
❈❤❛♣✐%&❡ ✶✵

❙✉✐#❡% ❡# %&'✐❡% ❞❡ ❢♦♥❝#✐♦♥%

❉❛♥# ❝❡ ❝❤❛♣✐)*❡✱ ♦♥ ❝♦♥#✐❞.*❡ ❞❡# ❢♦♥❝)✐♦♥# fn : I ⊂ R −→ K ❛✈❡❝ n ∈ N. ❖♥ ❞2✜♥✐) ❞❛♥# ✉♥ ♣*❡♠✐❡* )❡♠♣# ♣❧✉#✐❡✉*# )②♣❡#

❞❡ ❝♦♥✈❡*❣❡♥❝❡# ❞❡ ❧❛ #✉✐)❡ (fn)n∈N ♠❛✐# ❛✉##✐ ❞❡ ❧❛ #2*✐❡
∑

fn.

❖♥ #✬✐♥)2*❡##❡*❛ ❡♥#✉✐)❡ ❛✉① ♣*♦♣*✐2)2# ❝♦♥#❡*✈2❡# ♣❛* ✓ ♣❛##❛❣❡ < ❧❛ ❧✐♠✐)❡ ✔ ✿ ❝♦♥)✐♥✉✐)2✱ ❞2*✐✈❛❜✐❧✐)2✱ ✐♥)2❣*❛)✐♦♥✳ ✳ ✳

✶✵✳✶ ❉✐✛&'❡♥*+ *②♣❡+ ❞❡ ❝♦♥✈❡'❣❡♥❝❡

✶✵✳✶✳✶ ❈♦♥✈❡(❣❡♥❝❡ +✐♠♣❧❡

❉!✜♥✐%✐♦♥ ✶

• ❖♥ ❞✐) A✉❡ (fn)n∈N ❝♦♥✈❡+❣❡ -✐♠♣❧❡♠❡♥% -✉+ I #✬✐❧ ❡①✐#)❡ f : I −→ K )❡❧❧❡ A✉❡ ✿

∀x ∈ I, lim
n→+∞

fn(x) = f(x).

▲❛ ❢♦♥❝)✐♦♥ f ✱ #✐ ❡❧❧❡ ❡①✐#)❡✱ ❡#) ✉♥✐A✉❡✳ ❖♥ ❧✬❛♣♣❡❧❧❡ ❧✐♠✐%❡ -✐♠♣❧❡ ❞❡ ❧❛ #✉✐)❡ ❞❡ ❢♦♥❝)✐♦♥# (fn)n∈N✳

❖♥ ♥♦)❡ fn
CS sur I
−→

n→+∞
f.

• ❖♥ ❞✐*❛ ❞❡ ♠C♠❡ A✉❡ ❧❛ #2*✐❡ ❞❡ ❢♦♥❝)✐♦♥#
∑

fn ❝♦♥✈❡+❣❡ -✐♠♣❧❡♠❡♥% -✉+ I #✐ ✿ ∀x ∈ I,
∑

fn(x) ❝♦♥✈❡*❣❡.

❊①❡♠♣❧❡ ✶✵✳✶✳ ❖♥ ♣♦$❡ ∀x > 0, fn(x) =
(

1 +
x

n

)n

.

❊'✉❞✐❡+ ❧❛ ❝♦♥✈❡+❣❡♥❝❡ $✐♠♣❧❡ ❞❡ (fn)n∈N✳

❊①❡♠♣❧❡ ✶✵✳✷✳ ❖♥ ♣♦$❡ ∀x ∈ R, gn(x) = xn.

• ❊'✉❞✐❡+ ❧❛ ❝♦♥✈❡+❣❡♥❝❡ $✐♠♣❧❡ ❞❡ (gn)n∈N✳ ■❧❧✉-%+❛%✐♦♥ ❣+❛♣❤✐:✉❡ ✿

✷✸✸
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• ❊!✉❞✐❡& ❧❛ ❝♦♥✈❡&❣❡♥❝❡ .✐♠♣❧❡ ❞❡
∑

gn✳

❘❡♠❛3'✉❡ ✿ ❡♥ ♣❛$$❛♥% & ❧❛ ❧✐♠✐%❡✱ ❧❡$ ✐♥+❣❛❧✐%+$ ❧❛-❣❡$ $♦♥% ❝♦♥$❡-✈+❡$✱ ❡% ❞♦♥❝ ✿

• ❙✐ (fn)n∈N ❡$% ✉♥❡ $✉✐%❡ ❞❡ ❢♦♥❝%✐♦♥$ ❝-♦✐$$❛♥%❡$ ✭-❡$♣✳ ❞+❝-♦✐$$❛♥%❡$✮ $✉- I ❡% $✐ fn
CS sur I
−→

n→+∞
f ✱ ❛❧♦-$ f ❡$% ❝-♦✐$$❛♥%❡ ✭-❡$♣✳

❞+❝-♦✐$$❛♥%❡✮ $✉- I✳

+3❡✉✈❡✳

✷

• ❙✐ (fn)n∈N ❡$% ✉♥❡ $✉✐%❡ ❞❡ ❢♦♥❝%✐♦♥$ ❝♦♥✈❡①❡$ ✭-❡$♣✳ ❝♦♥❝❛✈❡$✮ $✉- I ❡% $✐ fn
CS sur I
−→

n→+∞
f ✱ ❛❧♦-$ f ❡$% ❝♦♥✈❡①❡ ✭-❡$♣✳ ❝♦♥❝❛✈❡✮

$✉- I✳

+3❡✉✈❡✳ :♦✉- %♦✉% n ∈ N✱ ❧❛ ❢♦♥❝%✐♦♥ fn ❡$% ❝♦♥✈❡①❡ ❡% ❞♦♥❝ ✭♣❛- ❞+✜♥✐%✐♦♥✮ ♦♥ ❛ ✿

∀(x, y) ∈ I2, ∀λ ∈ [0, 1], fn(λx+ (1− λ)y) 6 λfn(x) + (1− λ)fn(y).

❖-✱ ♣❛- ❞+✜♥✐%✐♦♥ ❞❡ ❧✐♠✐%❡ $✐♠♣❧❡✱ ♦♥ ❛

lim
n→+∞

fn(x) = f(x)✱ lim
n→+∞

fn(y) = f(y) ❡% ❛✉$$✐ lim
n→+∞

fn(λx+ (1− λ)y) = f(λx+ (1− λ)y)✳

❊♥ ♣❛$$❛♥% & ❧❛ ❧✐♠✐%❡ ❞❛♥$ ❧✬✐♥+❣❛❧✐%+ ♣-+❝+❞❡♥%❡✱ ♦♥ ♦❜%✐❡♥% ✿

f(λx+ (1− λ)y) 6 λf(x) + (1− λ)f(y).

❈❡❝✐ +%❛♥% ✈-❛✐ ♣♦✉- %♦✉% (x, y) ∈ I2 ❡% ♣♦✉- %♦✉% λ ∈ [0, 1], ♦♥ ❛ ❜✐❡♥ ❞+♠♦♥%-+ A✉❡ f ❡$% ❝♦♥✈❡①❡✳

✷

✶✵✳✶✳✷ ◆♦&♠❡ ✐♥✜♥✐❡

❖♥ -❛♣♣❡❧❧❡ ❞❛♥$ ✉♥ ♣-❡♠✐❡- %❡♠♣$ ❧❛ ❞+✜♥✐%✐♦♥ ❞❡ ♥♦-♠❡ $✉- ✉♥ K✲❡$♣❛❝❡ ✈❡❝%♦-✐❡❧✳

❉$✜♥✐"✐♦♥ ✷

❖♥ ❛♣♣❡❧❧❡ ♥♦-♠❡ $✉- E✱ %♦✉%❡ ❛♣♣❧✐❝❛%✐♦♥ N : E −→ R ✈+-✐✜❛♥% ✿

✭✶✮ ♣♦$✐%✐✈✐%+ ✿ ∀x ∈ E, N(x) > 0,

✭✷✮ ❝❛-❛❝%E-❡ ❞+✜♥✐ ✿ ∀x ∈ E, N(x) = 0 =⇒ x = 0,

✭✸✮ ❤♦♠♦❣+♥+✐%+ ✿ ∀x ∈ E, ∀λ ∈ R, N(λx) = |λ|N(x),

✭✹✮ ✐♥+❣❛❧✐%+ %-✐❛♥❣✉❧❛✐-❡ ✿ ∀x ∈ E, ∀y ∈ E, N(x+ y) 6 N(x) +N(y).

❖♥ -❛♣♣❡❧❧❡ ❛✉$$✐ ❧❛ ❞+✜♥✐%✐♦♥ ❞❡ ❜♦-♥❡ $✉♣+-✐❡✉-❡ ❡% ❧❛ ❝♦♥❞✐%✐♦♥ ❞✬❡①✐$%❡♥❝❡ $✉✐✈❛♥%❡✳

+3♦♣♦*✐"✐♦♥ ✶ ✭❜♦3♥❡ *✉♣$3✐❡✉3❡✮

❙♦✐% A ✉♥❡ ♣❛-%✐❡ ❞❡ R✳

• ❖♥ ❛♣♣❡❧❧❡✱ $✐ ❡❧❧❡ ❡①✐$%❡✱ ❜♦-♥❡ $✉♣+-✐❡✉-❡ ❞❡ A✱ ❧❡ ♣❧✉$ ♣❡%✐% ❞❡ $❡$ ♠❛❥♦-❛♥%$✳ ❖♥ ❧❛ ♥♦%❡ sup(A)✳
• ❙✐ A ❡$% ✉♥❡ ♣❛-%✐❡ ♥♦♥ ✈✐❞❡ ❡% ♠❛❥♦3$❡ ❞❡ R✱ ❛❧♦-$ A ♣♦$$E❞❡ ✉♥❡ ❜♦-♥❡ $✉♣+-✐❡✉-❡✳

❖♥ ♣♦✉--❛ ✉%✐❧✐$❡- ❧❡ ❧❡♠♠❡ $✉✐✈❛♥% $❛♥$ ❧❡ ❞+♠♦♥%-❡-✳

✷✸✹
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▲❡♠♠❡

❙✐ A ❡#$ ✉♥❡ ♣❛)$✐❡ ♥♦♥ ✈✐❞❡ ❞❡ R ❡$ ♠❛❥♦)/❡ ❞❡ R✱ ❡$ #✐ λ ❡#$ ✉♥ )/❡❧ ♣♦*✐"✐❢ ❛❧♦)# ✿

sup(λ.A) = sup
a∈A

(λa) = λ sup(A).

+5❡✉✈❡✳ ❙✐ λ = 0 ❛❧♦)# λ.A = {0} ❡$ ❧❡ )/#✉❧$❛$ ❡#$ ✐♠♠/❞✐❛$✳ ❖♥ #✉♣♣♦#❡ ❞/#♦)♠❛✐# 5✉❡ λ > 0.

6♦✉) $♦✉$ a ∈ A ♦♥ ❛ a 6 sup(A) ❡$ ❝♦♠♠❡ λ > 0,

∀a ∈ A, λa 6 λ sup(A).

❆✐♥#✐✱ λ sup(A) ❡#$ ✉♥ ♠❛❥♦)❛♥$ ❞❡ ❧✬❡♥#❡♠❜❧❡ {λa, a ∈ A}✳ ❈❡$ ❡♥#❡♠❜❧❡ ❡#$ ❞♦♥❝ ♥♦♥ ✈✐❞❡ ❡$ ♠❛❥♦)/ ❡$ ❞♦♥❝✱ ✐❧ ♣♦##<❞❡

✉♥❡ ❜♦)♥❡ #✉♣/)✐❡✉)❡✳ ❈♦♠♠❡ ❧❛ ❜♦)♥❡ #✉♣/)✐❡✉)❡ ❡#$ ❧❡ ♣❧✉# ♣❡$✐$ ❞❡# ♠❛❥♦)❛♥$#✱ ♦♥ ❛ ❞/❥= ✿

sup{λa, a ∈ A} = sup(λ.A) 6 λ sup(A).

❊♥✜♥✱ ❡♥ ❛♣♣❧✐5✉❛♥$ ❝❡ 5✉✐ ♣)/❝<❞❡ = λ′ =
1

λ
> 0 ❡$ = A′ = λA, ♦♥ ♦❜$✐❡♥$ 5✉❡

sup(A) 6
1

λ
sup(λ.A),

5✉✐ ❞♦♥♥❡ ❧✬✐♥/❣❛❧✐$/ ✐♥✈❡)#❡ ❡$ $❡)♠✐♥❡ ❧❛ ♣)❡✉✈❡✳ ✷

❉$✜♥✐"✐♦♥ ✸ ✭◆♦5♠❡ ✐♥✜♥✐❡✮

❖♥ ♥♦$❡ E ❧✬❡#♣❛❝❡ ✈❡❝$♦)✐❡❧ ❞❡# ❢♦♥❝$✐♦♥# ❜♦5♥$❡* #✉) ✉♥ ✐♥$❡)✈❛❧❧❡ ❞♦♥♥/ I ✿

E = {f : I −→ K, ∃M > 0, ∀x ∈ I, |f(x)| 6 M}.

6♦✉) $♦✉$ f ∈ E✱ ♦♥ ♣♦#❡ ❛❧♦)# ✿

‖f‖∞ = sup
x∈I

|f(x)|.

❖♥ ❞/✜♥✐$ ❛✐♥#✐ ✉♥❡ ♥♦5♠❡ #✉) E.

+5❡✉✈❡✳✭❉✷✮

✷✸✺
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✷

✶✵✳✶✳✸ ❈♦♥✈❡)❣❡♥❝❡ ✉♥✐❢♦)♠❡ ♣♦✉) ❧❡2 2✉✐3❡2 ❞❡ ❢♦♥❝3✐♦♥2

❖♥ "❡♣"❡♥❞ ❧❛ ❞(✜♥✐+✐♦♥ ❞❡ ❝♦♥✈❡"❣❡♥❝❡ 0✐♠♣❧❡✳ ❙✉♣♣♦0♦♥0 5✉❡ (fn)n∈N ❝♦♥✈❡"❣❡ 0✐♠♣❧❡♠❡♥+ 0✉" I ✈❡"0 ✉♥❡ ❢♦♥❝+✐♦♥ f. ❖♥

❛ ❞♦♥❝✱ ❡♥ "❡✈❡♥❛♥+ 8 ❧❛ ❞(✜♥✐+✐♦♥ ❞❡ ❧✐♠✐+❡ ✿

∀x ∈ I, ∀ε > 0, ∃N = N(x, ε) > 0, ∀n ∈ N, n > N =⇒ |fn(x)− f(x)| 6 ε.

❆✐♥0✐✱ ❧❡ "❛♥❣ 8 ♣❛"+✐" ❞✉5✉❡❧ ♦♥ ❛ |fn(x) − f(x)| < ε ❞(♣❡♥❞ ❞❡ x ∈ I. ;♦✉" ❧❛ ❝♦♥✈❡"❣❡♥❝❡ ✉♥✐❢♦"♠❡✱ ❝❡ "❛♥❣ ❡0+ ❧❡ ♠<♠❡

♣♦✉" +♦✉0 ❧❡0 x ❞❡ I. ❈✬❡0+ ❞♦♥❝ ✉♥ ♠♦❞❡ ❞❡ ❝♦♥✈❡"❣❡♥❝❡ ♣❧✉0 ❝♦♥+"❛✐❣♥❛♥+ 5✉❡ ❝❡❧✉✐ ❞❡ ❧❛ ❝♦♥✈❡"❣❡♥❝❡ 0✐♠♣❧❡✳

❉$✜♥✐"✐♦♥ ✹

❆✈❡❝ ❧❡0 ♥♦+❛+✐♦♥0 ♣"(❝(❞❡♥+❡0 ✿ ❖♥ ❞✐+ 5✉❡ (fn)n∈N ❝♦♥✈❡6❣❡ ✉♥✐❢♦6♠$♠❡♥" *✉6 I 0✬✐❧ ❡①✐0+❡ f : I −→ K +❡❧❧❡ 5✉❡

❧✬✉♥❡ ❞❡0 ❞❡✉① ♣"♦♣"✐(+(0 (5✉✐✈❛❧❡♥+❡0 0✉✐✈❛♥+❡0 0♦✐+ ✈("✐❢(❡ ✿

∀ε > 0, ∃N = N(ε) > 0, ∀n ∈ N, n > N =⇒ ∀x ∈ I, |fn(x)− f(x)| 6 ε (1)

lim
n→+∞

‖fn − f‖∞ = 0 (2)

❖♥ ♥♦+❡ fn
CU sur I
−→

n→+∞
f.

+6❡✉✈❡✳ ❏✉0+✐✜♦♥0 ❧✬(5✉✐✈❛❧❡♥❝❡ ❞❡0 ❞(✜♥✐+✐♦♥0 (1) ❡+ (2)✳

✷

❊①❡♠♣❧❡ ✶✵✳✸✳ ❖♥ ♣♦$❡ ∀x ∈ R, gn(x) = xn.

❉'♠♦♥)*❡* +✉❡✱ ♣♦✉* )♦✉) r ∈]0, 1[, ❧❛ $✉✐)❡ (gn)n∈N ❝♦♥✈❡*❣❡ ✉♥✐❢♦*♠❡♠❡♥) ✈❡*$ 0 $✉* [−r, r].

✷✸✻
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+2♦♣♦*✐"✐♦♥ ✷

❙✐ (fn)n∈N ❝♦♥✈❡'❣❡ ✉♥✐❢♦'♠,♠❡♥- .✉' I ❛❧♦'. ❡❧❧❡ ❝♦♥✈❡'❣❡ .✐♠♣❧❡♠❡♥- .✉' I ❡- ❧❛ ❧✐♠✐-❡ ✉♥✐❢♦'♠❡ ❞❡ (fn)n∈N ❡.- .❛ ❧✐♠✐-❡

.✐♠♣❧❡✳

+2❡✉✈❡✳

✷

✶✵✳✶✳✹ ❈♦♥✈❡)❣❡♥❝❡ ✉♥✐❢♦)♠❡ ♣♦✉) ❧❡2 23)✐❡2 ❞❡ ❢♦♥❝5✐♦♥2

❉$✜♥✐"✐♦♥ ✺

❖♥ ❞✐- 5✉❡ ❧❛ .,'✐❡ ❞❡ ❢♦♥❝-✐♦♥.

∑

fn ❝♦♥✈❡2❣❡ ✉♥✐❢♦2♠$♠❡♥" *✉2 I .✐ ❧❛ .✉✐-❡ (Sn)n∈N ❞❡ .❡. .♦♠♠❡. ♣❛'-✐❡❧❧❡.

❝♦♥✈❡'❣❡ ✉♥✐❢♦'♠,♠❡♥- .✉' I.

❉✬❛♣'8. ❝❡ 5✉✐ ♣',❝8❞❡✱ ❡❧❧❡ ❝♦♥✈❡'❣❡ ❛❧♦'. .✐♠♣❧❡♠❡♥- .✉' I ❝❡ 5✉✐ .✬,❝'✐- ✿ ∀x ∈ I, lim
n→+∞

Sn(x) = S(x)✳

❆✐♥.✐✱ ❧❡. '❡.-❡. ♣❛'-✐❡❧. Rn : x 7−→ S(x)− Sn(x) =
+∞∑

k=n+1

fk(x) .♦♥- ❜✐❡♥ ❞,✜♥✐. .✉' I.

❆✈❡❝ ❝❡. ♥♦-❛-✐♦♥.✱

∑

fn ❝♦♥✈❡'❣❡ ✉♥✐❢♦'♠,♠❡♥- .✉' I .✐ ✿

lim
n→+∞

‖Sn − S‖∞ = lim
n→+∞

‖Rn‖∞ = 0

♦✉ ❡♥❝♦'❡ .✐ ❧❛ .✉✐-❡ (Rn)n∈N ❞❡ .❡. '❡.-❡. ♣❛'-✐❡❧. ❝♦♥✈❡'❣❡ ✉♥✐❢♦'♠,♠❡♥- ✈❡'. 0.

❊①❡♠♣❧❡ ✶✵✳✹✳ ❖♥ "❡♣"❡♥❞ ∀x ∈ R, gn(x) = xn.

❉'♠♦♥*"❡" +✉❡✱ ♣♦✉" *♦✉* r ∈]0, 1[, ❧❛ 0'"✐❡
∑

gn ❝♦♥✈❡"❣❡ ✉♥✐❢♦"♠❡♠❡♥* 0✉" [−r, r].

❊①❡2❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❖♥ ♣♦.❡ ∀t ∈ [0, 1], fn(t) = (−1)n
tn

n
. ❉,♠♦♥-'❡' 5✉❡ ❧❛ .,'✐❡

∑

fn ❝♦♥✈❡'❣❡ ✉♥✐❢♦'♠❡♠❡♥- .✉' [0, 1].

✷✸✼



▼❛"❤$♠❛"✐'✉❡* +❙■ ❙✳ ❉✐♦♥

✶✵✳✶✳✺ ❈♦♥✈❡)❣❡♥❝❡ ♥♦)♠❛❧❡ ♣♦✉) ❧❡1 12)✐❡1 ❞❡ ❢♦♥❝6✐♦♥1

❉$✜♥✐"✐♦♥ ✻

❙♦✐# (fn)n∈N ✉♥❡ '✉✐#❡ ❞❡ ❢♦♥❝#✐♦♥' ❞+✜♥✐❡' ❡# ❜♦.♥+❡' '✉. I ⊂ R ❡# / ✈❛❧❡✉.' ❞❛♥' K = R ♦✉ C.

❖♥ ❞✐# 4✉❡ ❧❛ '+.✐❡ ❞❡ ❢♦♥❝#✐♦♥'

∑

fn ❝♦♥✈❡.❣❡ ♥♦.♠❛❧❡♠❡♥# '✉. I '✐ ❧❛ '+.✐❡ ♥✉♠+.✐4✉❡

∑

‖fn‖∞ ❡'# ❝♦♥✈❡.❣❡♥#❡✳

❊①❡6❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✷✮

8♦✉. n ∈ N
∗, ♦♥ ♣♦'❡ fn(t) = (−1)n

tn

n
❡# Sn(t) =

n∑

k=1

fk(t) =
n∑

k=1

(−1)k
tk

k
.

• ❊#✉❞✐❡. ❧❛ ❝♦♥✈❡.❣❡♥❝❡ '✐♠♣❧❡ ❞❡

∑

fn.

• ❉+♠♦♥#.❡. 4✉❡ ♣♦✉. #♦✉# a ∈]0, 1[, ❧❛ '+.✐❡

∑

fn ❝♦♥✈❡.❣❡ ♥♦.♠❛❧❡♠❡♥# '✉. [−a, a].

• ❉+♠♦♥#.❡. 4✉❡ ❧❛ '+.✐❡

∑

fn ♥❡ ❝♦♥✈❡.❣❡ ♣❛' ♥♦.♠❛❧❡♠❡♥# '✉. [0, 1].

✷✸✽
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❉✬✉♥❡ ♠❛♥✐()❡ ❣+♥+)❛❧❡✱ ♦♥ ♣♦✉))❛ )❡♠❛)0✉❡) 0✉❡ ✿

❙✐

∑

fn ❝♦♥✈❡)❣❡ ♥♦)♠❛❧❡♠❡♥5 6✉) I✱ ❛❧♦)6✱ ♣♦✉) 5♦✉5 x ∈ I, ❧❛ 6+)✐❡
∑

fn(x) ❝♦♥✈❡)❣❡ ❛❜*♦❧✉♠❡♥"✳

+4❡✉✈❡✳

✷

✶✵✳✶✳✻ $%♦❝(❞( ❞✬(+✉❞❡ ♣♦✉% ❧❡0 0✉✐+❡0 ❞❡ ❢♦♥❝+✐♦♥0

+4♦❝$❞$ ❞✬$"✉❞❡ ✿ ❙♦✐5 (fn)n∈N ✉♥❡ 6✉✐5❡ ❞❡ ❢♦♥❝5✐♦♥6 ❞+✜♥✐❡6 6✉) I.

• ❘❡❝❤❡)❝❤❡ ❞✬✉♥ ❝❛♥❞✐❞❛5 = ❧❛ ❧✐♠✐5❡ ✿ ❖♥ ❝❤❡)❝❤❡ ❞✬❛❜♦)❞ ❧✬❡♥6❡♠❜❧❡ D ❞❡6 x ∈ I ♣♦✉) ❧❡60✉❡❧ fn(x) ❛❞♠❡5 ✉♥❡ ❧✐♠✐5❡
✜♥✐❡ 0✉❛♥❞ n 5❡♥❞ ✈❡)6 +∞. ❖♥ ♣♦6❡ ❛❧♦)6

∀x ∈ D, f(x) = lim
n→+∞

fn(x) = f(x).

❆✐♥6✐ ♣❛) ❞+✜♥✐5✐♦♥✱ (fn)n∈N ❝♦♥✈❡)❣❡ 6✐♠♣❧❡♠❡♥5 ✈❡)6 f 6✉) D.

• ➱5✉❞❡ ❞❡ ❧❛ ❝♦♥✈❡)❣❡♥❝❡ ✉♥✐❢♦)♠❡ ✿ ♦♥ 6❛✐5 0✉❡ 6✐ (fn)n∈N ❝♦♥✈❡)❣❡ ✉♥✐❢♦)♠+♠❡♥5✱ ❝✬❡65 ♥+❝❡66❛✐)❡♠❡♥5 ✈❡)6 6❛ ❧✐♠✐5❡
6✐♠♣❧❡✳ ■❧ )❡65❡ ❞♦♥❝ = ✈♦✐) 6✐ lim

n→+∞
‖fn − f‖∞ = 0 ♦✉ ♣❛6✱ ❛✈❡❝

‖fn − f‖∞ = ‖fn − f‖D,∞ = sup
x∈D

|fn(x)− f(x)|.

❖♥ )❡♠❛)0✉❡)❛ 0✉❡ ❧❛ ♥♦)♠❡ ✐♥✜♥✐❡ ❡5 ❞♦♥❝ ❧❛ ❝♦♥✈❡)❣❡♥❝❡ ✉♥✐❢♦)♠❡ ❞+♣❡♥❞ ❞❡ ❧✬✐♥5❡)✈❛❧❧❡ 6✉) ❧❡0✉❡❧ ♦♥ 6❡ ♣❧❛❝❡✳ ❊5 ❡♥

♣❛)5✐❝✉❧✐❡) ✿

(fn)n∈N ❝♦♥✈❡)❣❡ ✉♥✐❢♦)♠+♠❡♥5 6✉) 5♦✉5 6❡❣♠❡♥5 ❞❡ I =⇒
/

(fn)n∈N ❝♦♥✈❡)❣❡ ✉♥✐❢♦)♠+♠❡♥5 6✉) I

+4❡♠✐:4❡ ♣✐*"❡ ✿ ❖♥ 6❛✐5 ❝❛❧❝✉❧❡) ❡①♣❧✐❝✐5❡♠❡♥5 ‖fn − f‖∞ ✭♣❛) ❡①❡♠♣❧❡ ♣❛) ✉♥❡ +5✉❞❡ ❞❡ ❢♦♥❝5✐♦♥6✮✳

❉❛♥6 ❝❡ ❝❛6✱ ✐❧ 6✉✣5 ❞✬❡♥ ❞+5❡)♠✐♥❡) ❧❛ ❧✐♠✐5❡✳

❖♥ ♣❡✉" ♦❜"❡♥✐4 ❞❡* ❝❛* ❞❡ ❞✐✈❡4❣❡♥❝❡ ♦✉ ❞❡ ❝♦♥✈❡4❣❡♥❝❡✳

❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

H♦✉) 5♦✉5 n ∈ N ❡5 5♦✉5 x ∈ R
+, ♦♥ ♣♦6❡ fn(x) =

xne−x

n!
✳

▼♦♥5)❡) 0✉❡ ❧❛ 6✉✐5❡ (fn)n∈N∗
❝♦♥✈❡)❣❡♥❝❡ ✉♥✐❢♦)♠+♠❡♥5 6✉) R

+. ❖♥ ♣♦✉))❛ ✉5✐❧✐6❡) ❧❛ ❢♦)♠✉❧❡ ❞❡ ❙5✐)❧✐♥❣✳

✷✸✾
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❉❡✉①✐3♠❡ ♣✐*"❡ ✿ ❖♥ ❡##❛✐❡ ❞❡ '(♦✉✈❡( ✉♥❡ ♠❛❥♦(❛'✐♦♥ ❞✉ '②♣❡ ‖fn − f‖∞ 6 αn ❛✈❡❝ lim
n→+∞

αn = 0.

1♦✉( ❝❡❧❛✱ ♦♥ ❞♦✐' ♠❛❥♦(❡( ✉♥✐❢♦%♠'♠❡♥) |fn(x)− f(x)|✱ ❝✬❡#'✲6✲❞✐(❡ ✐♥❞7♣❡♥❞❡♠♠❡♥' ❞❡ x.

❖♥ ♥✬♦❜"✐❡♥" ♣❛9 ❝❡""❡ ♠$"❤♦❞❡ '✉❡ ❞❡* ❝❛* ❞❡ ❝♦♥✈❡9❣❡♥❝❡✳

❊①❡9❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✷✮

1♦✉( '♦✉' n ∈ N
∗, ♦♥ ♣♦#❡ fn(x) =

n2x

n2 + x2
.

❊'✉❞✐❡( ❧❛ ❝♦♥✈❡(❣❡♥❝❡ ✉♥✐❢♦(♠❡ ❞❡ ❧❛ #✉✐'❡ (fn)n∈N∗
#✉( ✉♥ #❡❣♠❡♥' [0, A] ⊂ R

+.

❚9♦✐*✐3♠❡ ♣✐*"❡ ✿ ❖♥ ❡##❛✐❡ ❞❡ '(♦✉✈❡( ✉♥❡ #✉✐'❡ (xn)n∈N ❞✬7❧7♠❡♥'# ❞❡ D '❡❧❧❡ ;✉❡ fn(xn)− f(xn) ♥❡ '❡♥❞❡ ♣❛# ✈❡(#
0✳ 1✉✐#;✉❡

|fn(xn)− f(xn)| 6 sup
x∈D

|fn(x)− f(x)| 6 ‖fn − f‖∞,

✐❧ ♥❡ ♣❡✉' ② ❛✈♦✐( ❝♦♥✈❡(❣❡♥❝❡ ✉♥✐❢♦(♠❡✳

❖♥ ♥✬♦❜"✐❡♥" ♣❛9 ❝❡""❡ ♠$"❤♦❞❡ '✉❡ ❞❡* ❝❛* ❞❡ ❞✐✈❡9❣❡♥❝❡✳

✷✹✵
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❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✷ ✲ *✉✐"❡✮

❖♥ "❡♣"❡♥❞ ❧✬❡①❡♠♣❧❡ ♣"*❝*❞❡♥,✳ ❨ ❛✲,✲✐❧ ❝♦♥✈❡"❣❡♥❝❡ ✉♥✐❢♦"♠❡ 7✉" R
+
❄

❉❡✉① ❡①❡♠♣❧❡* = 4❡"❡♥✐4 ✿

✶✳ ❯♥❡ *✉✐"❡ ❞❡ ❢♦♥❝"✐♦♥* '✉✐ ❝♦♥✈❡4❣❡ *✐♠♣❧❡♠❡♥" ♠❛✐* ♣❛* ✉♥✐❢♦4♠$♠❡♥" *✉4 [0, 1]✳

✷✳ ❯♥❡ *✉✐"❡ ❞❡ ❢♦♥❝"✐♦♥* '✉✐ ❝♦♥✈❡4❣❡ *✐♠♣❧❡♠❡♥" ♠❛✐* ♣❛* ✉♥✐❢♦4♠$♠❡♥" *✉4 [0,+∞[✳

✷✹✶
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✶✵✳✶✳✼ $%♦❝(❞( ❞✬(+✉❞❡ ♣♦✉% ❧❡0 0(%✐❡0 ❞❡ ❢♦♥❝+✐♦♥0

❆✈❛♥$ ❞❡ ❞♦♥♥❡( )✉❡❧)✉❡, ♠.$❤♦❞❡,✱ ♦♥ ❞♦♥♥❡ ❧❛ ♣(♦♣♦,✐$✐♦♥ ,✉✐✈❛♥$❡ ✭❛❞♠✐,❡✮✳

+2♦♣♦*✐"✐♦♥ ✸

❙✐

∑

fn ❝♦♥✈❡(❣❡ ♥♦(♠❛❧❡♠❡♥$ ,✉( I ❛❧♦(, ❡❧❧❡ ❝♦♥✈❡(❣❡ ✉♥✐❢♦(♠.♠❡♥$ ,✉( I ❡$ ❞♦♥❝ ❡❧❧❡ ❝♦♥✈❡(❣❡ ,✐♠♣❧❡♠❡♥$ ,✉( I.

+2♦❝$❞$ ❞✬$"✉❞❡ ✿ ❙♦✐$ (fn)n∈N ✉♥❡ ,✉✐$❡ ❞❡ ❢♦♥❝$✐♦♥, ❞.✜♥✐❡, ,✉( I.

• ❘❡❝❤❡(❝❤❡ ❞✉ ❞♦♠❛✐♥❡ ❞❡ ❝♦♥✈❡(❣❡♥❝❡ ✿ ❖♥ ❝❤❡(❝❤❡ ❞✬❛❜♦(❞ ❧✬❡♥,❡♠❜❧❡ D ❞❡, x ∈ I ♣♦✉( ❧❡,)✉❡❧ ❧❛ ,.(✐❡
∑

fn(x)

❝♦♥✈❡(❣❡✳ ❖♥ ♣♦,❡ ❛❧♦(,

∀x ∈ D, S(x) =

+∞∑

n=0

fn(x).

❆✐♥,✐ ♣❛( ❞.✜♥✐$✐♦♥✱

∑

fn ❝♦♥✈❡2❣❡ *✐♠♣❧❡♠❡♥" ,✉( D. ■❧ ♥✬❡,$ ♣❛, ♥.❝❡,,❛✐(❡ ❞✬❡①♣❧✐❝✐$❡( S(x) ♣♦✉( ❛✈♦✐( ❧❛ ❝♦♥✈❡(✲

❣❡♥❝❡ ,✐♠♣❧❡✳

• ❊$✉❞❡ ❞❡ ❧❛ ❝♦♥✈❡(❣❡♥❝❡ ♥♦(♠❛❧❡ ✿ ❡❧❧❡ ❡,$ ♣❧✉, ❢♦($❡ ♠❛✐, ♣❧✉, ,✐♠♣❧❡ D .$✉❞✐❡( )✉❡ ❧❛ ❝♦♥✈❡(❣❡♥❝❡ ✉♥✐❢♦(♠❡✳
❖♥ ♣♦,❡✱ *✐ ❡❧❧❡ ❡①✐*"❡ ✿

‖fn‖∞ = ‖fn‖D,∞ = sup
x∈D

|fn(x)|.

▲D ❡♥❝♦(❡✱ ❧❛ ♥♦(♠❡ ✐♥✜♥✐❡ ❡$ ❞♦♥❝ ❧❛ ❝♦♥✈❡(❣❡♥❝❡ ♥♦(♠❛❧❡ ❞.♣❡♥❞ ❞❡ ❧✬✐♥$❡(✈❛❧❧❡ ,✉( ❧❡)✉❡❧ ♦♥ ,❡ ♣❧❛❝❡✳ ❊♥ ♣❛($✐❝✉❧✐❡( ✿

∑

fn ❝♦♥✈❡(❣❡ ♥♦(♠❛❧❡♠❡♥$ ,✉( $♦✉$ ,❡❣♠❡♥$ ❞❡ I =⇒
/ ∑

fn ❝♦♥✈❡(❣❡ ♥♦(♠❛❧❡♠❡♥$ ,✉( I

+2❡♠✐=2❡ ♣✐*"❡ ✿ ❖♥ ,❛✐$ ❝❛❧❝✉❧❡( ❡①♣❧✐❝✐$❡♠❡♥$ ‖fn‖∞ ✭♣❛( ❡①❡♠♣❧❡ ♣❛( ✉♥❡ .$✉❞❡ ❞❡ ❢♦♥❝$✐♦♥,✮✳

❉❛♥, ❝❡ ❝❛,✱ ✐❧ ,✉✣$ ❞❡ ❞.$❡(♠✐♥❡( ❧❛ ♥❛$✉(❡ ❞❡

∑

‖fn‖∞✳

❉❡✉①✐=♠❡ ♣✐*"❡ ✿ ❖♥ ❡,,❛✐❡ ❞❡ $(♦✉✈❡( ✉♥❡ ♠❛❥♦(❛$✐♦♥ ❞✉ $②♣❡ ‖fn‖∞ 6 αn ❛✈❡❝

∑

αn ❝♦♥✈❡(❣❡♥$❡✳ J♦✉( ❝❡❧❛✱ ♦♥ ❞♦✐$

♠❛❥♦(❡( ✉♥✐❢♦%♠'♠❡♥) |fn(x)|✱ ❝✬❡,$✲D✲❞✐(❡ ✐♥❞.♣❡♥❞❡♠♠❡♥$ ❞❡ x. ❖♥ ❛♣♣❧✐)✉❡ ❡♥,✉✐$❡ ❧❡, $❤.♦(K♠❡, ❞❡ ❝♦♠♣❛(❛✐,♦♥✱ ♦♥

♦❜$✐❡♥$ ❧❛ ❝♦♥✈❡(❣❡♥❝❡ ❞❡

∑

‖fn‖∞✳

❚2♦✐*✐=♠❡ ♣✐*"❡ ✿ ❖♥ ❡,,❛✐❡ ❞❡ $(♦✉✈❡( ✉♥❡ ,✉✐$❡ (xn)n∈N ❞✬.❧.♠❡♥$, ❞❡ D $❡❧❧❡ )✉❡

∑

|fn(xn)| ❞✐✈❡(❣❡✳ J✉✐,)✉❡

|fn(xn)| 6 sup
x∈D

|fn(x)| = ‖fn‖∞,

♣❛( ❧❡, $❤.♦(K♠❡, ❞❡ ❝♦♠♣❛(❛✐,♦♥✱ ✐❧ ♥❡ ♣❡✉$ ② ❛✈♦✐( ❝♦♥✈❡(❣❡♥❝❡ ♥♦(♠❛❧❡✳

❊①❡2❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

J♦✉( n ∈ N
∗, ♦♥ ♣♦,❡ fn(x) =

x

x2 + n2
. ❊$✉❞✐❡( ❧❛ ❝♦♥✈❡(❣❡♥❝❡ ♥♦(♠❛❧❡ ❞❡

∑

fn ,✉( [0, A] ♣✉✐, ,✉( R
+.

✷✹✷
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• ❊!✉❞❡ ❞❡ ❧❛ ❝♦♥✈❡+❣❡♥❝❡ ✉♥✐❢♦+♠❡ ✿ ♦♥ +❡♣+❡♥❞ ❧❡2 ♥♦!❛!✐♦♥2 ✉2✉❡❧❧❡2✳ 4♦✉+ !♦✉! x ∈ D, ♦♥ ♣♦2❡ ✿

Sn(x) =
n∑

k=0

fk(x), S(x) =
+∞∑

n=0

fn(x) ❡! Rn(x) = S(x)− Sn(x) =
+∞∑

k=n+1

fk(x).

❖♥ ✈❡✉! ✈♦✐+ 2✐ ‖S − Sn‖∞ = ‖Rn‖∞ !❡♥❞ ✈❡+2 0.

▲7 ❡♥❝♦+❡✱ ❧❛ ♥♦+♠❡ ✐♥✜♥✐❡ ❡! ❞♦♥❝ ❧❛ ❝♦♥✈❡+❣❡♥❝❡ ✉♥✐❢♦+♠❡ ❞:♣❡♥❞ ❞❡ ❧✬✐♥!❡+✈❛❧❧❡ 2✉+ ❧❡<✉❡❧ ♦♥ 2❡ ♣❧❛❝❡✳

∑

fn ❝♦♥✈❡+❣❡ ✉♥✐❢♦+♠:♠❡♥! 2✉+ !♦✉! 2❡❣♠❡♥! ❞❡ I =⇒
/ ∑

fn ❝♦♥✈❡+❣❡ ✉♥✐❢♦+♠:♠❡♥! 2✉+ I

+2❡♠✐32❡ ♣✐*"❡ ✿ ❉❛♥2 ❧❡ ❝❛❞+❡ ❞✉ !❤:♦+?♠❡ ❞❡2 2:+✐❡2 ❛❧!❡+♥:❡2✱ ♦♥ ♣❡✉! ❡22❛②❡+ ♠❛❥♦+❡+ ✉♥✐❢♦+♠:♠❡♥! ❧❡2 +❡2!❡2

♣❛+!✐❡❧2 ♣❛+ ❧❡ !❡+♠❡ ❣:♥:+❛❧ ❞✬✉♥❡ 2✉✐!❡ <✉✐ !❡♥❞ ✈❡+2 0.

❊①❡♠♣❧❡ ✶✵✳✺✳  ♦✉# n ∈ N
∗, ♦♥ ♣♦&❡ fn(t) = (−1)n

tn

n
✳ ❖♥ ❛ ✈✉ ,✉❡ ❧❛ &.#✐❡

∑

fn ❝♦♥✈❡#❣❡ ✉♥✐❢♦#♠.♠❡♥4 ✭6 ❧✬❛✐❞❡ ❞✉

4❤.♦#:♠❡ ❞❡& &.#✐❡& ❛❧4❡#♥.❡&✮ &✉# [0, 1]✱ ♠❛✐& ♣❛& ♥♦#♠❛❧❡♠❡♥4✳

❊①❡♠♣❧❡ ✶✵✳✻✳  ♦✉# n ∈ N
∗, ♦♥ ♣♦&❡ hn(x) =

(−1)n

x+ n
✳ ▼♦♥4#❡# ,✉❡ ❧❛ &.#✐❡

∑

hn ❝♦♥✈❡#❣❡ ✉♥✐❢♦#♠.♠❡♥4 &✉# [0,+∞[.

✷✹✸
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❉❡✉①✐3♠❡ ♣✐*"❡ ✿ ❖♥ ♣❡✉% ❡&&❛②❡) ♠❛❥♦)❡) ✉♥✐❢♦)♠/♠❡♥% ❧❡& )❡&%❡& ♣❛)%✐❡❧&✱ ♣❛) ❞❡& )❡&%❡& ♣❛)%✐❡❧& 3✉❡ ❧✬♦♥ &❛✐% ❝❛❧❝✉❧❡)

❡①♣❧✐❝✐%❡♠❡♥% ✭&/)✐❡& ❣/♦♠/%)✐3✉❡& ♣❛) ❡①❡♠♣❧❡ ✦✮✳

❖♥ ♥✬♦❜%✐❡♥% ♣❛) ❝❡%%❡ ♠/%❤♦❞❡ 3✉❡ ❞❡& ❝❛& ❞❡ ❝♦♥✈❡)❣❡♥❝❡✳

❚7♦✐*✐3♠❡ ♣✐*"❡ ✿ ❖♥ ♣❡✉% ❡&&❛②❡) ❞✬❡♥❝❛❞)❡) ✉♥✐❢♦)♠/♠❡♥% ❧❡& )❡&%❡& ♣❛)%✐❡❧& ? ❧✬❛✐❞❡ ❞✬✐♥%/❣)❛❧❡&✳

❖♥ ♣❡✉% ♦❜%❡♥✐) ♣❛) ❝❡%%❡ ♠/%❤♦❞❡ ❞❡& ❝❛& ❞❡ ❝♦♥✈❡)❣❡♥❝❡ ❡% ❞❡ ❞✐✈❡)❣❡♥❝❡✳

✶✵✳✷ ❈♦♥'✐♥✉✐'*

✶✵✳✷✳✶ $♦✉' ❧❡* *✉✐,❡* ❞❡ ❢♦♥❝,✐♦♥*

+7♦♣♦*✐"✐♦♥ ✹

• ∀n ∈ N, fn ❝♦♥%✐♥✉❡ &✉) I ()❡&♣✳ ❡♥ a)

• fn
CU sur I
−→

n→+∞
f (♦✉ &✉) %♦✉% &❡❣♠❡♥% ❞❡ I)







=⇒ f ❝♦♥%✐♥✉❡ &✉) I ()❡&♣✳ ❡♥ a).

+7❡✉✈❡✳

✷

❘❡♠❛7'✉❡ ✶ ✿ ❚)A& &♦✉✈❡♥%✱ ♦♥ ❞✐&♣♦&❡ ❞✬✉♥❡ ❡①♣)❡&&✐♦♥ ♣♦✉) ❧❛ ❧✐♠✐%❡ &✐♠♣❧❡ f ✱ ♦♥ &❛✐% ❞♦♥❝ &✐ ❡❧❧❡ ❡&% ❝♦♥%✐♥✉❡ ♦✉ ♣❛&✳ ❈❡

%❤/♦)A♠❡ &✬✉%✐❧✐&❡ ❞♦♥❝ )❛)❡♠❡♥% ❞❛♥& ❧❡ &❡♥& ❞✐)❡❝%✳ ❈❡♣❡♥❞❛♥%✱ ♣❛) ❧✬❛❜&✉)❞❡✱ ♦♥ ♣❡✉% ✐♥✜)♠❡) ✉♥❡ ❝♦♥✈❡)❣❡♥❝❡ ✉♥✐❢♦)♠❡✳

✷✹✹
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❊①❡♠♣❧❡ ✶✵✳✼✳ ❘❡"#♦✉✈❡# #❛♣✐❞❡♠❡♥" -✉❡ .✐ fn(x) = xn
❛❧♦#. (fn)n∈N ♥❡ ❝♦♥✈❡#❣❡ ♣❛. ✉♥✐❢♦#♠3♠❡♥" .✉# [0, 1].

❘❡♠❛:'✉❡ ✷ ✿ ❈❡ "#$✉❧'❛' $✬#❝"✐' ❛✉$$✐

lim
x→a

(

lim
n→+∞

fn(x)

)

= lim
n→+∞

(

lim
x→a

fn(x)
)

.

❆✐♥$✐✱ $♦✉$ ❝❡"'❛✐♥❡$ ❤②♣♦'❤3$❡$✱ ♦♥ ♣❡✉' ✓ ♣❡"♠✉'❡" ✔ ❧❡$ ❞❡✉① $✐❣♥❡$ ❧✐♠✐'❡$✳ ❖♥ ✈❡""❛ =✉✬✐❧ $❡ ❣#♥#"❛❧✐$❡ ❛✉ ❝❛$ ♦> a ❡$'

✉♥❡ ❡①'"❡♠✐'# ❞❡ ❧✬❡♥$❡♠❜❧❡ ❞❡ ❞#✜♥✐'✐♦♥ ❞❡ fn.

✶✵✳✷✳✷ $♦✉' ❧❡* *+'✐❡* ❞❡ ❢♦♥❝1✐♦♥*

+:♦♣♦*✐"✐♦♥ ✺

• ∀n ∈ N, fn ❝♦♥'✐♥✉❡ $✉" I ( "❡$♣✳ ❡♥ a)

•
∑

fn CU $✉" I (♦✉ $✉" '♦✉' $❡❣♠❡♥' ❞❡ I)







=⇒
∑

fn ❝♦♥'✐♥✉❡ $✉" I ( "❡$♣✳ ❡♥ a).

❘❡♠❛:'✉❡ ✿ ▲❛ ❝♦♥'✐♥✉✐'# ❡$' ✉♥❡ ♣"♦♣"✐#'# ❧♦❝❛❧❡✳ ❆✐♥$✐✱ $✐ ❧✬♦♥ ♠♦♥'"❡ =✉❡ f ❡$' ❝♦♥'✐♥✉❡ $✉" '♦✉' $❡❣♠❡♥' ❞❡ I✱ ❡❧❧❡ ❧❡

$❡"❛ $✉" I. ❖♥ ♣❡✉' ❞♦♥❝ "❡$'"❡✐♥❞"❡ ❧✬❤②♣♦'❤3$❡ ❞❡ ❝♦♥✈❡"❣❡♥❝❡ ✉♥✐❢♦"♠❡ C '♦✉' $❡❣♠❡♥' ❞❡ I.

❊①❡♠♣❧❡ ✶✵✳✽✳ ❖♥ #❡♣#❡♥❞ fn(t) = (−1)n
tn

n
❡" ♣♦✉# "♦✉" t ∈]− 1, 1], ♦♥ ♣♦.❡ S(t) =

+∞∑

n=1

(−1)n
tn

n
.

▼♦♥"#♦♥. -✉❡ S ❡." ❝♦♥"✐♥✉❡ .✉# ]− 1, 1].

✷✹✺
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✶✵✳✸ ❚❤&♦()♠❡ ❞❡ ❞♦✉❜❧❡ ❧✐♠✐1❡

▲❡ "❤$♦&'♠❡ )✉✐✈❛♥" ♥✬❡)" ♣❧✉) ❛✉ ♣&♦❣&❛♠♠❡ ❞❡ 4❙■✳ ❙♦♥ &$)✉❧"❛" ♥❡ ♣♦✉&&❛ ❞♦♥❝ ♣❛) 9"&❡ ✉"✐❧✐)$✳ ◆$❛♥♠♦✐♥)✱ ♥♦✉) ❧❡

♠❡♥"✐♦♥♥♦♥) <✉❛♥❞ ♠9♠❡ ♣❛& )♦✉❝✐ ❞❡ ❝♦❤$&❡♥❝❡✱ ♣✉✐)<✉❡ ❝❡❧✉✐ ❝♦♥❝❡&♥❛♥" ❧❡) )$&✐❡) ❞❡ ❢♦♥❝"✐♦♥) ❡)" ❛✉ ♣&♦❣&❛♠♠❡✳

+2♦♣♦*✐"✐♦♥ ✻ ✭❚❤$♦27♠❡ ❞❡ ❞♦✉❜❧❡ ❧✐♠✐"❡ ✭❍♦2*✲+2♦❣2❛♠♠❡✮✮

❙✐ a ∈ R ∪ {±∞} ❡)" ✉♥ ♣♦✐♥" ♦✉ ✉♥ ❡①"&$♠✐"$ ❞❡ I ✿

• ∀n ∈ N, lim
x→a

fn(x) = bn ∈ K

• fn
CU sur I
−→

n→+∞
f







=⇒







• (bn)n∈N ❝♦♥✈❡&❣❡

• lim
x→a

f(x) ❡①✐)"❡

• lim
x→a

(

lim
n→+∞

fn(x)
︸ ︷︷ ︸

=f(x)

)

= lim
n→+∞

(

lim
x→a

fn(x)
︸ ︷︷ ︸

=bn

)

 !♦♣♦$✐&✐♦♥ ✼ ✭❚❤,♦!-♠❡ ❞❡ ❞♦✉❜❧❡ ❧✐♠✐&❡✮

❙✐ a ∈ R ∪ {±∞} ❡#$ ✉♥ ♣♦✐♥$ ♦✉ ✉♥ ❡①$*+♠✐$+ ❞❡ I ✿

• ∀n ∈ N, lim
x→a

fn(x) = bn ∈ K

•
∑

fn CU #✉* I







=⇒







•
∑

bn ❝♦♥✈❡*❣❡

• lim
x→a

+∞∑

n=0

fn(x) ❡①✐#$❡

• lim
x→a

( +∞∑

n=0

fn(x)
)

=
+∞∑

n=0

(

lim
x→a

fn(x)
︸ ︷︷ ︸

=bn

)

❊①❡!❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✷✮

2♦✉* n ∈ N, ♦♥ ♣♦#❡ fn(x) = e−x
√
n
❡$ ♦♥ ❝♦♥#✐❞3*❡ f(x) =

+∞∑

n=0

e−x
√
n.

❉+$❡*♠✐♥❡* ❧✬❡♥#❡♠❜❧❡ ❞❡ ❞+✜♥✐♦♥ D ❞❡ f ✳ ▼♦♥$*❡* ;✉❡ f ❡#$ ❝♦♥$✐♥✉❡ #✉* D ❡$ ❞+$❡*♠✐♥❡* lim
x→+∞

f(x).

✷✹✻
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❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✸✮

 ♦✉# n ∈ N, ♦♥ ♣♦&❡ fn(x) = e−x
√
n
❡( ♦♥ ❝♦♥&✐❞,#❡ f(x) =

+∞∑

n=0

e−x
√
n.

❊♥ ❡♥❝❛❞#❛♥( f(x) ♣❛# ❞❡& ✐♥(/❣#❛❧❡&✱ ❞/♠♦♥(#❡# 4✉❡ f(x) ∼
x→0+

2

x2
.

✷✹✼



▼❛"❤$♠❛"✐'✉❡* +❙■ ❙✳ ❉✐♦♥

✶✵✳✹ ❉%&✐✈❛*✐♦♥

✶✵✳✹✳✶ $♦✉' ❧❡* *✉✐,❡* ❞❡ ❢♦♥❝,✐♦♥*

❖♥ ❛❞♠❡& ❧❡ &❤)♦+,♠❡ -✉✐✈❛♥&✳

+2♦♣♦*✐"✐♦♥ ✽

• ∀n ∈ N, fn ❡-& ❞❡ ❝❧❛--❡ C
1
-✉+ I

• fn
CS sur I
−→

n→+∞
f

• f ′n
CU sur I
−→

n→+∞
h ( -✉+ &♦✉& -❡❣♠❡♥& ❞❡ I)







=⇒ f ❞❡ ❝❧❛--❡ C1 -✉+ I ❡& f ′ = h,

❝❡ 4✉✐ -✬)❝+✐& ∀x ∈ I,
(

lim
n→+∞

fn(x)
)′

= lim
n→+∞

f ′n(x).

❘❡♠❛2'✉❡ ✶ ✿ ❚+,- -♦✉✈❡♥&✱ ♦♥ ❞✐-♣♦-❡ ❞✬✉♥❡ ❡①♣+❡--✐♦♥ ♣♦✉+ ❧❛ ❧✐♠✐&❡ -✐♠♣❧❡ f ✱ ♦♥ -❛✐& ❞♦♥❝ -✐ ❡❧❧❡ ❡-& ❞)+✐✈❛❜❧❡ ♦✉ ♣❛-✳

❈♦♠♠❡ ♣♦✉+ ❧❛ ❝♦♥&✐♥✉✐&)✱ ❝❡ &❤)♦+,♠❡ -✬✉&✐❧✐-❡ ❞♦♥❝ ♣❡✉ ❞❛♥- ❧❡ -❡♥- ❞✐+❡❝&✳ ▲✬❡①❡♠♣❧❡ -✉✐✈❛♥& ♠♦♥&+❡ ❧❛ ♥)❝❡--✐&) ❞❡ ❧❛

❞❡+♥✐,+❡ ❤②♣♦&❤,-❡ ❞❛♥- ❝❡ &❤)♦+,♠❡✳

✷✹✽
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❊①❡♠♣❧❡ ✶✵✳✾✳  ♦✉# n ∈ N
∗
❡% x ∈ [−1, 1], ♦♥ ♣♦(❡ fn(x) =

x
√

x2 + 1
n

. ❆✐♥(✐ fn ❡(% ❞,#✐✈❛❜❧❡ (✉# [−1, 1].

▲❛ (✉✐%❡ (f ′n)n∈N∗
❝♦♥✈❡#❣❡✲%✲❡❧❧❡ ✉♥✐❢♦#♠,♠❡♥% (✉# [−1, 1] ❄

❘❡♠❛:'✉❡ ✷ ✿

❊①❡:❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✸✮

❙✐ ❧❡$ ❤②♣♦)❤*$❡$ ❞✉ )❤-♦.*♠❡ ❞❡ ❞-.✐✈❛)✐♦♥✱ $♦♥) ✈-.✐✜-❡$✱ ❛❧♦.$ ❧❛ $✉✐)❡ (fn)n∈N ❝♦♥✈❡.❣❡ ✉♥✐❢♦.♠-♠❡♥) $✉. )♦✉) $❡❣♠❡♥)

❞❡ I✳

❊♥ ❡✛❡)✱ $♦✐) [a, b] ⊂ I. ❉✬❛♣.*$ ❧❛ ♣.♦♣♦$✐)✐♦♥ ♣.-❝-❞❡♥)❡✱ f ❡$) ❞❡ ❝❧❛$$❡ C1 $✉. I ❡) ❞♦♥❝ fn − f ❛✉$$✐✳ ❆✐♥$✐ ✿

∀x ∈ [a, b], (fn − f)(x) = (fn − f)(a) +

∫ x

a

(fn − f)′(t)dt

?❛. ✐♥-❣❛❧✐)-$ ).✐❛♥❣✉❧❛✐.❡$✱ ♦♥ ❛ ✿

∀x ∈ [a, b], |fn(x)− f(x)| 6 |fn(a)− f(a)|+

∫ x

a

|f ′n(t)− f ′(t)|dt

6 |fn(a)− f(a)|+ (x− a)‖f ′n − f ′‖∞

6 |fn(a)− f(a)|+ (b− a)‖f ′n − f ′‖∞

?❛. ❝♦♥$-@✉❡♥)✱ ‖fn − f‖∞ 6 |fn(a)− f(a)|+ (b− a)‖f ′n − f ′‖∞ −→
n→+∞

0,

❝❡❝✐ ♣❛. ❝♦♥✈❡.❣❡♥❝❡ $✐♠♣❧❡ ❞❡ (fn)n∈N ✈❡.$ f ❡) ❝♦♥✈❡.❣❡♥❝❡ ✉♥✐❢♦.♠❡ ❞❡ (f ′n)n∈N ✈❡.$ f ′.

✷✹✾
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✶✵✳✹✳✷ %♦✉( ❧❡+ +,(✐❡+ ❞❡ ❢♦♥❝2✐♦♥+

+2♦♣♦*✐"✐♦♥ ✾ ✭❚❤$♦27♠❡ ❞❡ ❞$2✐✈❛"✐♦♥ "❡2♠❡ : "❡2♠❡✮

• ∀n ∈ N, fn ❡!" ❞❡ ❝❧❛!!❡ C1 !✉( I

•
∑

fn CS !✉( I

•
∑

f ′n CU !✉( I (♦✉ !✉( "♦✉" !❡❣♠❡♥" ❞❡ I)







=⇒
∑

fn ❞❡ ❝❧❛!!❡ C1 !✉( I ❡"

(∑

fn

)′
=

∑

f ′n.

❘❡♠❛2'✉❡ ✿ ▲❛ ❝♦♥"✐♥✉✐"/ ❡" ❧❛ ❞/(✐✈❛❜✐❧✐"/ !♦♥" ❞❡! ♣(♦♣(✐/"/! ❧♦❝❛❧❡!✳ ❆✐♥!✐✱ !✐ ❧✬♦♥ ♠♦♥"(❡ 7✉❡ f ❡!" ❞❡ ❝❧❛!!❡ C1 !✉( "♦✉"

!❡❣♠❡♥" ❞❡ I✱ ❡❧❧❡ ❧❡ !❡(❛ !✉( I. ❖♥ ♣❡✉" ❞♦♥❝ (❡!"(❡✐♥❞(❡ ❧✬❤②♣♦"❤;!❡ ❞❡ ❝♦♥✈❡(❣❡♥❝❡ ✉♥✐❢♦(♠❡ = "♦✉" !❡❣♠❡♥" ❞❡ I.

❊①❡2❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❖♥ ❝♦♥!✐❞;(❡ ❧❛ ❢♦♥❝"✐♦♥ ③❡"❛ ❞❡ ❘✐❡♠❛♥♥ ❞/✜♥✐❡ ♣❛( ζ(x) =

+∞∑

n=1

1

nx
.

❉/"❡(♠✐♥❡( ❧✬❡♥!❡♠❜❧❡ ❞❡ ❞/✜♥✐"✐♦♥ D ❞❡ ζ✱ ♠♦♥"(❡( 7✉❡ ζ ❡!" ❞❡ ❝❧❛!!❡ C1 !✉( D ❡" ❡①♣(✐♠❡( ζ ′(x) = ❧✬❛✐❞❡ ❞✬✉♥❡ !/(✐❡✳

✷✺✵
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❘❡♠❛3'✉❡ ✿ ❊♥ ✉#✐❧✐&❛♥# ❧❛ ♣)♦♣♦&✐#✐♦♥ ❝✐✲❞❡&&♦✉&✱ ♦♥ ❛✉)❛✐# ♣✉ ❞0♠♦♥#)❡) 2✉❡ ζ ❡&# ❞❡ ❝❧❛&&❡ C∞ &✉) D ❡# 2✉❡ ✿

∀x ∈ D, ζ(p)(x) =
+∞∑

n=1

(− ln(n))p

nx
.

+3♦♣♦*✐"✐♦♥ ✶✵

• ∀n ∈ N, fn ❡&# ❞❡ ❝❧❛&&❡ C
p
&✉) I

•
∑

fn,
∑

f ′n, . . . ,
∑

f (p−1)
n CS &✉) I

•
∑

f (p)
n CU &✉) I (♦✉ &✉) #♦✉# &❡❣♠❡♥# ❞❡ I)







=⇒







∑

fn ❞❡ ❝❧❛&&❡ C
p
&✉) I

❡#

∀i ∈ {0, . . . , p},
(∑

fn

)(i)

=
∑

f (i)
n

✶✵✳✺ ■♥&'❣)❛&✐♦♥ -✉) ✉♥ -❡❣♠❡♥&

✶✵✳✺✳✶ $♦✉' ❧❡* *✉✐,❡* ❞❡ ❢♦♥❝,✐♦♥*

+3♦♣♦*✐"✐♦♥ ✶✶ ✭❈♦♥✈❡3❣❡♥❝❡ ✉♥✐❢♦3♠❡✮

• ∀n ∈ N, fn ❝♦♥#✐♥✉❡ &✉) [a, b]

• fn
CU sur [a,b]
−→

n→+∞
f







=⇒







• f ❡&# ❝♦♥#✐♥✉❡ &✉) [a, b]✭❞0❥7 ✈✉✮

• lim
n→+∞

∫ b

a

fn(t)dt =

∫ b

a

lim
n→+∞

fn(t)
︸ ︷︷ ︸

=f(t)

dt

+3❡✉✈❡✳

✷

✷✺✶
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❊①❡♠♣❧❡ ✶✵✳✶✵✳ ❉!"❡$♠✐♥❡$ lim
n→+∞

∫ 1

0

dt

t2 + n
❞❡ "$♦✐* ♠❛♥✐,$❡*✳

+❛8 ✉♥❡ ♠❛❥♦8❛"✐♦♥ *✐♠♣❧❡ ✿

+❛8 ❧❡ ❝❛❧❝✉❧ ❡①♣❧✐❝✐"❡ ✿

+❛8 ✉♥ ❛8❣✉♠❡♥" ❞❡ ❝♦♥✈❡8❣❡♥❝❡ ✉♥✐❢♦8♠❡ *✉8 ✉♥ *❡❣♠❡♥" ✿

❉❛♥# ❧❡ ❝❛❞(❡ ❞❡# *✉✐"❡* ❞❡ ❢♦♥❝+✐♦♥#✱ ♦♥ ♣❡✉+ ❞♦♥❝ #❡ ♣❛##❡( ❞✉ +❤1♦(2♠❡ ❞❡ ❝♦♥✈❡(❣❡♥❝❡ ✉♥✐❢♦(♠❡✳ ▼❛✐# ♦♥ ✐❧❧✉#+(❡ ❞❛♥# ❧❡

♣❛(❛❣(❛♣❤❡ #✉✐✈❛♥+✱ #♦♥ ✉+✐❧✐+1 ❧♦(#8✉✬✐❧ ❡#+ ❛♣♣❧✐8✉1 ❛✉① *$8✐❡* ❞❡ ❢♦♥❝+✐♦♥#✳

✷✺✷
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✶✵✳✺✳✷ %♦✉( ❧❡+ +,(✐❡+ ❞❡ ❢♦♥❝2✐♦♥+

+2♦♣♦*✐"✐♦♥ ✶✷ ✭❈♦♥✈❡2❣❡♥❝❡ ✉♥✐❢♦2♠❡✮

• ∀n ∈ N, fn ❝♦♥#✐♥✉❡ '✉( [a, b]

•
∑

fn CU '✉( [a, b]







=⇒







•
∑

∫ b

a

fn(t)dt ❝♦♥✈❡(❣❡

• t 7−→
+∞∑

n=0

fn(t)dt ❡'# ❝♦♥#✐♥✉❡ '✉( [a, b]

•
+∞∑

n=0

∫ b

a

fn(t)dt =

∫ b

a

+∞∑

n=0

fn(t)dt

❊①❡♠♣❧❡ ✶✵✳✶✶✳ ❯♥ ♣2❡♠✐❡2 ♣❛* ✈❡2* ❧❡* *$2✐❡* ❡♥"✐B2❡*✳

❊♥ ❝♦♥$✐❞'(❛♥* ❧❛ $'(✐❡

∑

tn✱ ♠♦♥*(❡( /✉❡ ♣♦✉( *♦✉* x ∈]− 1, 1[, ♦♥ ❛ ln(1− x) = −

+∞∑

n=1

xn

n
.

✷✺✸
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✶✵✳✻ ■♥&'❣)❛&✐♦♥ -✉) ✉♥ ✐♥&❡)✈❛❧❧❡ 2✉❡❧❝♦♥2✉❡

✶✵✳✻✳✶ ❚❤&♦()♠❡ ❞❡ ❝♦♥✈❡(❣❡♥❝❡ ❞♦♠✐♥&❡ 2 ♣❛(❛♠)5(❡ ❝♦♥5✐♥✉ ✭(❛♣♣❡❧✮

+2♦♣♦*✐"✐♦♥ ✶✸

❙♦✐❡♥% A ❡% I ❞❡' ✐♥%❡(✈❛❧❧❡' ❞❡ R ❡% a ✉♥❡ ❡①%(.♠✐%. ❞❡ A.

❖♥ ❝♦♥'✐❞2(❡ ✉♥❡ ❢♦♥❝%✐♦♥ ♥✉♠.(✐4✉❡ f ❞❡ ❞❡✉① ✈❛(✐❛❜❧❡' ❞.✜♥✐❡ '✉( A× I.

f :

{
A× I −→ K,

(x, t) 7−→ f(x, t).

❖♥ '✉♣♣♦'❡ 4✉❡ ❧❡' %(♦✐' ❤②♣♦%❤2'❡' '✉✐✈❛♥%❡' '♦♥% ✈.(✐✜.❡'✳

✶✳ <♦✉( %♦✉% t ∈ I, ♦♥ ❛ f(x, t)−→
x→a

ℓ(t)✱

✷✳ <♦✉( %♦✉% x ∈ A✱ ❧❡' ❢♦♥❝%✐♦♥ t 7→ f(x, t) ❡% t 7→ ℓ(t) '♦♥% ❝♦♥%✐♥✉❡' ♣❛( ♠♦(❝❡❛✉① '✉( I,

✸✳ ❍②♣♦%❤2'❡ ❞❡ ❞♦♠✐♥❛%✐♦♥ ✿ ■❧ ❡①✐'%❡ ✉♥❡ ❢♦♥❝%✐♦♥ ϕ : I → R ✐♥%.❣(❛❜❧❡ '✉( I %❡❧❧❡ 4✉❡

∀(x, t) ∈ A× I, |f(x, t)| 6 ϕ(t).

❆❧♦('✱ ❧❛ ❢♦♥❝%✐♦♥ ℓ ❡'% ✐♥%.❣(❛❜❧❡ '✉( I ❡% ♦♥ ❛ ✿

∫

I

f(x, t)dt −→
x→a

∫

I

ℓ(t)dt.

❘❡♠❛2'✉❡ ✿ ❝❡%%❡ ❧✐♠✐%❡ '✬.❝(✐% ❛✉''✐ lim
x→a

∫

I

f(x, t)dt =

∫

I

(

lim
x→a

f(x, t)
)

︸ ︷︷ ︸

=ℓ(t)

dt.

✶✵✳✻✳✷ ❚❤&♦()♠❡ ❞❡ ❝♦♥✈❡(❣❡♥❝❡ ❞♦♠✐♥&❡ ♣♦✉( ❧❡; ;✉✐5❡; ❞❡ ❢♦♥❝5✐♦♥;

+2♦♣♦*✐"✐♦♥ ✶✹ ✭❚❤$♦2;♠❡ ❞❡ ❈♦♥✈❡2❣❡♥❝❡ ❉♦♠✐♥$❡✮

❖♥ '✉♣♣♦'❡ 4✉❡ ❧❡' ❤②♣♦%❤2'❡' '✉✐✈❛♥%❡' '♦♥% ✈.(✐✜.❡'✳

• fn
CS sur I
−→

n→+∞
f

• ❧❡' ❢♦♥❝%✐♦♥' fn ❡% f '♦♥% ❝♦♥%✐♥✉❡' ♣❛( ♠♦(❝❡❛✉① '✉( I

• ❍②♣♦❤2'❡ ❞❡ ❞♦♠✐♥❛%✐♦♥ ✿ ✐❧ ❡①✐'%❡ ϕ : I −→ R
+
✐♥%.❣(❛❜❧❡ '✉( I %❡❧❧❡ 4✉❡

∀n ∈ N, ∀t ∈ I, |fn(t)| 6 ϕ(t)

❆❧♦('✱ ❧❡' ❢♦♥❝%✐♦♥' fn ❡% f '♦♥% ✐♥%.❣(❛❜❧❡' '✉( I ❡% ❧✬♦♥ ❛ lim
n→+∞

∫

I

fn(t)dt =

∫

I

lim
n→+∞

fn(t)
︸ ︷︷ ︸

=f(t)

dt.

❊①❡2❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❈❛❧❝✉❧❡( lim
n→+∞

∫ π/2

0

cosn(t)dt.

✷✺✹
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❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✷✮

❈❛❧❝✉❧❡& lim
n→+∞

∫ n

0

(

1−
t

n

)n

dt.

✷✺✺
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✶✵✳✻✳✸ ❚❤'♦)*♠❡ ❞❡ ❝♦♥✈❡)❣❡♥❝❡ ❞♦♠✐♥'❡ ♣♦✉) ❧❡6 6')✐❡6 ❞❡ ❢♦♥❝8✐♦♥6

+2♦♣♦*✐"✐♦♥ ✶✺ ✭❚❤$♦28♠❡ ❞❡ ❈♦♥✈❡2❣❡♥❝❡ ❉♦♠✐♥$❡ ♣♦✉2 ❧❡* *$2✐❡* ❞❡ ❢♦♥❝"✐♦♥*✮

❖♥ "✉♣♣♦"❡ '✉❡ ❧❡" ❤②♣♦+❤,"❡" "✉✐✈❛♥+❡" "♦♥+ ✈01✐✜0❡"✳

•
∑

fn ❈❙ "✉1 I ✭♦♥ ♥♦+❡ S "❛ "♦♠♠❡✮

• ❧❡" ❢♦♥❝+✐♦♥" fn ❡+ S "♦♥+ ❝♦♥+✐♥✉❡" ♣❛1 ♠♦1❝❡❛✉① "✉1 I

• ❍②♣♦❤,"❡ ❞❡ ❞♦♠✐♥❛+✐♦♥ ✿ ✐❧ ❡①✐"+❡ ϕ : I −→ R
+
❝♦♥+✐♥✉❡ ✐♥+0❣1❛❜❧❡ "✉1 I +❡❧❧❡ '✉❡

∀n ∈ N, ∀t ∈ I,

∣
∣
∣
∣
∣

n∑

k=0

fk(t)

∣
∣
∣
∣
∣
6 ϕ(t)

❆❧♦1"✱ ❧❡" ❢♦♥❝+✐♦♥" fn ❡+ S "♦♥+ ✐♥+0❣1❛❜❧❡" "✉1 I✱ ❧❛ "01✐❡ ❞❡ +❡1♠❡ ❣0♥01❛❧

∫

I

fn(t)dt ❝♦♥✈❡1❣❡ ❡+ ❧✬♦♥ ❛

+∞∑

n=0

∫

I

fn(t)dt =

∫

I

+∞∑

n=0

fn(t)dt.

❊①❡2❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✷✮

❈❛❧❝✉❧❡1

+∞∑

n=0

∫ π/2

0

cosn(π + t)dt.

✷✺✻
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✶✵✳✻✳✹ ❚❤'♦)*♠❡ ❞✬✐♥1'❣)❛1✐♦♥ 1❡)♠❡ 4 1❡)♠❡ ♣♦✉) ❧❡8 8')✐❡8 ❞❡ ❢♦♥❝1✐♦♥8

+2♦♣♦*✐"✐♦♥ ✶✻ ✭■♥"$❣2❛"✐♦♥ "❡2♠❡ 8 "❡2♠❡✮

❖♥ "✉♣♣♦"❡ '✉❡ ❧❡" ❤②♣♦+❤,"❡" "✉✐✈❛♥+❡" "♦♥+ ✈01✐✜0❡"✳

•
∑

fn ❈❙ "✉1 I ❡+ "❛ "♦♠♠❡ S ❡"+ ❝♦♥+✐♥✉❡ ♣❛1 ♠♦1❝❡❛✉① "✉1 I

• ❧❡" ❢♦♥❝+✐♦♥" fn "♦♥+ ✐♥"$❣2❛❜❧❡* "✉1 I

•
∑

(∫

I

|fn(t)|dt

)

❝♦♥✈❡1❣❡

❆❧♦1"✱ S ❡"+ ✐♥+0❣1❛❜❧❡ "✉1 I✱ ❧❛ "01✐❡
∑

∫

I

fn(t)dt ❝♦♥✈❡1❣❡ ❡+ ❧✬♦♥ ❛
+∞∑

n=0

∫

I

fn(t)dt =

∫

I

+∞∑

n=0

fn(t)

︸ ︷︷ ︸

=S(t)

dt.

❊①❡2❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✷✮

❉0♠♦♥+1❡1 '✉❡

+∞∑

n=1

1

n2
= −

∫ 1

0

ln(t)

1− t
dt.

✷✺✼
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✶✵✳✼ ❆♥♥❡①❡ ✿ ❚❤+♦-.♠❡ ❞❡1 ♠♦♠❡♥21 ✭❍♦-1✲♣-♦❣-❛♠♠❡✮

❖♥ ❛❞♠❡& ❧❡ &❤)♦+,♠❡ -✉✐✈❛♥&✳

+2♦♣♦*✐"✐♦♥ ✶✼ ✭❚❤$♦28♠❡ ❞❡ ❲❡✐❡2*"2❛**✮

❙♦✐& f : [a, b] −→ R ✉♥❡ ❢♦♥❝&✐♦♥ ♥✉♠)+✐5✉❡✳

❙✐ f ❡-& ❝♦♥&✐♥✉❡ -✉+ [a, b]✱ ❛❧♦+- ✐❧ ❡①✐-&❡ ✉♥❡ -✉✐&❡ ❞❡ ❢♦♥❝&✐♦♥- ♣♦❧②♥♦♠✐❛❧❡- (Pn)n∈N ❝♦♥✈❡+❣❡❛♥& ✉♥✐❢♦2♠$♠❡♥" ✈❡+-
f -✉+ [a, b].

+2❡✉✈❡✳ ❱♦✐+ ♣❛+ ❡①❡♠♣❧❡ ▼✐♥❡-✲>♦♥&- ▼❛&❤- ✷ >❙■ ✷✵✶✾ ✭♣❛+&✐❡ ■■✮

✷

❊①❡2❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❚❤$♦28♠❡ ❞❡* ♠♦♠❡♥"* ✲ ❊✸✮

❙♦✐& f : [0, 1] −→ R ✉♥❡ ❢♦♥❝&✐♦♥ ❝♦♥&✐♥✉❡ &❡❧❧❡ 5✉❡ ✿

∀n ∈ N,

∫ 1

0

tnf(t)dt = 0.

❊♥ ❛❞♠❡&&❛♥& ❧❡ &❤)♦+,♠❡ ❞❡ ❲❡✐❡+-&+❛--✱ ❞)♠♦♥&+❡+ 5✉❡ f ❡-& ❧❛ ❢♦♥❝&✐♦♥ ♥✉❧❧❡ -✉+ [0, 1].

✷✺✾


