛❜❧❡✳ ❉❛♥. ❝❡ ❝❛.✱ ❛♣♣❡❧❧❡ ❡.♣,)❛♥❝❡ ❞❡

X ✿

E(X) =
∑

x∈X(Ω)

xP(X = x).

■♥"❡6♣6$"❛"✐♦♥ ❡♥ ❞✐*"✐♥❣✉❛♥" ❧❡* ❝❛* ✜♥✐ ❡" ❞$♥♦♠❜6❛❜❧❡ ✿

• ❙✐ X(Ω) ❡.# ✜♥✐✱ ❛❧♦). X ❡.# ❞✬❡.♣,)❛♥❝❡ ✜♥✐❡✳

• ❙✐ X(Ω) = {xn, n ∈ N} ❡.# ❞,♥♦♠❜)❛❜❧❡ ❛❧♦). X ❡.# ❞✬❡.♣,)❛♥❝❡ ✜♥✐❡ .✐

∑

xnP(X = xn) ❝♦♥✈❡)❣❡ ❛❜*♦❧✉♠❡♥"✳

❘❡♠❛6'✉❡ ✿ ❙✐ X ❡.# ❜♦6♥$❡✱ ❛❧♦). ❡❧❧❡ ❡.# ❞✬❡.♣,)❛♥❝❡ ✜♥✐❡✳ ❉❛♥. ❧❡ ❝❛. ♦> X ❡.# 1 .✉♣♣♦)# ✜♥✐✱ ❝✬❡.# ,✈✐❞❡♥#✳

❙✉♣♣♦.♦♥. X(Ω) = {xn, n ∈ N} ❡.# ❞,♥♦♠❜)❛❜❧❡✳ ❈♦♠♠❡ X ❡.# ❜♦)♥,❡✱ ✐❧ ❡①✐.#❡ M > 0 #❡❧ 3✉❡ ♣♦✉) #♦✉# n ∈ N, ♦♥ ❛✐#

|xn| 6 M ❡# ❞♦♥❝ ✿

|xnP(X = xn)| 6 MP(X = xn)

❡# ♣❛) ❞,✜♥✐#✐♦♥✱ ❧❛ .,)✐❡

∑

P(X = xn) ❝♦♥✈❡)❣❡✳ ❉♦♥❝ ♣❛) ❧❡. #❤,♦)0♠❡. ❞❡ ❝♦♠♣❛)❛✐.♦♥✱

∑

|xnP(X = xn)| ❝♦♥✈❡)❣❡

,❣❛❧❡♠❡♥#✳

❖♥ ♣❡✉# )❡❣)♦✉♣❡) ❧❡. ❞❡✉① ❝❛. ❡♥ ✉#✐❧✐.❛♥# ❧❛ ♥♦#✐♦♥ ❞❡ ❢❛♠✐❧❧❡ .♦♠♠❛❜❧❡ ✿ B♦✉) #♦✉# x ∈ X(Ω)✱ ♦♥ ❛ ✿

|xP(X = x)| 6 MP(X = x).

❊# ❝♦♠♠❡ ❧❛ ❢❛♠✐❧❧❡ {P(X = x), x ∈ X(Ω)} ❡.# .♦♠♠❛❜❧❡ ♣❛) ❞,✜♥✐#✐♦♥ ❞❡ ♣)♦❜❛❜✐❧✐#,✱ ♣❛) ❝♦♠♣❛)❛✐.♦♥✱ ❧❛ ❢❛♠✐❧❧❡

{xP(X = x), x ∈ X(Ω)} ❧✬❡.# ❛✉..✐✱ ❞♦♥❝ X ❡.# ❞✬❡.♣,)❛♥❝❡ ✜♥✐❡✳

❉$✜♥✐"✐♦♥ ✷✷

❯♥❡ ✈❛)✐❛❜❧❡ ❛❧,❛#♦✐)❡ ),❡❧❧❡ ❞✐.❝)0#❡ X ❡.# ❞✐#❡ ❝❡♥"6$❡ .✐ ❡❧❧❡ ❡.# ❞✬❡.♣,)❛♥❝❡ ✜♥✐❡ ❡# .✐ E(X) = 0.

✸✷✺
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+2♦♣♦*✐"✐♦♥ ✶✹ ✭❚❤$♦28♠❡ ❞✉ "2❛♥*❢❡2"✮

❙♦✐# X ✉♥❡ ✈❛)✐❛❜❧❡ ❛❧,❛#♦✐)❡ ),❡❧❧❡ ✭♦✉ ❝♦♠♣❧❡①❡✮ ❞✐4❝)5#❡ 4✉) (Ω,A,P) ❡# f : X(Ω) −→ R ♦✉ C ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥✳

▲❛ ✈❛)✐❛❜❧❡ ❛❧,❛#♦✐)❡ f(X) ❡4# ❞✬❡4♣,)❛♥❝❡ ✜♥✐❡ 4✐ ❡# 4❡✉❧❡♠❡♥# 4✐ ❧❛ ❢❛♠✐❧❧❡ {f(x)P(X = x), x ∈ X(Ω)} ❡4# 4♦♠♠❛❜❧❡✳

❉❛♥4 ❝❡ ❝❛4✱ ✿

E(f(X)) =
∑

x∈X(Ω)

f(x)P(X = x).

+2❡✉✈❡✳ ❙♦✐# X ✉♥❡ ✈❛)✐❛❜❧❡ ❛❧,❛#♦✐)❡ ),❡❧❧❡ ✭♦✉ ❝♦♠♣❧❡①❡✮ ❞✐4❝)5#❡ 4✉) (Ω,A,P) ❡# f : X(Ω) −→ R ♦✉ C ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥✱

♦♥ ♥♦#❡ Y = f(X)✳
Ω

X
−→ X(Ω)

f
−→ Y (Ω)

• >♦✉) #♦✉# y ∈ Y (Ω)✱ ♦♥ ♥♦#❡ Ay = f−1({y}) = {x ∈ X(Ω), f(x) = y}.

❆❧♦)4 X(Ω) =
⋃

y∈Y (Ω)

Ay✱ ❡# ✐❧ 4✬❛❣✐# ❞✬✉♥❡ ✉♥✐♦♥ ❞✐4❥♦✐♥#❡ ✭f(x) ♥❡ ♣❡✉# ♣❛4 ✈❛❧♦✐) B ❧❛ ❢♦✐4 y ❡# y′ 4✐ y 6= y′✮ ❡# ❞,♥♦♠❜)❛❜❧❡✳

• ❉✬❛✉#)❡ ♣❛)#✱ ♣♦✉) y ∈ Y (Ω)✱ ♦♥ ❞,❝)✐# ❧✬,✈,♥❡♠❡♥# (Y = y) B ❧✬❛✐❞❡

Ay ❡# ❞❡ X ✿

ω ∈ (Y = y) ⇐⇒ Y (ω) = y
⇐⇒ f(X(ω)) = y
⇐⇒ X(ω) ∈ Ay

⇐⇒ ω ∈ (X ∈ Ay)

.

❆✐♥4✐ P(Y = y) = P(X ∈ Ay) =
∑

x∈Ay

P(X = x).

• ❖♥ #)❛✈❛✐❧❧❡ ❞✬❛❜♦)❞ ❛✈❡❝ ❞❡4 4♦♠♠❡4 ❞❡ #❡)♠❡4 ♣♦4✐#✐❢4✳ ▲❡4 ❝❛❧❝✉❧4 4❡ ❢♦♥# ❞♦♥❝ ❞❛♥4 [0,+∞].

∑

x∈X(Ω)

|f(x)|P(X = x) =
∑

y∈Y (Ω)

∑

x∈Ay

|f(x)|P(X = x) ✭4♦♠♠❛#✐♦♥ ♣❛) ♣❛D✉❡#4✮

=
∑

y∈Y (Ω)

∑

x∈Ay

|y|P(X = x) (❝❛) ♣♦✉) x ∈ Ay, ♦♥ ❛ f(x) = y)

=
∑

y∈Y (Ω)

|y|
∑

x∈Ay

P(X = x) =
∑

y∈Y (Ω)

|y|P(Y = y) ✭❞✬❛♣)54 ❝❡ D✉✐ ♣),❝5❞❡✮

❆✐♥4✐✱ ❧❛ ❢❛♠♠✐❧❧❡ {f(x)P(X = x), x ∈ X(Ω)} ❡4# 4♦♠♠❛❜❧❡ 4✐ ❡# 4❡✉❧❡♠❡♥# 4✐ ❧❛ ❢❛♠✐❧❧❡ {yP(Y = y), y ∈ Y (Ω)} ❡4#

4♦♠♠❛❜❧❡✱ ❝✬❡4#✲B✲❞✐)❡ 4✐ ❡# 4❡✉❧❡♠❡♥# 4✐ Y ❡4# ❞✬❡4♣,)❛♥❝❡ ✜♥✐❡✳ ❊# ❞❛♥4 ❝❡ ❝❛4✱ ❧❡4 ❝❛❧❝✉❧4 ♣),❝,❞❡♥#4 4♦♥# ❡♥❝♦)❡ ✈❛❧❛❜❧❡4

4❛♥4 ❧❡4 ✈❛❧❡✉)4 ❛❜4♦❧✉❡4✱ ❝❡ D✉✐ ❞♦♥♥❡ ✿

∑

x∈X(Ω)

f(x)P(X = x) =
∑

y∈Y (Ω)

yP(Y = y) = E(Y ).

✷

■♥"❡2♣2$"❛"✐♦♥ ❡♥ ❞✐*"✐♥❣✉❛♥" ❧❡* ❝❛* ✜♥✐ ❡" ❞$♥♦♠❜2❛❜❧❡ ✿

• ❙✐ X(Ω) ❡4# ✜♥✐✱ ❛❧♦)4 f(X) ❡4# ❞✬❡4♣,)❛♥❝❡ ✜♥✐❡✳

• ❙✐ X(Ω) = {xn, n ∈ N} ❡4# ❞,♥♦♠❜)❛❜❧❡ ❛❧♦)4 f(X) ❡4# ❞✬❡4♣,)❛♥❝❡ ✜♥✐❡ 4✐ ❡# 4❡✉❧❡♠❡♥# 4✐

∑

f(xn)P(X = xn) ❝♦♥✈❡)❣❡

❛❜*♦❧✉♠❡♥"✳

❈❡ #❤,♦)5♠❡ ♣❡)♠❡# ❞❡ ❝❛❧❝✉❧❡) ❧✬❡4♣,)❛♥❝❡ ❞❡ f(X) 4❛♥4 ❛✈♦✐) B ❞,#❡)♠✐♥❡) 4❛ ❧♦✐ ❞❡ ♣)♦❜❛❜✐❧✐#,✱ ❡♥ ✉#✐❧✐4❛♥# ✉♥✐D✉❡♠❡♥#

❝❡❧❧❡ ❞❡ X✳

❊①❡♠♣❧❡ ✶✸✳✶✼✳ ❖♥ "✉♣♣♦"❡ '✉❡ X "✉✐) ✉♥❡ ❧♦✐ ✉♥✐❢♦,♠❡ "✉, A = {−2,−1, 0, 1, 2}✳ ❈❛❧❝✉❧❡, ❧✬❡"♣3,❛♥❝❡ ❞❡ X2
✿

• ❡♥ ✉"✐❧✐*❛♥" ❧❡ "❤$♦28♠❡ ❞✉ "2❛♥*❢❡2" ✿

✸✷✻
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• ❡♥ 2❡✈❡♥❛♥" 4 ❧❛ ❞$✜♥✐"✐♦♥ ✿

+2♦♣♦*✐"✐♦♥ ✶✺ ✭+2❡♠✐=2❡* ♣2♦♣2✐$"$* ❞❡ ❧✬❡*♣$2❛♥❝❡✮

❙♦✐❡♥% X ❡% Y ❞❡✉① ✈❛+✐❛❜❧❡. ❛❧/❛%♦✐+❡. +/❡❧❧❡. ✭♦✉ ❝♦♠♣❧❡①❡.✮ ❞✐.❝+5%❡. .✉+ (Ω,A,P)✳ ❖♥ ❛ ❧❡. ♣+♦♣+✐/%/. .✉✐✈❛♥%❡.✳

✶✳ ▲✐♥$❛2✐"$ ✿

✭❛✮ ❙✐ X = b ❡.% ✉♥❡ ✈❛+✐❛❜❧❡ ❛❧/❛%♦✐+❡ ❝♦♥.%❛♥%❡ ✭X(Ω) = {b}✮✱ ❛❧♦+. ❡❧❧❡ ❡.% ❞✬❡.♣/+❛♥❝❡ ✜♥✐❡ ❡% E(b) = E(X) = b.

✭❜✮ ❙✐ X ❡.% ❞✬❡.♣/+❛♥❝❡ ✜♥✐❡✱ ❛❧♦+. ♣♦✉+ %♦✉% a, b ∈ R, aX + b ❧✬❡.% ❛✉..✐ ❡%

E(aX + b) = aE(X) + b.

✭❝✮ ❙✐ X ❡% Y .♦♥% ❞✬❡.♣/+❛♥❝❡ ✜♥✐❡✱ ❛❧♦+. ♣♦✉+ %♦✉% a, b ∈ R, aX + bY ❧✬❡.% ❛✉..✐ ❡%

E(aX + bY ) = aE(X) + bE(Y ).

✷✳ ❈♦♠♣❛2❛✐*♦♥ ✿ ❙✐ |X| 6 Y ❡% .✐ Y ❡.% ❞✬❡.♣/+❛♥❝❡ ✜♥✐❡✱ ❛❧♦+. X ❧✬❡.% ❛✉..✐✳

✸✳ +♦*✐"✐✈✐"$ ✿ ❙✐ X ❡.% ❞✬❡.♣/+❛♥❝❡ ✜♥✐❡ ❡% ; ✈❛❧❡✉+. ♣♦.✐%✐✈❡.✱ ❛❧♦+. E(X) > 0.

✹✳ ❈2♦✐**❛♥❝❡ ✿ ❙✐ X ❡% Y .♦♥% ❞✬❡.♣/+❛♥❝❡ ✜♥✐❡ ❡% .✐ X 6 Y ✭∀ω ∈ Ω, X(ω) 6 Y (ω)✮ ❛❧♦+. E(X) 6 E(Y ).

✺✳ ■♥$❣❛❧✐"$ "2✐❛♥❣✉❧❛✐2❡ ✿ ❙✐ X ❡.% ❞✬❡.♣/+❛♥❝❡ ✜♥✐❡ ❛❧♦+. |X| ❧✬❡.% ❛✉..✐ ❡% ♦♥ ❛ |E(X)| 6 E(|X|).

+2❡✉✈❡✳

✶✭❛✮ ✿

✶✭❜✮ ✿

✶✭❝✮ ❡% ✷ ✿ ❛❞♠✐.✳

✸ ✿

✸✷✼
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✹ ✿

✺ ✿

✷

▲❡ ♣♦✐♥) ✶ ❞❡ ❝❡))❡ ♣-♦♣♦.✐)✐♦♥ ❛ ♣♦✉- ❝♦♥.12✉❡♥❝❡ ❧❛ ♣-♦♣♦.✐)✐♦♥ .✉✐✈❛♥)❡✳

+2♦♣♦*✐"✐♦♥ ✶✻

❙♦✐) (Ω,A,P) ✉♥ ✉♥✐✈❡-. ♣-♦❜❛❜✐❧✐.1✳

▲✬❡♥.❡♠❜❧❡ L1(Ω,A,P) ❞❡. ✈❛-✐❛❜❧❡. ❛❧1❛)♦✐-❡. ❞✐.❝-:)❡. -1❡❧❧❡. ♦✉ ❝♦♠♣❧❡①❡. ❞✬❡.♣1-❛♥❝❡ ✜♥✐❡ ❡.) ✉♥ ❡.♣❛❝❡ ✈❡❝)♦-✐❡❧ ❡)

❧✬❡.♣1-❛♥❝❡ ❡.) ✉♥❡ ❢♦-♠❡ ❧✐♥1❛✐-❡ .✉- L1(Ω,A,P) ✭♥♦)❛)✐♦♥ ♣❛. ❡①♣❧✐❝✐)❡♠❡♥) ❛✉ ♣-♦❣-❛♠♠❡✮✳

+2❡✉✈❡✳

✷

❊①❡♠♣❧❡ ✶✸✳✶✽✳ ❙✐ X ❡#$ ✉♥❡ ✈❛)✐❛❜❧❡ ❛❧,❛$♦✐)❡ ❞✐#❝)0$❡ ),❡❧❧❡ ❞✬❡#♣,)❛♥❝❡ ✜♥✐❡✱ ❛❧♦)# ❧❛ ✈❛)✐❛❜❧❡ ❛❧,❛$♦✐)❡ X − E(X) ❡#$
❝❡♥$),❡✳

+2♦♣♦*✐"✐♦♥ ✶✼ ✭❉$✜♥✐❡ ♣♦*✐"✐✈✐"$✮

❙♦✐❡♥) X ❡.) ✉♥❡ ✈❛-✐❛❜❧❡ ❛❧1❛)♦✐-❡ -1❡❧❧❡ ❞✐.❝-:)❡ .✉- (Ω,A,P)✳ ❖♥ ❛ ❧✬✐♠♣❧✐❝❛)✐♦♥ .✉✐✈❛♥)❡✳

X > 0
❡)

E(X) = 0






=⇒ P(X = 0) = 1 ✭❧✬1✈1♥❡♠❡♥) (X = 0) ❡.) ♣-❡.2✉❡ .B-✮

+2❡✉✈❡✳

✷

✸✷✽
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❖♥ ❛❞♠❡& ❡♥✜♥ ❧❛ ♣*♦♣♦,✐&✐♦♥ ,✉✐✈❛♥&❡✳

+2♦♣♦*✐"✐♦♥ ✶✽ ✭❊*♣$2❛♥❝❡ ❞✉ ♣2♦❞✉✐" ❞❡ ❞❡✉① ✈❛2✐❛❜❧❡* ✐♥❞$♣❡♥❞❛♥"❡*✮

❙✐ X ❡& Y ,♦♥& ❞✬❡,♣3*❛♥❝❡ ✜♥✐❡ ❡& ,✐ ❡❧❧❡, ,♦♥& ✐♥❞$♣❡♥❞❛♥"❡*✱ ❛❧♦*, ❧❛ ✈❛*✐❛❜❧❡ ❛❧3❛&♦✐*❡ XY ❡,& ❞✬❡,♣3*❛♥❝❡ ✜♥✐❡ ❡&

♦♥ ❛ ✿

E(XY ) = E(X)E(Y ).

✶✸✳✷✳✷ ❱❛&✐❛♥❝❡

8♦✉* ❝♦♠♠❡♥❝❡* ❝❡ ♣❛*❛❣*❛♣❤❡✱ ♦♥ ❞3✜♥✐& ✉♥❡ ♥♦&✐♦♥ ;✉✐ ♥✬❡,& ♣❛, ❡①♣❧✐❝✐&❡♠❡♥& ❛✉ ♣*♦❣*❛♠♠❡ ♠❛✐, ;✉✐ ❡,& ,♦✉✈❡♥&

✐♥&*♦❞✉✐&❡ ❡♥ 3♣*❡✉✈❡✳

❉$✜♥✐"✐♦♥ ✷✸

❙♦✐& X ✉♥❡ ✈❛*✐❛❜❧❡ ❛❧3❛&♦✐*❡ ❞✐,❝*=&❡ *3❡❧❧❡ ✭♦✉ ❝♦♠♣❧❡①❡✮ ,✉* (Ω,A,P) ❡& p ✉♥ ❡♥&✐❡* ♥❛&✉*❡❧ ♥♦♥ ♥✉❧✳
❖♥ ❞✐& ;✉❡ X ❛❞♠❡& ✉♥ ♠♦♠❡♥& ❞✬♦*❞*❡ p ,✐ ❧❛ ✈❛*✐❛❜❧❡ ❛❧3❛&♦✐*❡ Xp

❡,& ❞✬❡,♣3*❛♥❝❡ ✜♥✐❡✱ ♦✉ ❡♥❝♦*❡ ✭♣❛* ❧❡ &❤3♦*=♠❡ ❞❡

&*❛♥,❢❡*&✮ ,✐ ❧❛ ❢❛♠✐❧❧❡ {xp
P(X = x), x ∈ X(Ω)} ❡,& ,♦♠♠❛❜❧❡✳ ❉❛♥, ❝❡ ❝❛,✱ ♦♥ ❞3✜♥✐& ❧❡ ♠♦♠❡♥& ❞✬♦*❞*❡ p ❞❡ X ♣❛* ✿

mp(X) = E(Xp)
Th. de
=

transfert

∑

x∈X(Ω)

xp
P(X = x).

❊①❡2❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✷✮

❙♦✐& X ✉♥❡ ✈❛*✐❛❜❧❡ ❛❧3❛&♦✐*❡ ❞✐,❝*=&❡ *3❡❧❧❡ ✭♦✉ ❝♦♠♣❧❡①❡✮ ,✉* (Ω,A,P)✳
▼♦♥&*❡* ;✉❡ ,✐ X ❛❞♠❡& ✉♥ ♠♦♠❡♥& ❞✬♦*❞*❡ r > 2✱ ❛❧♦*, ❡❧❧❡ ❛❞♠❡& ✉♥ ♠♦♠♠❡& ❞✬♦*❞*❡ s ♣♦✉* &♦✉& s ∈ {1, . . . , r}.

❖♥ ✈3*✐✜❡ ❞✬❛❜♦*❞ ;✉❡ ♣♦✉* &♦✉& x ∈ R✱ ♦♥ ❛ |x|r−1 6 1 + |xr|.

+2♦♣♦*✐"✐♦♥ ✶✾

❙♦✐❡♥& X ❡& Y ❞❡✉① ✈❛*✐❛❜❧❡, ❛❧3❛&♦✐*❡, ❞✐,❝*=&❡, *3❡❧❧❡, ,✉* (Ω,A,P)✳

• ❙✐ ❧❛ ✈❛*✐❛❜❧❡ ❛❧3❛&♦✐*❡ X2
❡,& ❞✬❡,♣3*❛♥❝❡ ✜♥✐❡✱ ❛❧♦*, X ❧✬❡,& ❛✉,,✐✳

• ■♥$❣❛❧✐"$ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛2③ ✿ ❙✐ X2
❡& Y 2

,♦♥& ❞✬❡,♣3*❛♥❝❡ ✜♥✐❡✱ ❛❧♦*, XY ❧✬❡,& ❛✉,,✐ ❡& ♦♥ ❛ ✿

(

E(XY )
)2

6 E(X2)E(Y 2),

❛✈❡❝ 3❣❛❧✐&3 ,✐ ✐❧ ❡①✐,&❡ λ ∈ R &❡❧ ;✉❡ X = λY ♣*❡,;✉❡ ,C*❡♠❡♥& ♦✉ Y = λX ♣*❡,;✉❡ ,C*❡♠❡♥&✳

+2❡✉✈❡✳ • ▲❡ ♣*❡♠✐❡* ♣♦✐♥& ❡,& ❧✬❡①❡*❝✐❝❡ ❞❡ ❝♦❧❧❡ ♣*3❝3❞❡♥& ❛✈❡❝ r = 2.
• ▼♦♥&*♦♥, ❧❡ ,❡❝♦♥❞ ♣♦✐♥& ✭❉✸✮✳

✸✷✾
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✷

▲❛ ❞#✜♥✐'✐♦♥ ❞❡ ✈❛+✐❛♥❝❡ ❡-' ❞♦♥♥#❡ ♣❛+ ❧❛ ♣+♦♣♦-✐'✐♦♥ -✉✐✈❛♥'❡✳

+2♦♣♦*✐"✐♦♥ ✷✵ ✭❋♦2♠✉❧❡ ❞✬❍✉②❣❤❡♥*✲❑@♥✐❣✮

❙♦✐' X ✉♥❡ ✈❛+✐❛❜❧❡ ❛❧#❛'♦✐+❡ ❞✐-❝+4'❡ +#❡❧❧❡ -✉+ (Ω,A,P)✳ ❙✐ ❧❛ ✈❛+✐❛❜❧❡ ❛❧#❛'♦✐+❡ X2
❡-' ❞✬❡-♣#+❛♥❝❡ ✜♥✐❡ ❛❧♦+- X ❧✬❡-'

❛✉--✐ ❡' ♦♥ ❛♣♣❡❧❧❡ ✈❛+✐❛♥❝❡ ❞❡ X ✿

V(X) = E((X − E(X))2) = E(X2)− E(X)2 > 0.

▲✬#❝❛+'✲'②♣❡ ❡-' ❞♦♥♥# ♣❛+ σ(X) =
√

V(X).

+2❡✉✈❡✳ ▲❡ ❝❛- ✜♥✐ ❛ ❞#❥: #'# ✈✉ ❡♥ ♣+❡♠✐4+❡ ❛♥♥#❡✳ ❖♥ -✬✐♥'#+❡--❡ ✐❝✐ ❛✉ ❝❛- ❞#♥♦♠❜+❛❜❧❡✱ ♦♥ ♥♦'❡ ❞♦♥❝ X(Ω) = {xn, n ∈ N}.
❖♥ +❡♠❛+>✉❡ '♦✉' ❞✬❛❜♦+❞ >✉❡ ♣♦✉+ '♦✉' n ∈ N✱ ♦♥ ❛ 2|xn| 6 1 + x2

n ❡' ❞♦♥❝

|xn|P (X = xn) 6
1

2
P (X = xn) +

1

2
x2
nP (X = xn).

❖+ ♣❛+ ❞#✜♥✐'✐♦♥ ❞❡ ♣+♦❜❛❜✐❧✐'#✱ ❧❛ -#+✐❡

∑

n∈N

P (X = xn) ❝♦♥✈❡+❣❡ ✭❡❧❧❡ ❛ ♣♦✉+ -♦♠♠❡ ✶✮✳ ❉❡ ♣❧✉-✱ ♣✉✐>✉❡ X2
❡-' ❞✬❡-♣#+❛♥❝❡

✜♥✐❡✱ ♣❛+ ❧❡ '❤#♦+4♠❡ ❞❡ '+❛♥-❢❡+'✱ ❧❛ -#+✐❡

∑

x2
nP (X = xn) ❝♦♥✈❡+❣❡ ✭❛❜-♦❧✉♠❡♥'✱ ❡' ❡❧❧❡ ❛ ♣♦✉+ -♦♠♠❡ E(X2)✮✳

F❛+ ❝♦♠♣❛+❛✐-♦♥✱ ❧❛ -#+✐❡

∑

|xn|P (X = xn) ❝♦♥✈❡+❣❡✱ ❡' ❞♦♥❝ X ❡-' ❞✬❡-♣#+❛♥❝❡ ✜♥✐❡✳

F✉✐->✉❡ (X − E(X))2 = X2 − 2E(X)X + E(X)2✱ ♣❛+ ❧✐♥#❛+✐'#✱ (X − E(X))2 ❡-' ❞✬❡-♣#+❛♥❝❡ ✜♥✐❡✳

❖♥ ♣❡✉' ❞♦♥❝ ♣♦-❡+ V (X) = E((X − E(X))2), ♣✉✐->✉❡ ❝❡''❡ ❡-♣#+❛♥❝❡ ❡①✐-'❡✳

■❧ +❡-'❡ : ✈#+✐✜❡+ ❧✬#❣❛❧✐'# E((X − E(X))2) = E(X2)− E(X)2. F❛+ ❧✐♥#❛+✐'# ❞❡ ❧✬❡-♣#+❛♥❝❡✱ ♦♥ ❛ ✭E(X) = b =❝-'✮ ✿

E((X − E(X))2) = E(X2 − 2E(X)X + E(X)2) = E(X2)− 2E(X)E(X) + E(X)2 = E(X2)− E(X)2.

❊♥✜♥✱ ♣✉✐->✉❡✱ (X − E(X))2 > 0 ♦♥ ❛ V (X) > 0 ✭♣♦-✐'✐✈✐'# ❞❡ ❧✬❡-♣#+❛♥❝❡✮ ❡' ❞♦♥❝ ♦♥ ♣❡✉' ♣♦-❡+ ✿ σ(X) =
√

V (X).
✷

■♥"❡♣2$"❛"✐♦♥ ✿ ▲❛ ✈❛+✐❛❜❧❡ ❛❧#❛'♦✐+❡ (X − E(X))2 ♠❡-✉+❡ ❧❛ ❞✐-'❛♥❝❡ ❛✉ ❝❛++# ❞❡ X : -❛ ✈❛❧❡✉+ ♠♦②❡♥♥❡✳ ▲✬❡-♣#+❛♥❝❡ ❞❡

❝❡''❡ ✈❛+✐❛❜❧❡ ❛❧#❛'♦✐+❡ ❞♦♥♥❡ ❧❛ ✈❛❧❡✉+ ♠♦②❡♥♥❡ ❞❡ ❝❡''❡ ❞✐-'❛♥❝❡ ❛✉ ❝❛++#✳ ❆✐♥-✐ ❧✬#❝❛+'✲'②♣❡ ♠❡-✉+❡ ❧❛ +#♣❛+'✐'✐♦♥ ❞❡ X
❛✉'♦✉+ ❞❡ -❛ ✈❛❧❡✉+ ♠♦②❡♥♥❡✳ ❙✬✐❧ ❡-' ❣+❛♥❞✱ X ♣+❡♥❞ ✓ -♦✉✈❡♥' ✔ ❞❡- ✈❛❧❡✉+- #❧♦✐❣♥#❡- ❞❡ E(X)✳ ❙✬✐❧ ❡-' ♣❡'✐'✱ ❧❡- ✈❛❧❡✉+- ❞❡
X -♦♥' ❞❛✈❛♥'❛❣❡ ❝♦♥❝❡♥'+#❡- ❛✉'♦✉+ ❞❡ E(X).

✸✸✵
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 ♦✉# ❝❛❧❝✉❧❡# ❧❛ ✈❛#✐❛♥❝❡ ❞❡ X✱ ❞✬❛♣#/0 ❧❛ ❢♦#♠✉❧❡ ❞✬❍✉②❣❤❡♥0✲❑9♥✐❣✱ ✐❧ 0✉✣; ❞❡ ❞<;❡#♠✐♥❡# 0❡0 ♠♦♠❡♥"* ❞✬♦#❞#❡ 1 ❡; 2✱
❝✬❡0;✲=✲❞✐#❡ E(X) ❡; E(X2).

❉$✜♥✐"✐♦♥ ✷✹

❆✈❡❝ ❧❡0 ♥♦;❛;✐♦♥0 ♣#<❝<❞❡♥;❡0✱ ♦♥ ❞✐; ?✉❡ X ❡0; #<❞✉✐;❡ 0✐ σ(X) = 1.

+5♦♣♦*✐"✐♦♥ ✷✶ ✭+5♦♣5✐$"$* ❞❡ ❧❛ ✈❛5✐❛♥❝❡✮

❙♦✐; X ✉♥❡ ✈❛#✐❛❜❧❡ ❛❧<❛;♦✐#❡ ❞✐0❝#/;❡ #<❡❧❧❡ 0✉# (Ω,A,P) ❛✈❡❝ X2
❞✬❡0♣<#❛♥❝❡ ✜♥✐❡✳ ❙♦✐❡♥; a ❡; b ❞❡0 #<❡❧0✳ ❆❧♦#0 X + b

❡; aX ❛❞♠❡;;❡♥; ✉♥❡ ✈❛#✐❛♥❝❡ ❡;

V(X + b) = V(X) ❡; V(aX) = a2V(X).

+5❡✉✈❡✳

✷

❊①❡♠♣❧❡ ✶✸✳✶✾✳ ▼♦♥#$❡$ &✉❡ (✐ X ❡(# ✉♥❡ ✈❛$✐❛❜❧❡ ❛❧.❛#♦✐$❡ #❡❧❧❡ &✉❡ X2
❡(# ❞✬❡(♣.$❛♥❝❡ ✜♥✐❡ ❡# #❡❧❧❡ &✉❡ V(X) 6= 0✱ ❛❧♦$(

Y =
X − E(X)

σ(X)
❡(# ❝❡♥#$.❡ ❡# $.❞✉✐#❡✳

+5♦♣♦*✐"✐♦♥ ✷✷ ✭❱❛5✐❛♥❝❡ ❞❡* ❧♦✐* ✉*✉❡❧❧❡*✮

• ❙✐ X ∼ U([[1, n]]) ❛❧♦#0 V(X) =
n2 − 1

12
• ❙✐ X ∼ B(n, p) ❛❧♦#0 V(X) = np(1− p)

• ❙✐ X ∼ G(p) ❛❧♦#0 V(X) =
1− p

p2
• ❙✐ X ∼ P(λ) ❛❧♦#0 V(X) = λ

+5❡✉✈❡✳✭❉✶✮

✸✸✶
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❖♥ "❛✐% &✉❡ "✐ X2
❡% Y 2

"♦♥% ❞✬❡"♣-.❛♥❝❡ ✜♥✐❡✱ ❛❧♦." XY ❧✬❡"% ❛✉""✐✳ ❖♥ ❞-✜♥✐% ❛❧♦." ❧❛ ❝♦✈❛.✐❛♥❝❡ ❞❡ ❝❡" ❞❡✉① ✈❛.✐❛❜❧❡"✳

❉$✜♥✐"✐♦♥ ✷✺ ✭❈♦✈❛8✐❛♥❝❡✮

❙♦✐❡♥% X,Y ❞❡✉① ✈❛.✐❛❜❧❡" ❛❧-❛%♦✐.❡" ❞✐"❝.8%❡" .-❡❧❧❡" "✉. (Ω,A,P) ❛✈❡❝ X2
❡% Y 2

❞✬❡"♣-.❛♥❝❡ ✜♥✐❡✳

❆❧♦." (X − E(X))(Y − E(Y )) ❛❞♠❡% ✉♥❡ ❡"♣-.❛♥❝❡ ✜♥✐❡✱ ♦♥ ❧✬❛♣♣❡❧❧❡ ❝♦✈❛8✐❛♥❝❡ ❞❡ X ❡% ❞❡ Y ✳

Cov(X,Y ) = E

(

(X − E(X))(Y − E(Y ))
)

= E(XY )− E(X)E(Y ).

+8❡✉✈❡✳

✷

+8♦♣♦*✐"✐♦♥ ✷✸

❙♦✐❡♥% X✱ Y ❡% Z ❞❡" ✈❛.✐❛❜❧❡" ❛❧-❛%♦✐.❡" .-❡❧❧❡" ❞✐"❝.8%❡" "✉. (Ω,A,P) ❛✈❡❝ X2
✱ Y 2

❡% Z2
❞✬❡"♣-.❛♥❝❡ ✜♥✐❡✳ ❖♥ ❛ ❧❡"

♣.♦♣.✐-%-" "✉✐✈❛♥%❡"✳

✶✳ ∀(a, b) ∈ R
2, V(aX + bY ) = a2V(X) + b2V(Y ) + 2abCov(X,Y ).

✷✳ Cov(X,X) = V(X).

✸✳ Cov(X,Y ) = Cov(Y,X) ✭!②♠$%&✐❡✮

✹✳ ∀(a, b) ∈ R
2, Cov(aX + bY, Z) = aCov(X,Z) + bCov(Y, Z) ✭❧✐♥$❛&✐%$ - ❣❛✉❝❤❡✮

✺✳ ❙✐ X ❡% Y "♦♥% ✐♥❞-♣❡♥❞❛♥%❡"✱ ❛❧♦." Cov(X,Y ) = 0 ✭♠❛✐" ❧❛ .-❝✐♣.♦&✉❡ ❡"% ❢❛✉""❡✮✳

+8❡✉✈❡✳

✷

✸✸✸
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+2♦♣♦*✐"✐♦♥ ✷✹ ✭❱❛2✐❛♥❝❡ ❞✬✉♥❡ *♦♠♠❡ ✜♥✐❡ ❞❡ ✈❛2✐❛❜❧❡* ❛❧$❛"♦✐2❡*✮

❙♦✐# (X1, . . . , Xn) ❞❡& ✈❛)✐❛❜❧❡& ❛❧,❛#♦✐)❡& ❞✐&❝).#❡& ),❡❧❧❡& &✉) (Ω,A,P) ❛❞♠❡##❛♥# ✉♥ ♠♦♠❡♥# ❞✬♦)❞)❡ 2 ✭X2
i ❞✬❡&♣,)❛♥❝❡

✜♥✐❡✮✳ ❖♥ ❛ ✿

• V(X1 + · · ·+Xn) =

n∑

i=1

V(Xi) + 2
∑

16i<j6n

Cov(Xi, Xj).

• ❙✐ X1, . . . , Xn &♦♥# ❞❡✉①✲B✲❞❡✉① ✐♥❞$♣❡♥❞❛♥"❡*✱ ❝✬❡&#✲<✲❞✐)❡ =✉❡ ♣♦✉) #♦✉& i, j ∈ [[1, n]] ❞✐&#✐♥❝#&✱ Xi ❡# Xj &♦♥#

✐♥❞,♣❡♥❞❛♥#❡&✱ ❛❧♦)& V(X1 + · · ·+Xn) = V(X1) + · · ·+ V(Xn).

+2❡✉✈❡✳ ❖♥ ♠♦♥#)❡ ❧❡ ♣)❡♠✐❡) ♣♦✐♥# ♣❛) ),❝✉))❡♥❝❡ &✉) n.

■♥✐#✐❛❧✐&❛#✐♦♥ ✿ ♦♥ ❛ ✈✉ =✉❡ V(X + Y ) = V(X) + V(Y ) + 2Cov(X,Y ) ❡# ❞♦♥❝ ❧❡ ),&✉❧#❛# ❡&# ✈)❛✐ ♣♦✉) n = 2.

❍,),❞✐#, ✿ ❙♦✐# n > 2 ✉♥ ❡♥#✐❡) ♣♦✉) ❧❡=✉❡❧ ❧❛ ♣)♦♣)✐,#, ❡&# ✈,)✐✜,❡✳ ❖♥ &❡ ❞♦♥♥❡ (X1, . . . , Xn, Xn+1) ❞❡& ✈❛)✐❛❜❧❡& ❛❧,❛#♦✐)❡&
❛❞♠❡##❛♥# ✉♥ ♠♦♠❡♥# ❞✬♦)❞)❡ 2 ❡# ♦♥ ♣♦&❡ Y = X1 + · · ·+Xn✳ ❖♥ ❛

V(X1 + · · ·+Xn +Xn+1) = V(Xn+1 + Y ) =

❙✐ X1, . . . , Xn &♦♥# ❞❡✉①✲<✲❞❡✉① ✐♥❞,♣❡♥❞❛♥#❡&✱ ❛❧♦)& ♣♦✉) #♦✉# i, j ❞✐&#✐♥❝#& ♦♥ ❛ Cov(Xi, Xj) = 0 ❞✬♦A ❧❡ &❡❝♦♥❞ ♣♦✐♥#✳

✷

✶✸✳✸ ❈♦♥✈❡(❣❡♥❝❡ ❡+ ❛♣♣(♦①✐♠❛+✐♦♥1

✶✸✳✸✳✶ ■♥%❣❛❧✐*%+ ❞❡ ▼❛/❦♦✈

+2♦♣♦*✐"✐♦♥ ✷✺ ✭■♥$❣❛❧✐"$* ❞❡ ▼❛2❦♦✈✮

❙♦✐# X ✉♥❡ ✈❛)✐❛❜❧❡ ❛❧,❛#♦✐)❡ ❞✐&❝).#❡ ),❡❧❧❡ ❡# ♣♦*✐"✐✈❡ &✉) (Ω,A,P)✳ ❖♥ ❛ ❧❡& ❞❡✉① ♠❛❥♦)❛#✐♦♥& &✉✐✈❛♥#❡&✳

• C)❡♠✐.)❡ ✐♥,❣❛❧✐#, ❞❡ ▼❛)❦♦✈ ✿ ❙✐ X ❡&# ❞✬❡&♣,)❛♥❝❡ ✜♥✐❡✱ ❛❧♦)& ∀t > 0, P(X > t) 6
E(X)

t
,

• ❙❡❝♦♥❞❡ ✐♥,❣❛❧✐#, ❞❡ ▼❛)❦♦✈ ✿ ❙✐ X2
❡&# ❞✬❡&♣,)❛♥❝❡ ✜♥✐❡✱ ❛❧♦)& ∀t > 0, P(X > t) 6

E(X2)

t2
✳

• ❈❛& ❣,♥,)❛❧ ✿ ❙♦✐# p ∈ N
∗. ❙✐ Xp

❡&# ❞✬❡&♣,)❛♥❝❡ ✜♥✐❡✱ ❛❧♦)& ∀t > 0, P(X > t) 6
E(Xp)

tp
✳

❘❡♠❛$%✉❡ ✿ ❊①"#❛✐" ❞✉ (✉❥❡" ❞❡ ♠❛"❤-♠❛"✐.✉❡( ❈❈0 0❙■ ✷✵✶✽✳

✓◗✸✷✳ ➱♥♦♥❝❡# ❡" ❞-♠♦♥"#❡# ❧✬✐♥-❣❛❧✐"- ❞❡ ▼❛#❦♦✈ ♣♦✉# ✉♥❡ ✈❛#✐❛❜❧❡ ❛❧-❛"♦✐#❡ ✜♥✐❡ Y (✉# (Ω,A,P)✳ ▼♦♥"#❡# .✉❡ ❝❡ #-(✉❧"❛"
❡(" ❡♥❝♦#❡ ✈#❛✐ ❧♦#(.✉❡ Y ❡(" ✉♥❡ ✈❛#✐❛❜❧❡ ❛❧-❛"♦✐#❡ ❞✐(❝#F"❡ ♥♦♥ ♥-❝❡((❛✐#❡♠❡♥" ✜♥✐❡✳ ✔

✸✸✹
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+2❡✉✈❡✳

• ✭❊✶✮ ❙✐ X ❡#$ ❞✬❡#♣()❛♥❝❡ ✜♥✐❡✱ ❛❧♦)# ✿

E(X) =
∑

x∈X(Ω)

xP (X = x) =

❆✉"2❡ 2$❞❛❝"✐♦♥ ♣♦**✐❜❧❡ ✭❊✸✮ ✿ ❡♥ ✉$✐❧✐#❛♥$ ✉♥❡ ❢♦♥❝$✐♦♥ ✐♥❞✐❝❛$)✐❝❡✳ ❙♦✐$ t > 0✱ ♦♥ ♥♦$❡ A ❧✬(✈(♥❡♠❡♥$ (X > t). ❖♥
❛♣♣❡❧❧❡ ❢♦♥❝$✐♦♥ ✐♥❞✐❝❛$)✐❝❡ ❞❡ A ❧✬❛♣♣❧✐❝❛$✐♦♥ #✉✐✈❛♥$❡ ✿

1lA :







Ω −→ {0, 1}
ω ∈ A 7−→ 1
ω /∈ A 7−→ 0

❖♥ ❛ ❞♦♥❝ ❡♥ ♣❛)$✐❝✉❧✐❡) E(1lA) = 0.P(1lA = 0) + 1.P(1lA = 1) = P(1lA = 1) = P(A) = P(X > t).

❖♥ )❡♠❛)8✉❡ ❛❧♦)# 8✉❡ ✿ t1lA 6 X ✭✐♥(❣❛❧✐$( ❞❡ ❢♦♥❝$✐♦♥#✮✳

❊♥ ❡✛❡$ ✿

❆✐♥#✐✱ ♣❛) ❝)♦✐##❛♥❝❡ ❞❡ ❧✬❡#♣()❛♥❝❡✱ ♦♥ ♦❜$✐❡♥$ E(t1lA) 6 E(X).
❊$ ♣❛) ❧✐♥(❛)✐$( ❞❡ ❧✬❡#♣()❛♥❝❡ ✿ tE(1lA) = tP(A) 6 E(X).
❊♥ ❞✐✈✐#❛♥$ ♣❛) t > 0✱ ♦♥ ♦❜$✐❡♥$ ❜✐❡♥

P(A) = P(X > t) 6
E(X)

t
.

❘❡♠❛2'✉❡ ✿ ❈❡$$❡ )(❞❛❝$✐♦♥ ♥✬❡#$ ♣❛# ❢♦♥❞❛♠❡♥$❛❧❡♠❡♥$ ❞✐✛()❡♥$❡ ❞❡ ❧❛ ♣)(❝(❞❡♥$❡✳ ▼❛✐# ❡❧❧❡ ❛ ❧✬❛✈❛♥$❛❣❡ ❞✬B$)❡ ✈❛❧❛❜❧❡

(❣❛❧❡♠❡♥$ ❞❛♥# ❧❡ ❝❛# ❞❡ ✈❛)✐❛❜❧❡# ❛❧(❛$♦✐)❡# ❝♦♥$✐♥✉❡#✱ ❢)(8✉❡♠♠❡♥$ ($✉❞✐(❡# ❡♥ (❝♦❧❡ ❞✬✐♥❣(♥✐❡✉)✳

▲❛ ♥♦$✐♦♥ ❞❡ ❢♦♥❝$✐♦♥ ✐♥❞✐❝❛$)✐❝❡ ♣❡✉$ ❛✉##✐ B$)❡ ✐♥$)♦❞✉✐$❡ ❞❛♥# ❝❡)$❛✐♥# #✉❥❡$# ❞❡ ❝♦♥❝♦✉)#✳

• ❙✐ X2
❡#$ ❞✬❡#♣()❛♥❝❡ ✜♥✐❡✱ ❡♥ ❛♣♣❧✐8✉❛♥$ ❧❛ ♣)❡♠✐E)❡ ✐♥(❣❛❧✐$( ❛✈❡❝ X2

❡$ t2, ♦♥ ♦❜$✐❡♥$ ✿

• ❙✐ Xp
❡#$ ❞✬❡#♣()❛♥❝❡ ✜♥✐❡✱ ❡♥ ❛♣♣❧✐8✉❛♥$ ❧❛ ♣)❡♠✐E)❡ ✐♥(❣❛❧✐$( ❛✈❡❝ Xp

❡$ tp, ♦♥ ♦❜$✐❡♥$ ✿

✷

❘❡♠❛2'✉❡ ✿ ▲❡# ✐♥(❣❛❧✐$(# ❞❡ ▼❛)❦♦✈ ❞♦♥♥❡♥$ ❞❡# ♠❛❥♦)❛$✐♦♥# ❞❡ P(X > t) ❛✈❡❝ ❞❡# ❤②♣♦$❤E#❡# ❛##❡③ ❢❛✐❜❧❡#✳ ❈❡♣❡♥❞❛♥$✱
❝❡# ♠❛❥♦)❛$✐♦♥# ♥❡ #♦♥$ ♣❛# $)E# ✜♥❡#✳ J)❡♥♦♥# ♣❛) ❡①❡♠♣❧❡✱ X ∼ G(p). ❖♥ ❛ ❞♦♥❝ X(Ω) = N

∗
❡$ P(X = n) = p(1− p)n−1.

❖♥ #❛✐$ 8✉❡ X ❡$ X2
#♦♥$ ❞✬❡#♣()❛♥❝❡ ✜♥✐❡ ❡$ 8✉❡ ✿

• E(X) =
1

p
= C1(p) • E(X2) = V(X) + E(X)2 =

1− p

p2
+

1

p2
=

2− p

p2
= C2(p).

✸✸✺



▼❛"❤$♠❛"✐'✉❡* +❙■ ❙✳ ❉✐♦♥

▲❡" ✐♥%❣❛❧✐)%" ❞❡ ▼❛,❦♦✈ ❞♦♥♥❡♥) ✭❛✈❡❝ t = n ∈ N
∗
✮ ✿

∀n ∈ N
∗, P(X > n) 6

C1(p)

n
❡) P(X > n) 6

C2(p)

n2
.

❈❛❧❝✉❧♦♥" P(X > n) ♣♦✉, n ∈ N.

P(X > n) =
+∞∑

k=n

P(X = k) =
+∞∑

k=n

p(1− p)k−1 = p(1− p)n−1 1

1− (1− p)
= (1− p)n−1 = e−a(n−1)

❛✈❡❝ −a = ln(1− p) < 0.

❆✐♥"✐ ❧❡" ♠❛❥♦,❛)✐♦♥" ❞♦♥♥%❡" ♣❛, ❧❡" ✐♥%❣❛❧✐)%" ❞❡ ▼❛,❦♦✈ ♥❡ "♦♥) ♣❛" ♦♣)✐♠❛❧❡"✳

✶✸✳✸✳✷ ■♥&❣❛❧✐+& ❞❡ ❇✐❡♥❛②♠&✲❚❝❤❡❜②❝❤❡✈

+2♦♣♦*✐"✐♦♥ ✷✻ ✭■♥$❣❛❧✐"$ ❞❡ ❇✐❡♥❛②♠$✲❚❝❤❡❜②❝❤❡✈✮

❙✐ X ❡") ✉♥❡ ✈❛,✐❛❜❧❡ ❛❧%❛)♦✐,❡ ❞✐"❝,=)❡ ,%❡❧❧❡ "✉, (Ω,A,P) ❛✈❡❝ X2
❞✬❡"♣%,❛♥❝❡ ✜♥✐❡ ❛❧♦," ♦♥ ❛ ✿

∀ε > 0, P(|X − E(X)| > ε) 6
V(X)

ε2

♦✉ ❡♥ ♣❛""❛♥) @ ❧✬%✈%♥❡♠❡♥) ❝♦♥),❛✐,❡ ✿ ∀ε > 0, 0 6 1− P(|X − E(X)| < ε) 6
V(X)

ε2

+2❡✉✈❡✳ ✭❉✷✮ ❖♥ ✉)✐❧✐"❡ ❧❛ "❡❝♦♥❞❡ ✐♥%❣❛❧✐)% ❞❡ ▼❛,❦♦✈ ❛♣♣❧✐B✉%❡ @ ❧❛ ✈❛,✐❛❜❧❡ ❛❧%❛)♦✐,❡ |X − E(X)| ❞✐"❝,=)❡ ❡) ♣♦"✐)✐✈❡✳

✷

■♥"❡2♣2$"❛"✐♦♥ ✿ P(|X − E(X)| < ε) ❡") ❧❛ ♣,♦❜❛❜✐❧✐)% B✉❡ X "♦✐) ✓ ♣,♦❝❤❡ ✔ ❞❡ "❛ ✈❛❧❡✉, ♠♦②❡♥♥❡✱ ❝✬❡")✲@✲❞✐,❡ ❞❡ "♦♥

❡"♣%,❛♥❝❡✳ ▲❛ ❞❡✉①✐=♠❡ ♠❛❥♦,❛)✐♦♥ ♠♦♥),❡ B✉❡ ❧♦,"B✉❡ ε ❡") ❣,❛♥❞ ❡)✴♦✉ ❧❛ ✈❛,✐❛♥❝❡ V (X) ❡") ♣❡)✐)❡✱ P (|X − E(X)| < ε)
❡") ♣,♦❝❤❡ ❞❡ 1✳ ❆✈❡❝ ❝❡,)❛✐♥" ❝❤♦✐① ❞❡ ε ✭❡♥ ❣%♥%,❛❧ ♣❛" ),♦♣ ❣,❛♥❞✮✱ ♦♥ ♣❡✉) ❛✈♦✐, P (|X − E(X)| < ε) ❛✉""✐ ♣,♦❝❤❡ ❞❡ 1
B✉❡ ❧✬♦♥ ✈❡✉)✳ ▲@ ❡♥❝♦,❡✱ ❧❡" ❤②♣♦)❤="❡" "♦♥) ♣❡✉ ,❡"),✐❝)✐✈❡"✱ ♠❛✐" ❧❛ ♠❛❥♦,❛)✐♦♥ ♦❜)❡♥✉❡ ♥✬❡") ♣❛" ♦♣)✐♠❛❧❡✳

✶✸✳✸✳✸ ▲♦✐ ❢❛✐❜❧❡ ❞❡: ❣;❛♥❞: ♥♦♠❜;❡:

❖♥ ❞♦♥♥❡ ✐❝✐ ✉♥❡ ♥♦✉✈❡❧❧❡ ✐♥)❡,♣,%)❛)✐♦♥ ❞❡ ❧✬❡"♣%,❛♥❝❡ ❞✬✉♥❡ ✈❛,✐❛❜❧❡ ❛❧%❛)♦✐,❡✳ ▲✬✐❞%❡ ❡") ❞❡ ,%♣%)❡, ✉♥ ❣,❛♥❞ ♥♦♠❜,❡ ❞❡

❢♦✐" ✉♥❡ ❡①♣%,✐❡♥❝❡ ❛❧%❛)♦✐,❡ ❞%✜♥✐""❛♥) ✉♥❡ ✈❛,✐❛❜❧❡ ❛❧%❛)♦✐,❡ X✳

▲❛ ❧♦✐ ❢❛✐❜❧❡ ❞❡" ❣,❛♥❞ ♥♦♠❜,❡ ),❛❞✉✐) ❧❡ ❢❛✐) B✉❡ ❧❛ ♠♦②❡♥♥❡ ❞❡ )♦✉" ❧❡" ,%"✉❧)❛)" ♦❜)❡♥✉" ❡") ✓ ♣,♦❝❤❡ ✔ ❞❡ E(X).

❙♦✐❡♥) X1, . . . , Xn "♦✐❡♥) ❞❡" ✈❛,✐❛❜❧❡" ❛❧%❛)♦✐,❡" ❞❡✉①✲@✲❞❡✉① ✐♥❞%♣❡♥❞❛♥)❡" ♦❜)❡♥✉❡" ❡♥ ,%♣%)❛♥) n ❢♦✐" ❧❛ ♠L♠❡ ❡①♣%,✐❡♥❝❡✱

❡❧❧❡" "✉✐✈❡♥) ❞♦♥❝ )♦✉)❡" ✉♥❡ ♠L♠❡ ❧♦✐✳ ❖♥ ♥♦)❡ Sn = X1 + · · · + Xn✱ ❛✐♥"✐
Sn

n
❡") ❧❛ ♠♦②❡♥♥❡ ❞❡" ,%"✉❧)❛)" ♦❜)❡♥✉"✳ ❙✐

E(Xi) = m✱ ❛❧♦," E

(
Sn

n

)

=
1

n
(E(X1) + · · ·+ E(Xn)) = m. ▲❡ ,%"✉❧)❛) "✉✐✈❛♥) ❡") @ "❛✈♦✐, ,❡),♦✉✈❡, ,❛♣✐❞❡♠❡♥)✳

❊①❡2❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✷✮

❙♦✐) (X1, . . . , Xn) ❞❡" ✈❛,✐❛❜❧❡" ❛❧%❛)♦✐,❡" ,%❡❧❧❡" ❞✐"❝,=)❡" "✉, (Ω,A,P) ❞❡✉①✲@✲❞❡✉① ✐♥❞%♣❡♥❞❛♥)❡" ❡) "✉✐✈❛♥) ✉♥❡ ♠L♠❡

❧♦✐✳ ❖♥ "✉♣♣♦"❡ B✉❡ ❧❡" X2
i "♦♥) ❞✬❡"♣%,❛♥❝❡ ✜♥✐❡ ❡) ♦♥ ♥♦)❡

Sn = X1 + · · ·+Xn, m = E(X1) ❡) σ = σ(X1)

▼♦♥),❡, B✉❡ ✿

∀ε > 0, P

(∣
∣
∣
∣

Sn

n
−m

∣
∣
∣
∣
> ε

)

6
σ2

nε2

✸✸✻
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+2♦♣♦*✐"✐♦♥ ✷✼ ✭▲♦✐ ❢❛✐❜❧❡ ❞❡* ❣2❛♥❞* ♥♦♠❜2❡*✮

❙♦✐# (Xn)n∈N ❡%# ✉♥❡ %✉✐#❡ ❞❡ ✈❛+✐❛❜❧❡% ❛❧.❛#♦✐+❡% ❞✐%❝+0#❡% ✐♥❞.♣❡♥❞❛♥#❡% ❡# ✐♥❞❡♥#✐2✉❡♠❡♥# ❞✐%#+✐❜✉.❡% ✭✐✳✐✳❞✳✮ %✉+

(Ω,A, P ) ❛❞♠❡##❛♥# ✉♥ ♠♦♠❡♥# ❞✬♦+❞+❡ 2✳ ❆❧♦+%✱ ❡♥ ♥♦#❛♥#

Sn = X1 + · · ·+Xn, m = E(X1) ❡# σ = σ(X1)

♦♥ ❛ ❧❛ ❧✐♠✐#❡ %✉✐✈❛♥#❡ ✿

∀ε > 0, P

(∣
∣
∣
∣

Sn

n
−m

∣
∣
∣
∣
> ε

)

−→
n→+∞

0.

+2❡✉✈❡✳ ❆✈❡❝ ❧❡% ❤②♣♦#❤0%❡% ❞❡ ❧✬.♥♦♥❝.✱ ♦♥ ♣❡✉# ✉#✐❧✐%❡+ ❧✬❡①❡+❝✐❝❡ ❞❡ ❝♦❧❧❡ ♣+.❝.❞❡♥# ✿

∀ε > 0, P

(∣
∣
∣
∣

Sn

n
−m

∣
∣
∣
∣
> ε

)

6
σ2

nε2

❆✐♥%✐✱ ♣❛+ ❧❡ #❤.♦+0♠❡ ❞✬❡♥❝❛❞+❡♠❡♥#✱ ♦♥ ❛ ❜✐❡♥ lim
n→+∞

P

(∣
∣
∣
∣

Sn

n
−m

∣
∣
∣
∣
> ε

)

= 0. ✷

❘❡♠❛2'✉❡ ✿ ▲❡ +.%✉❧#❛# ❡%# ❡♥❝♦+❡ ✈❛❧❛❜❧❡ %✐ ❧✬♦♥ %✉♣♣♦%❡ 2✉❡ ❧❡% Xi %♦♥# ❞❡✉①✲@✲❞❡✉① ✐♥❞.♣❡♥❞❛♥#❡% %❡✉❧❡♠❡♥#✳

❊①❡♠♣❧❡ ✶✸✳✷✵✳ ❯♥❡ ✉$♥❡ ❝♦♥'✐❡♥' ❞❡* ❜♦✉❧❡* ❜❧❛♥❝❤❡* ❛✈❡❝ ❧❛ ♣$♦♣♦$'✐♦♥ p ♠❛✐* ♦♥ ♥❡ ❝♦♥♥❛2' ♣❛* ❝❡''❡ ♣$♦♣♦$'✐♦♥✳ ▲♦$*

❞✬✉♥❡ ❡①♣7$✐❡♥❝❡✱ ♦♥ ❡✛❡❝'✉❡ n '✐$❛❣❡* ❛✈❡❝ $❡♠✐*❡ ❡' ♦♥ ♦❜'✐❡♥' k ❜♦✉❧❡* ❜❧❛♥❝❤❡*✳ ■♥'✉✐'✐✈❡♠❡♥'✱ *✐ n ❡*' ❣$❛♥❞✱
k

n
❡*' ♣$♦❝❤❡

❞❡ p. ▲❛ ❧♦✐ ❢❛✐❜❧❡ ❞❡* ❣$❛♥❞* ♥♦♠❜$❡* '$❛❞✉✐' ❝❡''❡ ✐♥'✉✐'✐♦♥✳

❖♥ ♥♦'❡ Xi ∼ B(p) ❞♦♥♥❛♥' ❧❡ $7*✉❧'❛' ❛✉ i✲?♠❡ '✐$❛❣❡✳
❖♥ ❛ E(Xi) = p = m ❡' V(Xi) = p(1− p) ❞♦♥❝ σ =

√

V(X) =
√

p(1− p). ❊' ❞♦♥❝✱ ❞✬❛♣$?* ❧✬✐♥7❣❛❧✐'7 ❡♥❝❛❞$7❡ ❝✐✲❞❡**✉* ✿

P

(∣
∣
∣
∣

Sn

n
−m

∣
∣
∣
∣
> ε

)

6
σ2

nε2
=

p(1− p)

nε2
.

❖♥ *✉♣♣♦*❡ ♥❡ ♣❛* ❝♦♥♥❛2'$❡ p✱ ♦♥ ✈♦✉❞$❛✐' *❛✈♦✐$ ❛✈❡❝ B✉❡❧❧❡ ❡$$❡✉$ ♣$♦❜❛❜✐❧✐*'❡ ♦♥ ♣❡✉' ❛♣♣$♦①✐♠❡$ p ♣❛$
k

n
. ❖♥ ♥❡ ❝♦♥♥❛2'

♣❛* p(1 − p)✱ ♠❛✐* ♣❛$ ✉♥❡ 7'✉❞❡ $❛♣✐❞❡ ❞❡ x 7−→ x(1 − x) ✭♣❛$❛❜♦❧❡ '♦✉$♥7❡ ✈❡$* ❧❡* y < 0✮✱ ♦♥ ♠♦♥'$❡$❛✐' B✉❡ ♣♦✉$ '♦✉'

p ∈]0, 1[, ♦♥ ❛ p(1− p) 6
1

4
.

E$❡♥♦♥* ♣❛$ ❡①❡♠♣❧❡✱ n = 1000 ❡' ε = 0, 1. ❖♥ ❛ ❞♦♥❝ P

(∣
∣
∣
∣

Sn

n
− p

∣
∣
∣
∣
> 0, 1

)

6
1

4nε2
=

0, 1

4
= 0, 025.

❖✉ ❡♥❝♦$❡✱ ❡♥ ♣❛**❛♥' F ❧✬7✈7♥❡♠❡♥' ❝♦♥'$❛✐$❡ P

(∣
∣
∣
∣

Sn

n
− p

∣
∣
∣
∣
< 0, 1

)

> 0, 975.

❆✐♥*✐ *✐ n = 1000 ❡' *✐ S1000 = k✱ ❧❛ ♣$♦❜❛❜✐❧✐'7 B✉❡ p ❛♣♣❛$'✐❡♥♥❡ F ❧✬✐♥"❡2✈❛❧❧❡ ❞❡ ❝♦♥✜❛♥❝❡

]
k

1000
− 0, 1;

k

1000
+ 0, 1

[

❡*' ❞✬❛✉ ♠♦✐♥* 0, 975. ❙✐ ♣❛$ ❡①❡♠♣❧❡✱ ♦♥ ❛ '✐$7 ✽✼✺ ❜♦✉❧❡* ❜❧❛♥❝❤❡* *✉$ 1000✱ ❛❧♦$* ❛✈❡❝ ✾✼✱✺✪ ❞❡ ❝❤❛♥❝❡✱ ❧❛ ♣$♦♣♦$'✐♦♥ ❞❡

❜♦✉❧❡ ❜❧❛♥❝❤❡* ❡*' ❝♦♠♣$✐*❡ ❡♥'$❡ 0, 775 ❡' 0, 975✳

✶✸✳✹ ❋♦♥❝(✐♦♥ ❣+♥+,❛(,✐❝❡ ❞✬✉♥❡ ✈❛,✐❛❜❧❡ ❛❧+❛(♦✐,❡ 5 ✈❛❧❡✉,6 ❞❛♥6 N

✶✸✳✹✳✶ ❉%✜♥✐)✐♦♥+ ❡) ♣.❡♠✐0.❡+ ♣.♦♣.✐%)%+

❉$✜♥✐"✐♦♥ ✷✻

❙♦✐# X ✉♥❡ ✈❛+✐❛❜❧❡ ❛❧.❛#♦✐+❡ %✉+ (Ω,A,P) @ ✈❛❧❡✉+% ❞❛♥% N✳ ❖♥ ❛♣♣❡❧❧❡ ❢♦♥❝#✐♦♥ ❣.♥.+❛#+✐❝❡ ❞❡ X ❧❛ ❢♦♥❝#✐♦♥ GX ❞.✜♥✐❡

♣❛+

GX(t) =
+∞∑

n=0

P(X = n)tn
(

= E(tX)
)

.

✸✸✼
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+2♦♣♦*✐"✐♦♥ ✷✽

❙♦✐# X ✉♥❡ ✈❛)✐❛❜❧❡ ❛❧,❛#♦✐)❡ -✉) (Ω,A,P) . ✈❛❧❡✉)- ❞❛♥- N ❡# GX -❛ ❢♦♥❝#✐♦♥ ❣,♥,)❛#)✐❝❡✳ ❖♥ ❛

• GX ❡-# ✉♥❡ -,)✐❡ ❡♥#✐5)❡ ❞♦♥# ❧❡ )❛②♦♥ ❞❡ ❝♦♥✈❡)❣❡♥❝❡ R ❡-# ❛✉ ♠♦✐♥- ,❣❛❧ . 1, ✐❧ ② ❛ ❝♦♥✈❡)❣❡♥❝❡ ♥♦)♠❛❧❡ ❞❡

❝❡##❡ -,)✐❡ -✉) [−1, 1] ❡# GX(1) = 1.

• ▲❛ ❢♦♥❝#✐♦♥ GX ❡-# ❝♦♥#✐♥✉❡ -✉) [−1, 1] ❡# ❞❡ ❝❧❛--❡ C∞ -✉) ]− 1, 1[✳

• 9♦✉) #♦✉# n ∈ N, ♦♥ ❛ P(X = n) =
G

(n)
X (0)

n!
✳

❊# ❞♦♥❝ ❧❛ ❧♦✐ ❞❡ X ❡-# ❝♦♠♣❧8"❡♠❡♥" ❞$"❡2♠✐♥$❡ ♣❛) -❛ ❢♦♥❝#✐♦♥ ❣,♥,)❛#)✐❝❡ GX .

+2❡✉✈❡✳

✷

✶✸✳✹✳✷ ❋♦♥❝)✐♦♥+ ❣-♥-.❛).✐❝❡+ ❞❡+ ❧♦✐+ ✉+✉❡❧❧❡+

■❧ ❢❛✉# -❛✈♦✐) )❡#)♦✉✈❡) )❛♣✐❞❡♠❡♥# ❧❡- ❢♦♥❝#✐♦♥ ❣,♥,)❛#)✐❝❡- -✉✐✈❛♥#❡- ✭. ❝♦♥♥❛>#)❡ ✦✮✳

❊①❡2❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

• ❙✐ X ∼ U([[1, n]]) ❛❧♦)- GX(t) =
1

n
(t+ t2 + · · ·+ tn) ❛✈❡❝ R = +∞.

• ❙✐ X ∼ B(n, p) ❛❧♦)- GX(t) = (1− p+ pt)n ❛✈❡❝ R = +∞.

• ❙✐ X ∼ G(p) ❛❧♦)- GX(t) =
pt

1− (1− p)t
❛✈❡❝ R =

1

1− p
> 1.

• ❙✐ X ∼ P(λ) ❛❧♦)- GX(t) = eλ(t−1)
❛✈❡❝ R = +∞.

✸✸✽
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+2❡✉✈❡✳

• ❙✐ X ∼ U([[1, n]]) ✿

• ❙✐ X ∼ B(n, p) ✿

• ❙✐ X ∼ G(p) ✿

• ❙✐ X ∼ P(λ) ✿

✷

✸✸✾
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✶✸✳✹✳✸ ▲✐❡♥ ❡♥()❡ ❢♦♥❝(✐♦♥ ❣.♥.)❛()✐❝❡ ❡( E(X) ♦✉ V(X)

❙♦✐# R > 1 ❧❡ &❛②♦♥ ❞❡ ❝♦♥✈❡&❣❡♥❝❡ ❞❡ ❧❛ ./&✐❡ ❡♥#✐0&❡ GX . ❖♥ .❛✐# 2✉❡ GX ❡.# ❞❡ ❝❧❛..❡ C∞ .✉& ❧✬✐♥#❡&✈❛❧❧❡ ♦✉✈❡&# ❞❡

❝♦♥✈❡&❣❡♥❝❡ ] − R,R[ ❡# ❡♥ #❛♥# 2✉❡ ./&✐❡ ❡♥#✐0&❡ ♦♥ ♣❡✉# ❧❛ ❞/&✐✈❡& #❡&♠❡ 7 #❡&♠❡ .✉& ] − R,R[. ❙✐ X ❡# X(X − 1) .♦♥#
❞✬❡.♣/&❛♥❝❡ ✜♥✐❡✱ ❝♦♠♣❛&♦♥. ❧❡. ❡①♣&❡..✐♦♥. .✉✐✈❛♥#❡.✳

∀t ∈]−R,R[, G′X(t) =

+∞
∑

n=0

ntn−1
P(X = n) E(X) =

+∞
∑

n=0

nP(X = n)

G′′X(t) =
+∞
∑

n=0

n(n− 1)tn−2
P(X = n) E(X(X − 1)) =

+∞
∑

n=0

n(n− 1)P(X = n)

❙✐ R > 1✱ ♦♥ ♣❡✉# ❝❤♦✐.✐& t = 1 ❡# ♦❜#❡♥✐& ❞❡. /❣❛❧✐#/.✳ ❖♥ ❛❞♠❡# ❧❛ ♣&♦♣♦.✐#✐♦♥ .✉✐✈❛♥#❡✱ 2✉✐ /#❡♥❞ ❝❡ &/.✉❧#❛# ❛✉ ❝❛. ❣/♥/&❛❧

✭R > 1).

+2♦♣♦*✐"✐♦♥ ✷✾

❙♦✐# X ✉♥❡ ✈❛&✐❛❜❧❡ ❛❧/❛#♦✐&❡ .✉& (Ω,A,P) 7 ✈❛❧❡✉&. ❞❛♥. N ❡# GX .❛ ❢♦♥❝#✐♦♥ ❣/♥/&❛#&✐❝❡✳ ❆❧♦&.✱ ❧❛ ✈❛&✐❛❜❧❡ ❛❧/❛#♦✐&❡ X
❛❞♠❡# ✉♥❡ ❡.♣/&❛♥❝❡ E(X) *✐ ❡" *❡✉❧❡♠❡♥" *✐ GX ❡.# ❞/&✐✈❛❜❧❡ ✭7 ❣❛✉❝❤❡✮ ❡♥ 1 ❡# ❞❛♥. ❝❡ ❝❛.✱ ♦♥ ❛

E(X) =
+∞
∑

n=0

nP(X = n) = G′X(1).

+2❡✉✈❡✳✭❉✸✮ B♦✉& n ∈ N✱ ♦♥ ♥♦#❡ fn : t 7−→ tnP(X = n). ❆❧♦&. fn ❡.# ❞❡ ❝❧❛..❡ C1 .✉& [0, 1] ❡# ♣♦✉& #♦✉# t ∈ [0, 1]✱ ♦♥ ❛ ✿

f ′n(t) = ntn−1
P(X = n).

• ❙✉♣♣♦.♦♥. 2✉❡ E(X) < +∞✱ ♠♦♥#&♦♥. 2✉❡ GX ❡.# ❞/&✐✈❛❜❧❡ .✉& [0, 1] ✭.❡♥. ❢❛❝✐❧❡✮✳

❆❧♦&. ❧❛ ./&✐❡

∑

n∈N

nP(X = n) ❡.# ❝♦♥✈❡&❣❡♥#❡✳

• ❙✉♣♣♦.♦♥. 2✉❡ E(X) = +∞ ♠♦♥#&♦♥. 2✉❡ GX ♥✬❡.# ♣❛. ❞/&✐✈❛❜❧❡ ❡♥ 1 ✭.❡♥. ❞✐✣❝✐❧❡✮✳

✸✹✵
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✷

❖♥ ♣❡✉%✱ ❞❡ ❧❛ ♠+♠❡ ♠❛♥✐-.❡✱ ❡♥ ❞/.✐✈❛♥% ✉♥❡ 1❡❝♦♥❞❡ ❢♦✐1✱ ♦❜%❡♥✐. ✉♥ ❧✐❡♥ ❡♥%.❡ GX(t) ❡% V(X).
❖♥ ♣♦✉..❛ .❡♠❛.6✉❡. 6✉❡ 1✐ X ❛❞♠❡% ✉♥❡ ✈❛.✐❛♥❝❡✱ ❛❧♦.1 X ❡% X(X − 1) ❛✉11✐ ❡% ♦♥ ❛ ✿

V(X) = E(X2)− E(X)2

= E(X(X − 1) +X)− E(X)2

= E(X(X − 1)) + E(X)− E(X)2

❊①❡♠♣❧❡ ✶✸✳✷✶✳ ❙♦✐# X ✉♥❡ ✈❛)✐❛❜❧❡ ❛❧,❛#♦✐)❡ - ✈❛❧❡✉). ❞❛♥. N ❞♦♥# ❧❛ ❢♦♥❝#✐♦♥ ❣,♥,)❛#)✐❝❡ ❡.# ❞♦♥♥,❡ ♣❛) ✿

∀t ∈ R, GX(t) = ae1+t2 .

• ❉,#❡)♠✐♥❡) a.

• ❉♦♥♥❡) ❧❛ ❧♦✐ ❞❡ X ❡# ❝❛❧❝✉❧❡) E(X) ❡# V(X).

✶✸✳✹✳✹ ❋♦♥❝(✐♦♥ ❣+♥+,❛(,✐❝❡ ❞❡ ❧❛ 1♦♠♠❡ ❞❡ ✈❛,✐❛❜❧❡1 ❛❧+❛(♦✐,❡1 ✐♥❞+♣❡♥❞❛♥(❡1

+9♦♣♦*✐"✐♦♥ ✸✵

• ❙♦✐❡♥% X ❡% Y ❞❡✉① ✈❛.✐❛❜❧❡1 ❛❧/❛%♦✐.❡1 1✉. (Ω,A,P) : ✈❛❧❡✉.1 ❞❛♥1 N ❡% GX , GY ❧❡✉.1 ❢♦♥❝%✐♦♥1 ❣/♥/.❛%.✐❝❡1 .❡1♣❡❝%✐✈❡1✳

❙✐ X ❡% Y 1♦♥% ✐♥❞$♣❡♥❞❛♥"❡*✱ ❛❧♦.1

GX+Y = GXGY .

• ❙♦✐❡♥% X1, . . . , Xn ❞❡1 ✈❛.✐❛❜❧❡1 ❛❧/❛%♦✐.❡1 1✉. (Ω,A,P) : ✈❛❧❡✉.1 ❞❛♥1 N ❡% GX1
, . . . , GXn

❧❡✉.1 ❢♦♥❝%✐♦♥1 ❣/♥/.❛%.✐❝❡1

.❡1♣❡❝%✐✈❡1✳ ❙✐ X1, . . . , Xn 1♦♥% ✐♥❞$♣❡♥❞❛♥"❡*✱ ❛❧♦.1

GX1+···+Xn
= GX1

× · · · ×GXn
.

✸✹✶
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+2❡✉✈❡✳

✷

❆♣♣❧✐❝❛"✐♦♥ ✶ ✿

❘❡"#♦✉✈❡# '✉❡ (✐ X1 ∼ B(n1, p) ❡" X2 ∼ B(n2, p) (♦♥" ✐♥❞,♣❡♥❞❛♥"❡(✱ ❛❧♦#( X1 +X2 ∼ B(n1 + n2, p).

❆♣♣❧✐❝❛"✐♦♥ ✷ ✿

❘❡"#♦✉✈❡# '✉❡ (✐ X1 ∼ P(λ1) ❡" X2 ∼ P(λ2) (♦♥" ✐♥❞,♣❡♥❞❛♥"❡(✱ ❛❧♦#( X1 +X2 ∼ P(λ1 + λ2).

✸✹✷
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✶✸✳✺ ❆♥♥❡①❡

✶✸✳✺✳✶ ▲♦✐'✱ ❡'♣+,❛♥❝❡'✱ ✈❛,✐❛♥❝❡'

◆♦♠ ❙✉♣♣♦&' ▲♦✐ ❊+♣,&❛♥❝❡ ❱❛&✐❛♥❝❡ ❋♦♥❝'✳ ●,♥✳

X →֒ U([[1, n]]) X(Ω) = [[1, n]] P (X = k) =
1

n

n+ 1

2

n2 − 1

12
GX(t) =

t+ · · ·+ tn

n
❛✈❡❝ n ∈ N

∗

X ∼ B(p) X(Ω) = {0, 1} P(X = 1) = p p p(1− p) GX(t) = 1− p+ pt

❛✈❡❝ p ∈]0, 1[ P(X = 0) = 1− p

X ∼ B(n, p) X(Ω) = [[0, n]] P(X = k) =

(

n

k

)

p
k(1− p)n−k

np np(1− p) GX(t) = (1− p+ pt)n

❛✈❡❝ p ∈]0, 1[✱ n ∈ N
∗

X ∼ G(p) X(Ω) = N
∗

P(X = k) = p(1− p)k−1 1

p

1− p

p2
GX(t) =

pt

1− (1− p)t
❛✈❡❝ p ∈]0, 1[

X ∼ P(λ) X(Ω) = N P(X = k) =
λk

k!
e
−λ

λ λ GX(t) = eλ(t−1)

❛✈❡❝ λ ∈]0,+∞[

✶✸✳✺✳✷ ◗✉❡❧)✉❡* *♦♠♠❡* ❞❡ *./✐❡* 1 ❝♦♥♥❛56/❡

 !♦♣♦$✐&✐♦♥ ✸✶ ✭❙,!✐❡ ❣,♦♠,&!✐0✉❡ ❡& ❞,!✐✈,❡$✮

∀p ∈]− 1, 1[,

+∞∑

n=0

pn =
1

1− p
,

+∞∑

n=0

npn−1 =
1

(1− p)2
❡!

+∞∑

n=0

n(n− 1)pn−2 =
2

(1− p)3

 !♦♣♦$✐&✐♦♥ ✸✷ ✭❙,!✐❡ ❡①♣♦♥❡♥&✐❡❧❧❡✮

∀x ∈ R,
+∞∑

n=0

xn

n!
= ex.

✸✹✸


