
❈❤❛♣✐%&❡ ✶✶

❙!"✐❡% ❡♥'✐("❡%

✶✶✳✶ ❉#✜♥✐'✐♦♥) ❡' ♣,❡♠✐.,❡) ♣,♦♣,✐#'#)

✶✶✳✶✳✶ ❙#$✐❡' ❡♥)✐*$❡'

❉!✜♥✐%✐♦♥ ✶

❖♥ ❛♣♣❡❧❧❡ (!)✐❡ ❡♥%✐+)❡ & ✈❛❧❡✉)* ❞❛♥* K = R ♦✉ C✱ .♦✉.❡ ❢♦♥❝.✐♦♥ f ❞2✜♥✐❡ ♣❛)

f(z) =
+∞
∑

n=0

anz
n (z ∈ K)

♦4 (an)n∈N ❡*. ✉♥❡ *✉✐.❡ & ✈❛❧❡✉)* ❞❛♥* K.

❖♥ ♥♦.❡ ✿ f =
∑

anz
n

✭❛❜✉* ❞❡ ♥♦.❛.✐♦♥*✮✳

❊①❡♠♣❧❡ ✶✶✳✶✳ ▲❛ (!)✐❡ ❣!♦♠!%)✐5✉❡ ✿ f =
∑

zn ❡!" ✉♥❡ !%&✐❡ ❡♥"✐(&❡ ✭an = 1✮✳

z ∈ Df ⇐⇒
∑

zn ❝♦♥✈❡&❣❡

⇐⇒ |z| < 1

❆✐♥!✐✱ Df = {z ∈ K, |z| < 1} ❡" ♣♦✉& "♦✉" z ∈ Df , ♦♥ ❛ f(z) =

+∞
∑

n=0

zn =
1

1− z
.

❘❡♠❛)5✉❡ ✶ ✿ ▲❡* *2)✐❡* ❡♥.✐;)❡* *♦♥. ❞❡* *2)✐❡* ❞❡ ❢♦♥❝.✐♦♥* ♣❛).✐❝✉❧✐;)❡* f =
∑

fn ❛✈❡❝ fn(z) = anz
n. ▲❡* )2*✉❧.❛.* ❞✉

❝❤❛♣✐.)❡ ♣)2❝2❞❡♥. *✬❛♣♣❧✐>✉❡♥. ❞♦♥❝✱ ② ❝♦♠♣)✐* *✐ ♥2❝2**❛✐)❡✱ >✉❛♥❞ ❧❛ ✈❛)✐❛❜❧❡ z ❡*. ❝♦♠♣❧❡①❡✳

Df = {z ∈ K,
∑

anz
n
❝♦♥✈❡)❣❡ }.

C❛) ❞2✜♥✐.✐♦♥

∑

fn ❝♦♥✈❡)❣❡ ❞♦♥❝ *✐♠♣❧❡♠❡♥. *✉) Df .

❘❡♠❛)5✉❡ ✷ ✿

• ❙✐ f =
∑

fn ❛✈❡❝ fn(z) = anz
n
✱ ❧❡* an *♦♥. ❛♣♣❡❧2* ❝♦❡✣❝✐❡♥%( ❞❡ ❧❛ *2)✐❡ ❡♥.✐;)❡ f.

• ❖♥ ♣❡✉. ❞2✜♥✐)
∑

anz
n
*✐ (an)n>n0

❡*. ❞2✜♥✐❡ & ♣❛).✐) ❞✬✉♥ ❝❡).❛✐♥ )❛♥❣✳ ❖♥ ♥♦.❡ ❞❛♥* ❝❡ ❝❛*

∑

n>n0

anz
n
✳

• ▲❡* ❢♦♥❝.✐♦♥* ♣♦❧②♥♦♠✐❛❧❡* *♦♥. ❞❡* *2)✐❡* ❡♥.✐;)❡* ♣❛).✐❝✉❧✐;)❡*✱ ❧❡* ❝♦❡✣❝✐❡♥.* *♦♥. ♥✉❧* & ♣❛).✐) ❞✬✉♥ ❝❡).❛✐♥ )❛♥❣ ❡.
❡❧❧❡* *♦♥. ❞2✜♥✐❡* *✉) K .♦✉. ❡♥.✐❡)✳

∀z ∈ K, P (z) =
N
∑

n=0

anz
n.

✷✻✵
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• ❊♥ z = 0✱ 0n ✈❛✉& 0 '✐ n > 1 ❡& ❞♦♥❝ ❧❛ './✐❡
∑

an0
n
❝♦♥✈❡/❣❡ &♦✉❥♦✉/'✳ ❆✐♥'✐ f =

∑

anz
n
❡'& &♦✉❥♦✉/' ❞.✜♥✐❡ ❡♥ 0

❡& ♦♥ ❛ ✿

f(0) =
+∞
∑

n=0

an0
n = a00

0 = a0.

✶✶✳✶✳✷ ❘❛②♦♥ ❞❡ ❝♦♥✈❡,❣❡♥❝❡

+2♦♣♦*✐"✐♦♥ ✶ ✭▲❡♠♠❡ ❞✬❆❜❡❧✮

❙♦✐& f =
∑

anz
n
✉♥❡ './✐❡ ❡♥&✐7/❡✳

❖♥ '✉♣♣♦'❡ :✉✬✐❧ ❡①✐'&❡ ρ > 0 &❡❧ :✉❡ ❧❛ '✉✐&❡ (anρ
n)n∈N '♦✐& ❜♦/♥.❡✳ ❆❧♦/' ♦♥ ❛ ✿

∀z ∈ K,
(

|z| < ρ
)

=⇒
(

∑

anz
n
❝♦♥✈❡/❣❡ ❛❜'♦❧✉♠❡♥&

)

.

+2❡✉✈❡✳ ✭❉✷✮

✷

❈♦♥*$'✉❡♥❝❡ ✿ ❙✐ (anρ
n)n∈N ❡'& ❜♦/♥.❡✱ ❛❧♦/'

∑

anz
n
❝♦♥✈❡/❣❡ '✐♠♣❧❡♠❡♥& '✉/ B(0, ρ).

❉$✜♥✐"✐♦♥ ✷

❙♦✐&

∑

anz
n
✉♥❡ './✐❡ ❡♥&✐7/❡✳ ❖♥ ♥♦&❡

E = {ρ ∈ R
+, (anρ

n)n∈N ❡'& ❜♦/♥.❡} ⊂ R
+.

❆❧♦/' E ♣♦''7❞❡ ✉♥❡ ❜♦/♥❡ '✉♣./✐❡✉/❡ ✭.✈❡♥&✉❡❧❧❡♠❡♥& .❣❛❧❡ @ +∞ '✐ E ♥✬❡'& ♣❛' ♠❛❥♦/.✮✳

❖♥ ❧✬❛♣♣❡❧❧❡ 2❛②♦♥ ❞❡ ❝♦♥✈❡2❣❡♥❝❡ ❞❡ ❧❛ './✐❡ ❡♥&✐7/❡✳

R = sup(E) ∈ R
+ ∪ {+∞}.

❊①❡♠♣❧❡ ✶✶✳✷✳ ❖♥ "❡♣"❡♥❞ ❧❛ ()"✐❡ ❣)♦♠)."✐/✉❡ f =
∑

zn.

• (✐ ρ > 1✱ ❛❧♦"( lim
n→+∞

ρn = +∞ ❡. ❞♦♥❝ (ρn)n∈N ♥✬❡(. ♣❛( ❜♦"♥)❡✳ ❊. ❞♦♥❝ (✐ ρ > 1 ❛❧♦"( ρ /∈ E.

• ❙✐ ρ 6 1 ❛❧♦"( |ρn| 6 1 ❡. ❞♦♥❝ (ρn)n∈N ❡(. ❜♦"♥)❡✳ ❊. ❞♦♥❝ (✐ ρ 6 1 ❛❧♦"( ρ ∈ E.

❋✐♥❛❧❡♠❡♥.✱ E = [0, 1] ❡. ❧❡ "❛②♦♥ ❞❡ ❝♦♥✈❡"❣❡♥❝❡ ❞❡
∑

zn ❡(. R = sup(E) = 1.

❊①❡♠♣❧❡ ✶✶✳✸✳ ❖♥ ❝♦♥(✐❞;"❡ ❧❛ ()"✐❡ ❡♥.✐;"❡ f =
∑ zn

n!
.

<♦✉" .♦✉. ρ ∈ R
+,

ρn

n!
−→

n→+∞
0 ❡. ❞♦♥❝ ❧❛ (✉✐.❡

(

ρn

n!

)

n∈N
❡(. ❜♦"♥)❡✳

❆✐♥(✐ E = [0,+∞[ ❡. ❧❡ ❧❡ "❛②♦♥ ❞❡ ❝♦♥✈❡"❣❡♥❝❡ ❞❡
∑ zn

n!
❡(. R = +∞.

✷✻✶
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+2♦♣♦*✐"✐♦♥ ✷

❙♦✐#

∑

anz
n
✉♥❡ '()✐❡ ❡♥#✐*)❡ ❞♦♥# ♦♥ ♥♦#❡ R = R (

∑

anz
n) ✭♥♦#❛#✐♦♥ ❛✉ ♣)♦❣)❛♠♠❡✮ ❧❡ )❛②♦♥ ❞❡ ❝♦♥✈❡)❣❡♥❝❡✳

• ❙✐ R 6= +∞ ✿ 8♦✉) #♦✉# z ∈ K #❡❧ 9✉❡ |z| > R✱ ♦♥ ❛ ✿

• anz
n
♥❡ #❡♥❞ ♣❛' ✈❡)' 0✱

• (anz
n)n∈N ♥♦♥ ❜♦)♥(❡✱

•
∑

anz
n
❞✐✈❡)❣❡ ❣)♦''✐*)❡♠❡♥#✳

• ❙✐ R 6= 0 ✿ 8♦✉) #♦✉# z ∈ K #❡❧ 9✉❡ |z| < R✱ ♦♥ ❛ ✿

• anz
n −→

n→+∞
0✱

• (anz
n)n∈N ❜♦)♥(❡✱

•
∑

anz
n
❝♦♥✈❡)❣❡ ❛❜'♦❧✉♠❡♥#✳

+2❡✉✈❡✳

❙✐ R 6= +∞ ✿ ❙♦✐# z ∈ K #❡❧ 9✉❡ |z| > R✳

❙✐ R > 0 ✿ ❙♦✐# z ∈ K #❡❧ 9✉❡ |z| < R✳

✷

■❧❧✉'#)❛#✐♦♥ ❣)❛♣❤✐9✉❡ ✿

✷✻✷
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❉$✜♥✐"✐♦♥ ✸

❙♦✐#

∑

anz
n
✉♥❡ '()✐❡ ❡♥#✐*)❡ ❞♦♥# ♦♥ ♥♦#❡ R = R (

∑

anz
n) ❧❡ )❛②♦♥ ❞❡ ❝♦♥✈❡)❣❡♥❝❡✳ ❖♥ ❛♣♣❡❧❧❡ ✿

• ❉✐'7✉❡ ✭♦✉✈❡)#✮ ❞❡ ❝♦♥✈❡)❣❡♥❝❡ ✿ D = D(0, R) = {z ∈ K, |z| < R},
• ❈❡)❝❧❡ ❞✬✐♥❝❡)#✐#✉❞❡ ✿ C(O,R) = {z ∈ K, |z| = R}.

❙✉) ❧❡ ❝❡)❝❧❡ ❞✬✐♥❝❡)#✐#✉❞❡✱ #♦✉' ❧❡' ❝❛' ❞❡ ✜❣✉)❡ '♦♥# ♣♦''✐❜❧❡'✳

❊①❡6❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❉(#❡)♠✐♥❡) ❞❡ ♣❧✉'✐❡✉)' ♠(#❤♦❞❡' ❧❡ )❛②♦♥ ❞❡ ❝♦♥✈❡)❣❡♥❝❡ ❞❡

∑ zn

n
.

✶✶✳✶✳✸ ❈❛❧❝✉❧ ♣)❛*✐,✉❡ ❞✉ )❛②♦♥ ❞❡ ❝♦♥✈❡)❣❡♥❝❡

❊♥ ✉#✐❧✐'❛♥# ❧❛ ❞(✜♥✐#✐♦♥ ✿

❊①❡♠♣❧❡ ✶✶✳✹✳ ❉!"❡$♠✐♥❡$ ❧❡ $❛②♦♥ ❞❡ ❝♦♥✈❡$❣❡♥❝❡ ❞❡

∑

zn
2

.

✷✻✸
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❊①❡♠♣❧❡ ✶✶✳✺✳ ❉!"❡$♠✐♥❡$ ❧❡ $❛②♦♥ ❞❡ ❝♦♥✈❡$❣❡♥❝❡ ❞❡

∑

2
√
nzn.

❯!✐❧✐$❛!✐♦♥ ❞❡ ❧❛ *+❣❧❡ ❞❡ ❉✬❆❧❡♠❜❡*! ✿ ❖♥ *❛♣♣❡❧❧❡ ❧✬5♥♦♥❝5 $✉✐✈❛♥! ❞5♠♦♥!*5 ❞❛♥$ ❧❡ ❝❤❛♣✐!*❡ ❙!$✐❡1 ♥✉♠!$✐3✉❡1✳

+8♦♣♦*✐"✐♦♥ ✸ ✭❘<❣❧❡ ❞❡ ❉✬❆❧❡♠❜❡8" ♣♦✉8 ❧❡* *$8✐❡* ♥✉♠$8✐'✉❡*✮

❙♦✐!

∑

un ✉♥❡ $5*✐❡ < !❡*♠❡$ *"8✐❝"❡♠❡♥" ♣♦*✐"✐❢*✳ ❖♥ $✉♣♣♦$❡ =✉✬✐❧ ❡①✐$!❡ ℓ ∈ R
+ ∪ {+∞} !❡❧ =✉❡

lim
n→+∞

un+1

un
= ℓ.

❖♥ ❛ ❛❧♦*$ ✿

• $✐ ℓ < 1 ❛❧♦*$
∑

un ❝♦♥✈❡*❣❡ ✭❡! ♣❛* $✉✐!❡ lim
n→+∞

un = 0✮

• $✐ ℓ > 1 ❛❧♦*$
∑

un ❞✐✈❡*❣❡ ✭❡! ♦♥ ❛ lim
n→+∞

|un| = +∞✮

• $✐ ℓ = 1✱ ♦♥ ♥❡ ♣❡✉! ♣❛$ ❝♦♥❝❧✉*❡✳

❊①❡8❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❉5!❡*♠✐♥❡* ❧❡ *❛②♦♥ ❞❡ ❝♦♥✈❡*❣❡♥❝❡ ❞❡

∑ 2n

n
z2n.

+8♦♣♦*✐"✐♦♥ ✹ ✭❘<❣❧❡ ❞❡ ❉✬❆❧❡♠❜❡8" ♣♦✉8 ❧❡* *$8✐❡* ❡♥"✐<8❡*✮

❙♦✐!

∑

anz
n
✉♥❡ $5*✐❡ ❡♥!✐+*❡✳ ❖♥ $✉♣♣♦$❡ =✉❡ ✿

• ✐❧ ❡①✐$!❡ N0 ∈ N✱ !❡❧ =✉❡ ∀n > N0, an 6= 0,

• ✐❧ ❡①✐$!❡ ℓ ∈ R
+ ∪ {+∞} !❡❧ =✉❡ lim

n→+∞

∣

∣

∣

∣

an+1

an

∣

∣

∣

∣

= ℓ.

❆❧♦*$ R = R (
∑

anz
n) =

1

ℓ
✱ ❛✈❡❝ ♣♦✉* ❝♦♥✈❡♥!✐♦♥

1

+∞
= 0 ❡!

1

0+
= +∞.

✷✻✹
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+2❡✉✈❡✳

✷

❊①❡2❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❙♦✐# α ∈ R. ❉%#❡'♠✐♥❡' ❧❡ '❛②♦♥ ❞❡ ❝♦♥✈❡'❣❡♥❝❡ ❞❡

∑

nαzn.

❘❡♠❛2'✉❡ ✐♠♣♦2"❛♥"❡ ✿ ♦♥ ♥❡ ♣♦✉✈❛✐# ♣❛3 ❛♣♣❧✐4✉❡' ❝❡ #❤%♦'6♠❡ 7 ❧❛ 3%'✐❡ ❡♥#✐6'❡

∑ 2n

n
z2n ❝❛' 3❡3 ❝♦❡✣❝✐❡♥#3 a2p+1

❞✬✐♥❞✐❝❡3 ✐♠♣❛✐'3 3♦♥# #♦✉3 ♥✉❧3✳

❊♥ ✉#✐❧✐3❛♥# ❧❡3 #❤%♦'6♠❡3 ❞❡ ❝♦♠♣❛'❛✐3♦♥ ✿

+2♦♣♦*✐"✐♦♥ ✺

❙♦✐❡♥#

∑

anz
n
❡#

∑

bnz
n
❞❡✉① 3%'✐❡3 ❡♥#✐6'❡3 ❞♦♥# ♦♥ ♥♦#❡ Ra = R (

∑

anz
n) ❡# Rb = R (

∑

bnz
n) ❧❡3 '❛②♦♥3 ❞❡

❝♦♥✈❡'❣❡♥❝❡ '❡3♣❡❝#✐❢3✳

• ❙✐ ♣♦✉' n ❛33❡③ ❣'❛♥❞ ♦♥ ❛ |an| 6 |bn| ✭❝❡ 4✉✐ ❡3# ❧❡ ❝❛3 4✉❛♥❞ |an| = o
n→+∞

(|bn|) ✮ ❛❧♦'3 Ra > Rb.

• ❙✐ |an| = O
n→+∞

(|bn|) ❛❧♦'3 Ra > Rb.

• ❙✐ |an| ∼
n→+∞

|bn| ❛❧♦'3 Ra = Rb.

+2❡✉✈❡✳

✷✻✺
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✷

❊①❡♠♣❧❡ ✶✶✳✻✳ ❉!"❡$♠✐♥❡$ ❧❡ $❛②♦♥ ❞❡ ❝♦♥✈❡$❣❡♥❝❡ ❞❡

∑ sin(n)

n!
zn.

▲✬❡①❡$❝✐❝❡ '✉✐✈❛♥, ✜❣✉$❡ ❡①♣❧✐❝✐,❡♠❡♥, ❞❛♥' ❧❡ ♣$♦❣$❛♠♠❡ ❞❡ 4❙■✳

❊①❡8❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

▲❡' '8$✐❡' ❡♥,✐9$❡'

∑

anz
n
❡,

∑

nanz
n
♦♥, ♠:♠❡ $❛②♦♥ ❞❡ ❝♦♥✈❡$❣❡♥❝❡✳

✷✻✻
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✶✶✳✶✳✹ ❖♣%&❛(✐♦♥ ,✉& ❧❡, ,%&✐❡, ❡♥(✐0&❡,

❙♦♠♠❡ ✿

+2♦♣♦*✐"✐♦♥ ✻

❙♦✐❡♥'

∑

anz
n
❡'

∑

bnz
n
❞❡✉① +,-✐❡+ ❡♥'✐.-❡+ ❞♦♥' ♦♥ ♥♦'❡ Ra ❡' Rb ❧❡+ -❛②♦♥+ ❞❡ ❝♦♥✈❡-❣❡♥❝❡ -❡+♣❡❝'✐❢+✳ ❖♥ ♥♦'❡ R ❧❡

-❛②♦♥ ❞❡ ❝♦♥✈❡-❣❡♥❝❡ ❞❡ ❧❛ +,-✐❡ ❡♥'✐.-❡

∑

(an + bn)z
n.

• ❖♥ ❛ R > min(Ra, Rb)✳
• ❙✐ Ra 6= Rb✱ ♦♥ ❛ R = min(Ra, Rb)✳

+2❡✉✈❡✳

✷

❘❡♠❛2'✉❡ ✿ ❉❡ ♠❛♥✐.-❡ ,✈✐❞❡♥'❡✱ +✐

∑

anz
n
❡'

∑

bnz
n
❝♦♥✈❡-❣❡♥' ❛❧♦-+ ✿

+∞
∑

n=0

(an + bn)z
n =

+∞
∑

n=0

anz
n +

+∞
∑

n=0

bnz
n.

❊①❡♠♣❧❡ ✶✶✳✼✳ ❆✈❡❝ ❧❡% ♥♦(❛(✐♦♥% ❞❡ ❧❛ ♣-♦♣♦%✐(✐♦♥ ♣-.❝.❞❡♥(❡✱ (-♦✉✈❡- ✉♥ ❡①❡♠♣❧❡ ♣♦✉- ❧❡3✉❡❧ R > min(Ra, Rb)✳

✷✻✼
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 !♦❞✉✐& ❞❡ ❈❛✉❝❤② ✿

❖♥ !❛♣♣❡❧❧❡ ❧❛ ♣!♦♣♦2✐&✐♦♥ 2✉✐✈❛♥&❡✳

+2♦♣♦*✐"✐♦♥ ✼

❙♦✐&

∑

un ❡&

∑

vn ❞❡✉① 27!✐❡2 ♥✉♠7!✐9✉❡2✳ ▲❡✉! ♣!♦❞✉✐& ❞❡ ❈❛✉❝❤② ❡2& ❧❛ 27!✐❡
∑

wn ❛✈❡❝

∀n ∈ N, wn =
∑

p+q=n

upvq =
n
∑

k=0

ukvn−k.

❙✐

∑

un ❡&

∑

vn 2♦♥& ❛❜2♦❧✉♠❡♥& ❝♦♥✈❡!❣❡♥&❡2 ❛❧♦!2
∑

wn ❝♦♥✈❡!❣❡ ❛❜2♦❧✉♠❡♥& ❡& ❧✬♦♥ ❛

+∞
∑

n=0

wn =

(

+∞
∑

n=0

un

)

×

(

+∞
∑

n=0

vn

)

.

❖♥ ❧✬❛♣♣❧✐9✉❡ ❡♥ ♣❛!&✐❝✉❧✐❡! ❛✉① 27!✐❡2 ❡♥&✐>!❡2✳

+2♦♣♦*✐"✐♦♥ ✽

❙♦✐❡♥& f =
∑

anz
n
❡& g =

∑

bnz
n
❞❡✉① 27!✐❡2 ❡♥&✐>!❡2 ❞♦♥& ♦♥ ♥♦&❡ Ra ❡& Rb ❧❡2 !❛②♦♥2 ❞❡ ❝♦♥✈❡!❣❡♥❝❡ !❡2♣❡❝&✐❢2✳ ▲❛

27!✐❡ ❡♥&✐>!❡

∑

cnz
n
❛✈❡❝ cn =

n
∑

k=0

akbn−k ❡2& ❛♣♣❡❧7❡ ♣!♦❞✉✐& ❞❡ ❈❛✉❝❤② ❞❡ f ❡& ❞❡ g✱ 2♦♥ !❛②♦♥ ❞❡ ❝♦♥✈❡!❣❡♥❝❡ ✈7!✐✜❡

R > min(Ra, Rb) ❡&

∀z ∈ B(0,min(Ra, Rb)),
+∞
∑

n=0

cnz
n =

(

+∞
∑

n=0

anz
n

)

×

(

+∞
∑

n=0

bnz
n

)

.

+2❡✉✈❡✳

✷

❘❡♠❛2'✉❡ ✿ ■❧ ♥✬② ❛ ♣❛2✱ ❝♦♠♠❡ ♣♦✉! ❧❡2 2♦♠♠❡2 ❞❡ 27!✐❡2 ❡♥&✐>!❡2✱ ❞✬❤②♣♦&❤>2❡ 2♦✉2 ❧❛9✉❡❧❧❡ ♦♥ ❛✉!❛✐& R = min(Ra, Rb).

❊①❡♠♣❧❡ ✶✶✳✽✳ ❖♥ ♣♦$❡

+∞
∑

n=0

anz
n = 1− z ❡&

+∞
∑

n=0

bnz
n =

+∞
∑

n=0

zn.

❆✐♥$✐ Ra = +∞ ✭♣♦❧②♥,♠❡✮ ❡& Rb = 1 ✭$/0✐❡ ❣/♦♠/&0✐2✉❡✮✳ ❖♥ ❞/&❡0♠✐♥❡ ❧❛ $/0✐❡ ❡♥&✐70❡ ❞/✜♥✐❡ ♣❛0 ❧❡✉0 ♣0♦❞✉✐& ❞❡ ❈❛✉❝❤②✳

cn =
n
∑

k=0

akbn−k =







1 $✐ n = 0

1− 1 = 0 $✐ n > 1

❖♥ ❛ ❞♦♥❝

∑

cnz
n = 1 ✭❝♦♥$&❛♥&❡✮ ❡& ❞♦♥❝ R = +∞.

✷✻✽
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❖♥ "❡♠❛"&✉❡ &✉❡ (✉" ]− 1, 1[, ❞✬❛♣",( ❝❡ &✉✐ ♣"/❝,❞❡ ♦♥ ❛

(

+∞
∑

n=0

anz
n

)(

+∞
∑

n=0

bnz
n

)

= 1, ❝✬❡(1✲3✲❞✐"❡ ✿

∀z ∈]− 1, 1[ (1− z)
+∞
∑

n=0

zn = 1,

♦♥ ❧❡ (❛✈❛✐1 ❞/❥3 ✦

❆♣♣❧✐❝❛"✐♦♥ ❛✉① *$7✐❡* ❡①♣♦♥❡♥"✐❡❧❧❡* ✿  ♦✉# $♦✉$ z ∈ C, ♦♥ ♣♦'❡ ez = exp(z) =
+∞
∑

n=0

zn

n!
.

❖♥ ✈❡##❛ ,✉❡ ❝❡$$❡ ❞/✜♥✐$✐♦♥ ❝♦2♥❝✐❞❡ ❛✈❡❝ ❝❡❧❧❡ ❞♦♥♥/❡ ❡♥ ♣#❡♠✐5#❡ ❛♥♥/❡ ✿

∀z = x+ iy ∈ C, ez = ex × eiy.

 ❛# ✉♥ ♣#♦❞✉✐$ ❞❡ ❈❛✉❝❤②✱ ♦♥ ❛ ❞/♠♦♥$#/ ❞❛♥' ❧❡ ❝❤❛♣✐$#❡ ✓ ❙/#✐❡' ♥✉♠/#✐,✉❡' ✔✱ ,✉❡

∀(z, z′) ∈ C
2, exp(z + z′) = exp(z)× exp(z′).

✶✶✳✷ ❙$%✐❡( ❡♥*✐+%❡( ❞❡ ❧❛ ✈❛%✐❛❜❧❡ %$❡❧❧❡

❉❛♥' ❝❡ ♣❛#❛❣#❛♣❤❡✱ ♠✐' @ ♣❛#$ ❝❡ ,✉✐ ❝♦♥❝❡#♥❡ ❧❛ ❝♦♥$✐♥✉✐$/✱ ♦♥ ❝♦♥'✐❞5#❡ ❞❡' '/#✐❡' ❡♥$✐5#❡' ❢♦♥❝$✐♦♥' ❞✬✉♥❡ ❧❛ ✈❛#✐❛❜❧❡ #/❡❧❧❡

✭'♦✉✈❡♥$ ♥♦$/❡ x ♦✉ t✮✳

f : t : 7−→

+∞
∑

n=0

ant
n.

❙✐ ❧❡ #❛②♦♥ ❞❡ ❝♦♥✈❡#❣❡♥❝❡ ❡'$ R > 0 ❛❧♦#' ❧❡ ❞✐',✉❡ ❞❡ ❝♦♥✈❡#❣❡♥❝❡ ❡'$ ]−R,R[ ❡$ ❧❡ ❝❡#❝❧❡ ❞✬✐♥❝❡#$✐$✉❞❡ ❡'$ {−R,R}. ❆✐♥'✐✱

Df =
{

t ∈ R,
∑

ant
n
❝♦♥✈❡#❣❡

}

=]−R,R[, ]−R,R], [−R,R[ ♦✉ [−R,R].

❊①❡♠♣❧❡ ✶✶✳✾✳ • ❉♦♥♥❡" ✉♥ ❡①❡♠♣❧❡ ❞❡ (/"✐❡ ❡♥1✐,"❡ ❞♦♥1 ❧❡ ❧✐❡✉ ❞❡ ❝♦♥✈❡"❣❡♥❝❡ ❡(1 ]− 1, 1[.

• ❉♦♥♥❡" ✉♥ ❡①❡♠♣❧❡ ❞❡ (/"✐❡ ❡♥1✐,"❡ ❞♦♥1 ❧❡ ❧✐❡✉ ❞❡ ❝♦♥✈❡"❣❡♥❝❡ ❡(1 ]− 1, 1].

• ❉♦♥♥❡" ✉♥ ❡①❡♠♣❧❡ ❞❡ (/"✐❡ ❡♥1✐,"❡ ❞♦♥1 ❧❡ ❧✐❡✉ ❞❡ ❝♦♥✈❡"❣❡♥❝❡ ❡(1 [−1, 1].

✶✶✳✷✳✶ ❈♦♥✈❡(❣❡♥❝❡ ♥♦(♠❛❧❡

+7♦♣♦*✐"✐♦♥ ✾

❙♦✐$

∑

ant
n
✉♥❡ '/#✐❡ ❡♥$✐5#❡ ❞♦♥$ ♦♥ ♥♦$❡ R > 0 ❧❡ #❛②♦♥ ❞❡ ❝♦♥✈❡#❣❡♥❝❡✳

•  ♦✉# $♦✉$ ρ ∈ R
+
$❡❧ ,✉❡ ρ < R ❧❛ '/#✐❡

∑

ant
n
❝♦♥✈❡#❣❡ ♥♦#♠❛❧❡♠❡♥$ '✉# [−ρ, ρ].

• ▲❛ '/#✐❡
∑

ant
n
❝♦♥✈❡#❣❡ ❞♦♥❝ ♥♦#♠❛❧❡♠❡♥$ *✉7 "♦✉" *❡❣♠❡♥" ❞❡ ]−R,R[.

✷✻✾
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+2❡✉✈❡✳

✷

❘❡♠❛2'✉❡ ✿ ❆✈❡❝ ❧❡% ♥♦(❛(✐♦♥% ♣,-❝-❞❡♥(❡%✱ ❡( ♣❛, ✉♥ ,❛✐%♦♥♥❡♠❡♥( %✐♠✐❧❛✐,❡✱ ♦♥ ♣❡✉( ♠♦♥(,❡, 2✉❡ %✐

∑

|anR
n| ❝♦♥✈❡,❣❡

❛❧♦,% ❧❛ %-,✐❡

∑

ant
n
❝♦♥✈❡,❣❡ ♥♦,♠❛❧❡♠❡♥( %✉, [−R,R].

✶✶✳✷✳✷ ❈♦♥&✐♥✉✐&)

+2♦♣♦*✐"✐♦♥ ✶✵

❙♦✐(

∑

ant
n
✉♥❡ %-,✐❡ ❡♥(✐5,❡ ❞♦♥( ♦♥ ♥♦(❡ R > 0 ❧❡ ,❛②♦♥ ❞❡ ❝♦♥✈❡,❣❡♥❝❡✳ ❆❧♦,% ❧✬❛♣♣❧✐❝❛(✐♦♥ t 7−→

+∞
∑

n=0

ant
n
❡%( ❝♦♥(✐♥✉❡

%✉, ]−R,R[.

+2❡✉✈❡✳

✷

9♦✉, -(✉❞✐❡, ❧❛ ❝♦♥(✐♥✉✐(- ❡♥ ±R ♦♥ ♣♦✉,,❛ ✿

• ❊(✉❞✐❡, ❧❛ ❝♦♥✈❡,❣❡♥❝❡ ♥♦,♠❛❧❡ %✉, [−R,R] ♣❛, ❡①❡♠♣❧❡ ❡♥ ✉(✐❧✐%❛♥( ❧❛ ,❡♠❛,2✉❡ ♣,-❝-❞❡♥(❡✳

• ❊(✉❞✐❡, ❧❛ ❝♦♥✈❡,❣❡♥❝❡ ✉♥✐❢♦,♠❡ %✉, [0, R] ✭♦✉ [−R, 0]✮ ♣❛, ❡①❡♠♣❧❡ ❡♥ ✉(✐❧✐%❛♥( ❧❡ (❤-♦,5♠❡ ❞❡% %-,✐❡% ❛❧(❡,♥-❡%✳

❊①❡♠♣❧❡ ✶✶✳✶✵✳ ❉!♠♦♥%&❡& (✉❡ ❧✬❛♣♣❧✐❝❛%✐♦♥ f : t 7−→
+∞
∑

n=1

tn

n2
❡0% ❝♦♥%✐♥✉❡ 0✉& 0♦♥ ❡♥0❡♠❜❧❡ ❞❡ ❞!✜♥✐%✐♦♥✳

✷✼✵
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✶✶✳✷✳✸ ❈♦♥'✐♥✉✐'* ♣❛- -❛♣♣♦-' . ❧❛ ✈❛-✐❛❜❧❡ ❝♦♠♣❧❡①❡

❊♥ ❝♦♥$✐❞'(❛♥* z = x+ iy ❝♦♠♠❡ ✉♥ '❧'♠❡♥* ❞❡ R2, ♦♥ ♣❡✉* ❝♦♥$✐❞'(❡( ❧✬❛♣♣❧✐❝❛*✐♦♥ z 7−→
+∞
∑

n=0

anz
n
❝♦♠♠❡ ✉♥❡ ❢♦♥❝*✐♦♥ ❞❡

❞❡✉① ✈❛(✐❛❜❧❡$ x, y ('❡❧❧❡$✳ ❖♥ ❛❞♠❡* ❧❡ ('$✉❧*❛* $✉✐✈❛♥*✳

+2♦♣♦*✐"✐♦♥ ✶✶

❙♦✐*

∑

anz
n
✉♥❡ $'(✐❡ ❡♥*✐8(❡ ❞❡ ❧❛ ✈❛(✐❛❜❧❡ ❝♦♠♣❧❡①❡ ❞♦♥* ♦♥ ♥♦*❡ R > 0 ❧❡ (❛②♦♥ ❞❡ ❝♦♥✈❡(❣❡♥❝❡✳

❆❧♦($ ❧✬❛♣♣❧✐❝❛*✐♦♥ z 7−→
+∞
∑

n=0

anz
n
❡$* ❝♦♥*✐♥✉❡ $✉( ❧❛ ❜♦✉❧❡ ♦✉✈❡(*❡ B(0, R).

✶✶✳✷✳✹ ❉*-✐✈❛'✐♦♥ ❡' ✐♥'*❣-❛'✐♦♥ '❡-♠❡ . '❡-♠❡

▲❡♠♠❡

❙♦✐*

∑

anz
n
✉♥❡ $'(✐❡ ❡♥*✐8(❡ ❞♦♥* ♦♥ ♥♦*❡ R ❧❡ (❛②♦♥ ❞❡ ❝♦♥✈❡(❣❡♥❝❡✳ ❖♥ ❞'✜♥✐* ✿

•
∑ an

n+ 1
zn+1

✿ ✓ $'(✐❡ ✐♥*'❣('❡ *❡(♠❡ ? *❡(♠❡ ✔

•
∑

nanz
n−1

✿ ✓ $'(✐❡ ❞'(✐✈'❡ *❡(♠❡ ? *❡(♠❡ ✔

❈❡$ ❞❡✉① $'(✐❡$ ♦♥* ❛✉$$✐ ♣♦✉( (❛②♦♥ ❞❡ ❝♦♥✈❡(❣❡♥❝❡ R.

+2❡✉✈❡✳

✷

+2♦♣♦*✐"✐♦♥ ✶✷

❙♦✐* f =
∑

ant
n
✉♥❡ $'(✐❡ ❡♥*✐8(❡ ❞♦♥* ♦♥ ♥♦*❡ R > 0 ❧❡ (❛②♦♥ ❞❡ ❝♦♥✈❡(❣❡♥❝❡✳

• ❖♥ ♣❡✉* ✓ ♣(❡♥❞(❡ ❧❡$ ♣(✐♠✐*✐✈❡$ ✔ f *❡(♠❡ ? *❡(♠❡ $✉( ]−R,R[ ✿

∀t ∈]−R,R[,

∫

f(t)dt =
+∞
∑

n=0

an
n+ 1

tn+1 + C (C ∈ R)

❡* ❧❡ (❛②♦♥ ❞❡ ❝♦♥✈❡(❣❡♥❝❡ ❡$* ❝♦♥$❡(✈'✳

• ▲❛ ❢♦♥❝*✐♦♥ f ❡$* ❞❡ ❝❧❛$$❡ C1 $✉( ]−R,R[ ❡* ♦♥ ♣❡✉* ❞'(✐✈❡( f *❡(♠❡ ? *❡(♠❡ $✉( ]−R,R[ ✿

∀t ∈]−R,R[, f ′(t) =
+∞
∑

n=0

nant
n−1 =

+∞
∑

n=0

(n+ 1)an+1t
n

❡* ❧❡ (❛②♦♥ ❞❡ ❝♦♥✈❡(❣❡♥❝❡ ❡$* ❝♦♥$❡(✈'✳

✷✼✶
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+2❡✉✈❡✳

✷

+2❡♠✐42❡ ❝♦♥*$'✉❡♥❝❡ ✿ '✉❡❧'✉❡* ❞$✈❡❧♦♣♣❡♠❡♥"* ❡♥ *$2✐❡* ❡♥"✐42❡

❖♥ ♣❛$% ❞❡( ()$✐❡( ❣)♦♠)%$✐.✉❡( ✿

∀t ∈]− 1, 1[,
1

1− t
=

+∞
∑

n=0

tn (R = 1)

1

1 + t
=

+∞
∑

n=0

(−1)ntn (R = 1)

❊♥ ✐♥%)❣$❛♥% %❡$♠❡ 2 %❡$♠❡ ❝❡( ()$✐❡( ❡♥%✐4$❡(✱ ♦♥ %$♦✉✈❡ .✉✬✐❧ ❡①✐(%❡ ❞❡( ❝♦♥(%❛♥%❡( $)❡❧❧❡( C1 ❡% C2 %❡❧❧❡( .✉❡ ♣♦✉$ %♦✉%

t ∈]− 1, 1[, ♦♥ ❛✐% ✿

− ln(1− t) =
+∞
∑

n=0

tn+1

n+ 1
+ C1 ❡% ln(1 + t) =

+∞
∑

n=0

(−1)n
tn+1

n+ 1
+ C2

✷✼✷
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❊♥ t = 0, ♦♥ #$♦✉✈❡ C1 = C2 = 0 ❡# ❞♦♥❝ ✿

∀t ∈]− 1, 1[, ln(1− t) = −

+∞
∑

n=0

tn+1

n+ 1
(R = 1)

ln(1 + t) =
+∞
∑

n=0

(−1)n
tn+1

n+ 1
(R = 1)

❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✷✮

❉,♠♦♥#$❡$ .✉❡

+∞
∑

n=0

(−1)n

n+ 1
= ln(2).

✷✼✸



▼❛"❤$♠❛"✐'✉❡* +❙■ ❙✳ ❉✐♦♥

❊♥ ♣♦$❛♥& t = u2
✱ ♦♥ ❛ |t| < 1 ⇐⇒ |u| < 1✳

❊& ❞♦♥❝ ∀u ∈]− 1, 1[,
1

1 + t
=

1

1 + u2
=

+∞
∑

n=0

(−1)nu2n (R = 1).

❊♥ ✐♥#$❣&❛♥# #❡&♠❡ * #❡&♠❡ ❝❡##❡ ,$&✐❡ ❡♥#✐-&❡✱ ♦♥ #&♦✉✈❡ 2✉✬✐❧ ❡①✐,#❡ ✉♥❡ ❝♦♥,#❛♥#❡ &$❡❧❧❡ C #❡❧❧❡ 2✉❡ ♣♦✉& #♦✉# u ∈] − 1, 1[,
♦♥ ❛✐# ✿

Arctan(u) =
+∞
∑

n=0

(−1)n
u2n+1

2n+ 1
+ C

❊♥ u = 0, ♦♥ ♦❜#✐❡♥# C = 0 ❡# ❞♦♥❝ ✿

∀t ∈]− 1, 1[, Arctan(t) =
+∞
∑

n=0

(−1)n
t2n+1

2n+ 1
(R = 1)

❊①❡#❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❉$#❡&♠✐♥❡& ❧❡ &❛②♦♥ ❞❡ ❝♦♥✈❡&❣❡♥❝❡ ❡# ❧❛ ,♦♠♠❡ ❞❡ f =
∑

n2tn.

✷✼✹
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✶✶✳✷✳✺ ❉%&✐✈%❡* *✉❝❝❡**✐✈❡*

+2♦♣♦*✐"✐♦♥ ✶✸

❙♦✐# f =
∑

ant
n
✉♥❡ '()✐❡ ❡♥#✐*)❡ ❞♦♥# ♦♥ ♥♦#❡ R > 0 ❧❡ )❛②♦♥ ❞❡ ❝♦♥✈❡)❣❡♥❝❡✳

• ▲❛ ❢♦♥❝#✐♦♥ f ❡'# ❞❡ ❝❧❛''❡ C∞ '✉) ]−R,R[, ♦♥ ♣❡✉# ❞()✐✈❡) #❡)♠❡ 7 #❡)♠❡ ❡# ❧❡ )❛②♦♥ ❞❡ ❝♦♥✈❡)❣❡♥❝❡ ❡'# ❝♦♥'❡)✈(✳

• ▲❡' ❝♦❡✣❝✐❡♥#' an '♦♥# ✉♥✐9✉❡♠❡♥# ❞(#❡)♠✐♥(' ♣❛)

∀n ∈ N, an =
f (n)(0)

n!
.

+2❡✉✈❡✳

✷

❊①❡2❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

:)♦❧♦♥❣❡) ❧❛ ❢♦♥❝#✐♦♥ f : x 7−→
ln(1 + x)− x

x2
♣❛) ❝♦♥#✐♥✉✐#( ❡# ♠♦♥#)❡) 9✉❡ ❧❛ ❢♦♥❝#✐♦♥ ♣)♦❧♦♥❣(❡ ❡'# ❞❡ ❝❧❛''❡ C∞ '✉)

]− 1,+∞[.

✷✼✺
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✶✶✳✷✳✻ ❋♦♥❝(✐♦♥ ❞+✈❡❧♦♣♣❛❜❧❡ ❡♥ 2+3✐❡ ❡♥(✐43❡

❉$✜♥✐"✐♦♥ ✹

❙♦✐# r > 0 ❡# f : I −→ R✳ ❖♥ (✉♣♣♦(❡ +✉❡ ]− r, r[⊂ I.

❖♥ ❞✐# +✉❡ f ❡(# ❞-✈❡❧♦♣♣❛❜❧❡ ❡♥ (-2✐❡ ❡♥#✐32❡ (✉2 ]− r, r[ (✬✐❧ ❡①✐(#❡ ✉♥❡ (-2✐❡ ❡♥#✐32❡
∑

ant
n
#❡❧❧❡ +✉❡

∀t ∈]− r, r[, f(t) =
+∞
∑

n=0

ant
n (R > r)

❊①❡♠♣❧❡ ✶✶✳✶✶✳ ▲❛ ❢♦♥❝&✐♦♥ f : t ∈]− 1,+∞[ 7−→ ln(1 + t) ❡)& ❞+✈❡❧♦♣♣❛❜❧❡ ❡♥ )+0✐❡ ❡♥&✐10❡ )✉0 ]− 1, 1[ ♣✉✐)3✉❡

∀t ∈]− 1, 1[, f(t) = ln(1 + t) =
+∞
∑

n=0

(−1)n

n+ 1
tn+1.

▲❡ ♣❛2❛❣2❛♣❤❡ ♣2-❝-❞❡♥# ❛ ❛❧♦2( ♣♦✉2 ❝♦♥(-+✉❡♥❝❡ ❧❛ ♣2♦♣♦(✐#✐♦♥ (✉✐✈❛♥#❡✳

+9♦♣♦*✐"✐♦♥ ✶✹

❙✐ f : I −→ R ❡(# ❞-✈❡❧♦♣♣❛❜❧❡ ❡♥ (-2✐❡ ❡♥#✐32❡ (✉2 ]− r, r[ ❛✈❡❝ ∀t ∈]− r, r[, f(t) =
+∞
∑

n=0

ant
n

❛❧♦2( f ❡(# ❞❡ ❝❧❛((❡ C∞ (✉2 ]− r, r[ ❡# ❧❡( ❝♦❡✣❝✐❡♥#( an (♦♥# ✉♥✐'✉❡♠❡♥" ❞-#❡2♠✐♥-( ♣❛2 ✿ ∀n ∈ N, an =
f (n)(0)

n!
.

✶✶✳✷✳✼ ❙+3✐❡ ❞❡ ❚❛②❧♦3 ❛22♦❝✐+❡ 9 ✉♥❡ ❢♦♥❝(✐♦♥

❉$✜♥✐"✐♦♥ ✺

❙♦✐# f : I −→ R ♦= I ❡(# ✉♥ ✐♥#❡2✈❛❧❧❡ ♦✉✈❡2# ❝♦♥#❡♥❛♥# 0.
❙✐ f ❡(# ❞❡ ❝❧❛((❡ C∞ (✉2 I✱ ♦♥ ❛♣♣❡❧❧❡ (-2✐❡ ❞❡ ❚❛②❧♦2 ❛((♦❝✐-❡ A f ✭❡♥ 0✮ ❧❛ (-2✐❡ ❡♥#✐32❡

∑ f (n)(0)

n!
tn.

D♦✉2 ♠♦♥#2❡2 +✉✬✉♥❡ ❢♦♥❝#✐♦♥ ❡(# ❞-✈❡❧♦♣♣❛❜❧❡ ❡♥ (-2✐❡ ❡♥#✐32❡✱ ✐❧ ❢❛✉# ✿

• ❙✬❛((✉2❡2 +✉❡ f ❡(# ❞❡ ❝❧❛((❡ C∞ ❛✉ ✈♦✐(✐♥❛❣❡ ❞❡ 0✱

• ▼♦♥#2❡2 +✉❡ ❧❛ (-2✐❡ ❞❡ ❚❛②❧♦2

∑ f (n)(0)

n!
tn ❛ ✉♥ 2❛②♦♥ ❞❡ ❝♦♥✈❡2❣❡♥❝❡ R > 0✱

• ▼♦♥#2❡2 +✉✬✐❧ ❡①✐(#❡ r > 0 #❡❧ +✉❡ ♣♦✉2 t ∈]− r, r[ ♦♥ ❛✐# f(t) =
+∞
∑

n=0

f (n)(0)

n!
tn.

❘❡♠❛9'✉❡ ✿ ❧❡ ❞❡2♥✐❡2 ♣♦✐♥# ❡(# ✐♠♣♦2#❛♥#✳ ■❧ (❡ ♣❡✉# +✉❡ ❧❛ (-2✐❡ ❞❡ ❚❛②❧♦2 ❝♦♥✈❡2❣❡ ♠❛✐( +✉❡ (❛ (♦♠♠❡ (♦✐# ❞✐(#✐♥❝#❡ ❞❡

f.

✷✼✻
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❊①❡♠♣❧❡ ✶✶✳✶✷✳ ❖♥ ❝♦♥$✐❞'(❡ ❧❛ ❢♦♥❝-✐♦♥ f : R −→ R ❞.✜♥✐❡ ♣❛( ✿

∀t ∈ R, f(t) =







e−1/t2
$✐ t 6= 0

0 $✐ t = 0

❊♥ (❛✐$♦♥♥❛♥- ♣❛( (.❝✉((❡♥❝❡ ❡- ❡♥ ❛♣♣❧✐4✉❛♥- ❧❡

-❤.♦('♠❡ ❞❡ ❧❛ ❧✐♠✐-❡ ❞❡ ❧❛ ❞.(✐✈.❡✱ ♦♥ ♠♦♥-(❡(❛✐-

4✉❡ f ❡$- ❞❡ ❝❧❛$$❡ C∞ $✉( R ❡- 4✉❡

∀n ∈ N, f (n)(0) = 0.

❆✐♥$✐✱ ❧❛ $.(✐❡ ❞❡ ❚❛②❧♦( ❛$$♦❝✐.❡ < f ❡$-
∑ f (n)(0)

n!
tn =

∑

0 = 0.

❊❧❧❡ ❝♦♥✈❡(❣❡ .✈✐❞❡♠♠❡♥- $✉( R ✭$✐♠♣❧❡♠❡♥-✮✱ ♠❛✐$ $❛ $♦♠♠❡ ♥❡ ❝♦@♥❝✐❞❡ ❛✈❡❝ f(t) 4✉✬❡♥ t = 0.

✶✶✳✷✳✽ ❉%✈❡❧♦♣♣❡♠❡♥-. ❡♥ .%/✐❡ ❡♥-✐1/❡ ❞❡ /%❢%/❡♥❝❡

+8♦♣♦*✐"✐♦♥ ✶✺

▲❛ ❢♦♥❝&✐♦♥ ❡①♣♦♥❡♥&✐❡❧❧❡ ✭❞.✜♥✐❡ ❝♦♠♠❡ ✉♥✐2✉❡ 3♦❧✉&✐♦♥ ❞❡ y′ = y ❡& y(0) = 1✮ ❡3& ❞.✈❡❧♦♣♣❛❜❧❡ ❡♥ 3.7✐❡ ❡♥&✐87❡ 3✉7 R ❡&

∀x ∈ R, exp(x) =

+∞
∑

n=0

xn

n!
(R = +∞)

+8❡✉✈❡✳

✷

✷✼✼
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❊♥ "❝$✐✈❛♥( ch(t) =
et + e−t

2
❡( sh(t) =

et − e−t

2
, ♦♥ ♦❜(✐❡♥( ✿

∀t ∈ R, ch(t) =
+∞
∑

n=0

t2n

(2n)!
(R = +∞)

sh(t) =
+∞
∑

n=0

t2n+1

(2n+ 1)!
(R = +∞)

❊♥ ✉(✐❧✐/❛♥( 0 ♥♦✉✈❡❛✉ ❧✬✐♥"❣❛❧✐(" ❞❡ ❚❛②❧♦$✲▲❛❣$❛♥❣❡✱ ♣✉✐/:✉❡ ❧❡/ ❞"$✐✈"❡/ /✉❝❝❡//✐✈❡/ ❞❡ sin ❡( ❞❡ cos /♦♥( ❜♦$♥"❡/ /✉$ R, ♦♥
♠♦♥($❡$❛✐( ❧❡/ "❣❛❧✐("/ /✉✐✈❛♥(❡/✳

∀t ∈ R, cos(t) =

+∞
∑

n=0

(−1)n
t2n

(2n)!
(R = +∞)

sin(t) =
+∞
∑

n=0

(−1)n
t2n+1

(2n+ 1)!
(R = +∞)

❈♦♥*$'✉❡♥❝❡ ✿ ❖♥ ♣❡✉( ♠❛✐♥(❡♥❛♥( ✈"$✐✜❡$ :✉❡ ❧❛ ❞"✜♥✐(✐♦♥ ❞❡ exp(z) =
+∞
∑

n=0

zn

n!
❝♦?♥❝✐❞❡ ❜✐❡♥ ❛✈❡❝ ❝❡❧❧❡ ✈✉❡ ❡♥ ♣$❡♠✐@$❡

❛♥♥"❡✳

• ❙✐ z = x ∈ R, ♦♥ ✈✐❡♥( ❞❡ ❞"♠♦♥($❡$ :✉❡ exp(x) =
+∞
∑

n=0

xn

n!
.

• ❙✐ z = iy ∈ iR, ❛❧♦$/

exp(iy) = cos(y) + i sin(y) =
+∞
∑

n=0

(−1)n
y2n

(2n)!
+ i

+∞
∑

n=0

(−1)n
y2n+1

(2n+ 1)!

=
+∞
∑

n=0

(i2)n
y2n

(2n)!
+

+∞
∑

n=0

i(i2)n
y2n+1

(2n+ 1)!

=
+∞
∑

n=0

(iy)n

n!

• ❙✐ z = x+ iy ∈ C, ♦♥ ❛ ✈✉ ♣❛$ ♣$♦❞✉✐( ❞❡ ❈❛✉❝❤② :✉❡ exp(z + z′) = exp(z) exp(z′) ❡( ❞♦♥❝ ❧❡ $"/✉❧(❛( ❡/( ✈$❛✐ ✿

∀z = x+ iy ∈ C, exp(z) =
+∞
∑

n=0

zn

n!
= exp(x)

(

cos(y) + i sin(y)
)

.

D♦✉$ ✜♥✐$✱ ♦♥ ❞♦♥♥❡ ❧❡/ ❞"✈❡❧♦♣♣❡♠❡♥(/ ❡♥ /"$✐❡ ❡♥(✐@$❡ /✉✐✈❛♥(/✳

∀α ∈ R, (1 + x)α = 1 + αx+
α(α− 1)

2
x2 + · · ·+

α(α− 1) · · · (α− n+ 1)

n!
xn + · · ·

= 1 +
+∞
∑

n=1

α(α− 1) · · · (α− n+ 1)

n!
xn

❆✈❡❝ ✿ R = 1 /✐ α /∈ N ❡( R = +∞ /✐ α ∈ N ✭♣♦❧②♥G♠❡✮✳

✷✼✽



▼❛"❤$♠❛"✐'✉❡* +❙■ ❙✳ ❉✐♦♥

❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✷✮

❉!♠♦♥%&❡& ❧❛ ❢♦&♠✉❧❡ ❞✉ ❜✐♥/♠❡ ♥!❣❛%✐❢ ✿ ∀n ∈ N, ∀x ∈]− 1, 1[,
1

(1− x)r+1
=

+∞
∑

n=r

(

n

r

)

xn−r.

❘❡♠❛4'✉❡ ✿ ▲❛ ❞✐✣❝✉❧%! ❡5% ♣❛&❢♦✐5 ❞❡ ❧❛ &❡❝♦♥♥❛7%&❡ 8✉❛♥❞ ♦♥ ♣❛&% ❞❡ ❧❛ 5♦♠♠❡✳✳✳

✶✶✳✸ ❚❛❜❧❡❛✉① *+❝❛♣✐/✉❧❛/✐❢1

• ❉$✈❡❧♦♣♣❡♠❡♥"* ❡♥ *$4✐❡ ❡♥"✐?4❡ ❞❡ 4$❢$4❡♥❝❡ ✈❛❧❛❜❧❡* *✉4 K = R ♦✉ C ✿

∀z ∈ K ❛✈❡❝ |z| < 1✱
1

1− z
=

+∞
∑

n=0

zn R = 1

∀z ∈ K ❛✈❡❝ |z| < 1✱
1

1 + z
=

+∞
∑

n=0

(−1)nzn R = 1

∀z ∈ K✱ exp(z) =
+∞
∑

n=0

zn

n!
R = +∞

• ❉$✈❡❧♦♣♣❡♠❡♥"* ❡♥ *$4✐❡ ❡♥"✐?4❡ ❞❡ 4$❢$4❡♥❝❡ ✈❛❧❛❜❧❡* ✉♥✐'✉❡♠❡♥" *✉4 R ✿

∀x ∈]− 1, 1[, ln(1− x) = −

+∞
∑

n=0

xn+1

n+ 1
R = 1

∀x ∈]− 1, 1[, ln(1 + x) =
+∞
∑

n=0

(−1)n
xn+1

n+ 1
R = 1

∀x ∈]− 1, 1[, Arctan(x) =
+∞
∑

n=0

(−1)n
x2n+1

2n+ 1
R = 1

∀x ∈ R, cos(x) =
+∞
∑

n=0

(−1)n
x2n

(2n)!
R = +∞

∀x ∈ R, sin(x) =

+∞
∑

n=0

(−1)n
x2n+1

(2n+ 1)!
R = +∞

∀x ∈ R, ch(x) =
+∞
∑

n=0

x2n

(2n)!
R = +∞

∀x ∈ R, sh(x) =
+∞
∑

n=0

x2n+1

(2n+ 1)!
R = +∞

∀x ∈ R, (1 + x)α = 1 +
+∞
∑

n=1

α(α− 1) · · · (α− n+ 1)

n!
xn R = 1 5✐ α /∈ N ❡% R = +∞ 5✐ α ∈ N

✷✼✾


