
❈❤❛♣✐%&❡ ✹

❙!"✐❡% ♥✉♠!"✐)✉❡%

✹✳✶ ❉$✜♥✐(✐♦♥*

✹✳✶✳✶ ❙$%✐❡(

❉!✜♥✐%✐♦♥ ✶

❙♦✐# (un)n∈N ✉♥❡ '✉✐#❡ ()❡❧❧❡ ♦✉ ❝♦♠♣❧❡①❡✳

❖♥ ❛♣♣❡❧❧❡ ')(✐❡ ❞❡ #❡(♠❡ ❣)♥)(❛❧ un ❧❛ '✉✐#❡ (Sn)n∈N ❞)✜♥✐❡ ♣❛( ✿

∀n ∈ N, Sn =

n∑

k=0

uk.

Sn ❡'# ❛♣♣❡❧) '♦♠♠❡ ♣❛(#✐❡❧❧❡ ❞✬♦(❞(❡ n ❞❡ ❧❛ ')(✐❡ (Sn)n∈N✳ ◆♦#❛#✐♦♥ ✿ (Sn)n∈N =
∑

un =
∑

n∈N

un =
∑

n>0

un.

❊①❡♠♣❧❡ ✹✳✶✳ ✭1 ❝♦♥♥❛4%5❡✮ ✿

•  ✐ uk = k ❛❧♦% Sn =

n∑

k=0

k =
n(n+ 1)

2
❡' ❞♦♥❝

∑

un =

(
n(n+ 1)

2

)

n∈N

.

•  ✐ uk = k2 ❛❧♦% Sn =
n∑

k=0

k2 =
n(n+ 1)(2n+ 1)

6
❡' ❞♦♥❝

∑

un =

(
n(n+ 1)(2n+ 1)

6

)

n∈N

.

❘❡♠❛59✉❡ ✿ ❙✐ ❧❛ '✉✐#❡ (un)n>n0
❡'# ❞)✜♥✐❡ 8 ♣❛(#✐( ❞✬✉♥ ❝❡(#❛✐♥ (❛♥❣ n0 ∈ N✱ ♦♥ ♣❡✉# ❛✉''✐ ❞)✜♥✐( ❧❛ ')(✐❡ ❞❡ #❡(♠❡ ❣)♥)(❛❧

un ♣❛( ✿

∀n ∈ N, n > n0 =⇒ Sn =
n∑

k=n0

uk.

❖♥ ❧❛ ♥♦#❡ ❞❛♥' ❝❡ ❝❛'

∑

n>n0

un.

✹✳✶✳✷ ◆❛,✉%❡

❉!✜♥✐%✐♦♥ ✷

❙♦✐#

∑

un ✉♥❡ ')(✐❡ ♥✉♠)(✐:✉❡✳

❖♥ ❞✐# :✉❡

∑

un ❝♦♥✈❡(❣❡ '✐ ❧❛ '✉✐#❡ (Sn)n∈N ❞❡ '❡' '♦♠♠❡' ♣❛(#✐❡❧❧❡' ❡'# ❝♦♥✈❡(❣❡♥#❡✳

❉❛♥' ❝❡ ❝❛'✱ ❧❛ ❧✐♠✐#❡ ❞❡ (Sn)n∈N ❡'# ❛♣♣❡❧)❡ '♦♠♠❡ ❞❡ ❧❛ ')(✐❡

∑

un✳

❖♥ ❧❛ ♥♦#❡ S = lim
n→+∞

Sn =
+∞∑

n=0

un.

❉❛♥' ❧❡ ❝❛' ❝♦♥#(❛✐(❡✱ ♦♥ ❞✐(❛ :✉❡ ❧❛ ')(✐❡

∑

un ❞✐✈❡(❣❡✳

✻✶
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❊①❡♠♣❧❡ ✹✳✷✳ ▲♦"#$✉❡ (un)n∈N ❡#' ✉♥❡ #✉✐'❡ ❣+♦♠+'"✐$✉❡ ❞❡ "❛✐#♦♥ q✱ ❧❛ #+"✐❡ ❞❡ '❡"♠❡ ❣+♥+"❛❧ un ❡#' ❛♣♣❡❧+❡ #+"✐❡ ❣+♦♠+✲

'"✐$✉❡ ❞❡ "❛✐#♦♥ q. ▲✬+'✉❞❡ ❝♦♠♣❧5'❡ ❞❡ ❝❡# #+"✐❡# #❡"❛ '"❛✐'+❡ ❞❛♥# ✉♥ ♣"♦❝❤❛✐♥ ♣❛"❛❣"❛♣❤❡✳

8"❡♥♦♥# ♣❛" ❡①❡♠♣❧❡ un =
1

2n
. ❖♥ ❛ ❞♦♥❝

∀n ∈ N, Sn =
n∑

k=0

(
1

2

)k

=
1− (1/2)n+1

1− 1/2
= 2−

(
1

2

)n

.

8✉✐#$✉❡

1

2
∈]− 1, 1[, ♦♥ ❛ lim

n→+∞

(
1

2

)n

= 0 ❡' ❞♦♥❝ lim
n→+∞

Sn = 2.

8❛" ❝♦♥#+$✉❡♥'✱ ❧❛ #+"✐❡

∑
(
1

2

)n

❝♦♥✈❡"❣❡ ❡' ❛ ♣♦✉" #♦♠♠❡ S =
+∞∑

n=0

(
1

2

)n

= 2.

❘❡♠❛<'✉❡ ✐♠♣♦<"❛♥"❡ ✿

❖♥ ♥❡ ❝♦♥❢♦♥❞'❛ ♣❛* ❧❡* ,'♦✐* ♥♦,❛,✐♦♥* *✉✐✈❛♥,❡*✳

•
∑

un ✭*2'✐❡✱ ❝✬❡*,✲6✲❞✐'❡ ✉♥❡ *✉✐,❡✮

• Sn =
n∑

k=0

uk ✭*♦♠♠❡ ♣❛',✐❡❧❧❡ ❞✬♦'❞'❡ n✮

• S =
+∞∑

n=0

un ✭*♦♠♠❡ ❞❡ ❧❛ *2'✐❡ 9✉❛♥❞ ❡❧❧❡ ❝♦♥✈❡'❣❡✮

▲✬2♥♦♥❝2 *✉✐✈❛♥, ✈✉ ❡♥ ♣'❡♠✐<'❡ ❛♥♥2❡ ❡*, ❡①,'>♠❡♠❡♥, ✐♠♣♦',❛♥,✳ ■❧ ♣❡✉, *❡'✈✐' 6 ♠♦♥,'❡' ❧❛ ❝♦♥✈❡'❣❡♥❝❡ ❞❡ *2'✐❡*✱ ♠❛✐*

❛✉**✐ ❞❡ *✉✐,❡*✳

+<♦♣♦*✐"✐♦♥ ✶

❙♦✐,

∑

un ✉♥❡ *2'✐❡ ♥✉♠2'✐9✉❡✳ ❖♥ ❛ ❧✬29✉✐✈❛❧❡♥❝❡ *✉✐✈❛♥,❡✳

▲❛ *2'✐❡

∑

(un+1 − un) ❝♦♥✈❡'❣❡ ⇐⇒ ▲❛ *✉✐,❡ (un)n∈N ❝♦♥✈❡'❣❡✳

❘❡♠❛<'✉❡ ✐♠♣♦<"❛♥"❡ ✿

A♦✉' ❝❛❧❝✉❧❡' ❧❛ *♦♠♠❡ ❞✬✉♥❡ *2'✐❡ ,2❧❡*❝♦♣✐9✉❡ ❝♦♥✈❡'❣❡♥,❡✱ ♦♥ '❡✈✐❡♥❞'❛ 6

❧❛ ❞2✜♥✐,✐♦♥ ❡♥ ❝❛❧❝✉❧❛♥, ❡①♣❧✐❝✐,❡♠❡♥, *❡* *♦♠♠❡* ♣❛',✐❡❧❧❡*✳

+<❡✉✈❡✳

✷

❊①❡<❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❊,✉❞✐❡' ❧❛ ♥❛,✉'❡ ❞❡ ❧❛ *✉✐,❡ (un)n∈N ❞2✜♥✐❡ ♣❛' u0 ∈ [0, 1] ❡, un+1 = un − u2
n, ♣✉✐* ♠♦♥,'❡' 9✉❡ ❧❛ *2'✐❡

∑

u2
n ❝♦♥✈❡'❣❡

❡, ❝❛❧❝✉❧❡' *❛ *♦♠♠❡✳

✻✷
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✹✳✶✳✸ ❙%&✉❝%✉&❡ ❞✬❡,♣❛❝❡ ✈❡❝%♦&✐❡❧

❖♥ ♥♦#❡ K = R ♦✉ C.

❙✐

∑

un ❡#

∑

vn (♦♥# ❞❡✉① (+,✐❡( - ✈❛❧❡✉,( ❞❛♥( K ❡# (✐ λ ∈ K ❡(# ✉♥ (❝❛❧❛✐,❡✱ ❛❧♦,( ♦♥ ❞+✜♥✐# ❧❡( (+,✐❡( (✉✐✈❛♥#❡(✳

∑

un +
∑

vn =
∑

(un + vn)

λ .
∑

un =
∑

(λ.un)

❖♥ ♣❡✉# ♠♦♥#,❡, 7✉❡ ❧✬❡♥(❡♠❜❧❡ ❞❡( (+,✐❡( ♥✉♠+,✐7✉❡( ♠✉♥✐ ❞❡( ❧♦✐( + ❡# ✳ ❡(# ✉♥ K✲❡(♣❛❝❡ ✈❡❝#♦,✐❡❧✳

▲❡ (♦✉(✲❡♥(❡♠❜❧❡ ❞❡( (+,✐❡( ❝♦♥✈❡,❣❡♥#❡( ❡♥ ❡(# ❛❧♦,( ✉♥ (♦✉(✲❡(♣❛❝❡ ✈❡❝#♦,✐❡❧✱ ❝❡ 7✉✐ (✬+❝,✐# ✭♦✉#,❡ 7✉✬✐❧ ❡(# ♥♦♥ ✈✐❞❡✮ ✿

+6♦♣♦*✐"✐♦♥ ✷

❙✐

∑

un ❡#

∑

vn (♦♥# ❞❡✉① (+,✐❡( ♥✉♠+,✐7✉❡( ❝♦♥✈❡,❣❡♥#❡( ❡# (✐ λ, µ ∈ K (♦♥# ❞❡( (❝❛❧❛✐,❡(✱ ❛❧♦,( ❧❛ (+,✐❡

∑

(λ.un+µ.vn)

❝♦♥✈❡,❣❡ ❡# ❧✬♦♥ ❛ ✿

+∞∑

n=0

(λ.un + µ.vn) = λ.
+∞∑

n=0

un + µ.
+∞∑

n=0

vn.

+6❡✉✈❡✳ ❱♦✐, ❝♦✉,( ❞❡ ♣,❡♠✐A,❡ ❛♥♥+❡✳ ✷

❘❡♠❛6'✉❡ ✿ ■❧ (❡ ♣❡✉# 7✉❡ ❧❛ (♦♠♠❡ ❞❡ ❞❡✉① (+,✐❡( ❞✐✈❡,❣❡♥#❡( ❞♦♥♥❡ ✉♥❡ (+,✐❡ ❝♦♥✈❡,❣❡♥#❡✳ C❛, ❡①❡♠♣❧❡✱ ♣,❡♥♦♥(

un =
1

2n
− 1 ❡# vn = 1.

❖♥ ❛

n∑

k=0

vk =
n∑

k=0

1 = n+ 1 −→
n→+∞

+∞ ❡#

n∑

k=0

uk =
n∑

k=0

1

2k
−

n∑

k=0

1 =
1− (1/2)n+1

1− (1/2)
− (n+ 1) −→

n→+∞
−∞.

❆✐♥(✐✱ ❧❡( (+,✐❡( ♥✉♠+,✐7✉❡(

∑

un ❡#

∑

vn (♦♥# ❞✐✈❡,❣❡♥#❡(✳ ❈❡♣❡♥❞❛♥# ♦♥ ❛ ✈✉ 7✉❡ ❧❡✉, (♦♠♠❡

∑

un +
∑

vn =
∑

(un + vn) =
∑ 1

2n

❡(# ❝♦♥✈❡,❣❡♥#❡ ✭(+,✐❡ ❣+♦♠+#,✐7✉❡✮✳

❉❛♥( ❝❡ ❝❛(✱ ✐❧ ❡(# ✐♥❝♦,,❡❝# ❞✬+❝,✐,❡

+∞∑

n=0

un +

+∞∑

n=0

vn =

+∞∑

n=0

(un + vn).

❈❛, ❧❡( ❞❡✉① ♣,❡♠✐A,❡( (♦♠♠❡( ♥✬❡①✐(#❡♥# ♣❛( ✦

✻✸
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▲❡ "❛❜❧❡❛✉ '✉✐✈❛♥" ❞♦♥♥❡ ❧❛ ♥❛"✉-❡ ❞❡

∑

(un + vn) ❡♥ ❢♦♥❝"✐♦♥ ❞❡ ❝❡❧❧❡' ❞❡
∑

un ❡"

∑

vn, ❞✉ ♠♦✐♥'✱ 2✉❛♥❞ ❝✬❡'" ♣♦''✐❜❧❡✳

◆❛"✉-❡ ❞❡

∑
(un + vn)

∑
un ❝♦♥✈❡-❣❡

∑
un ❞✐✈❡-❣❡

∑
vn ❝♦♥✈❡-❣❡

∑
vn ❞✐✈❡-❣❡

✹✳✶✳✹ ❘❡%&❡ ♣❛)&✐❡❧ ❞✬✉♥❡ %0)✐❡ ❝♦♥✈❡)❣❡♥&❡

❉$✜♥✐"✐♦♥ ✸

❙♦✐"

∑

un ✉♥❡ '9-✐❡ ♥✉♠9-✐2✉❡ ❝♦♥✈❡-❣❡♥"❡ ❞♦♥" ♦♥ ♥♦"❡ S ❧❛ '♦♠♠❡✳

❖♥ ❛♣♣❡❧❧❡ -❡'"❡ ♣❛-"✐❡❧ ❞✬♦-❞-❡ n ❞❡ ❝❡""❡ '9-✐❡ ✿

Rn = S − Sn =
+∞∑

k=0

uk −
n∑

k=0

uk =
+∞∑

k=n+1

uk.

+8♦♣♦*✐"✐♦♥ ✸

▲❛ '✉✐"❡ ❞❡' -❡'"❡' ♣❛-"✐❡❧' ❞✬✉♥❡ '9-✐❡ ♥✉♠9-✐2✉❡ ❝♦♥✈❡-❣❡♥"❡ "❡♥❞ ✈❡-' 0.

+8❡✉✈❡✳✭❉✶✮

✷

✹✳✶✳✺ ❚❡)♠❡ ❣0♥0)❛❧ ❞✬✉♥❡ %0)✐❡ ❝♦♥✈❡)❣❡♥&❡

+8♦♣♦*✐"✐♦♥ ✹ ✭❈♦♥❞✐"✐♦♥ ♥$❝❡**❛✐8❡ ❞❡ ❝♦♥✈❡8❣❡♥❝❡✮

❙♦✐"

∑

un ✉♥❡ '9-✐❡ ♥✉♠9-✐2✉❡✳ ❖♥ ❛ ❧✬✐♠♣❧✐❝❛"✐♦♥ '✉✐✈❛♥"❡✳

∑

un ❝♦♥✈❡-❣❡ =⇒ lim
n→+∞

un = 0.

▼❛✐'✱ ❧❛ -9❝✐♣-♦2✉❡ ❡'" ❢❛✉''❡✳

+8❡✉✈❡✳✭❉✶✮

✷

✻✹
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❖♥ "❡$✐❡♥❞"❛ ❧✬*❣❛❧✐$* ,✉✐✈❛♥$❡✳ ❊❧❧❡ ♣❡"♠❡$ ❞✬♦❜$❡♥✐" ❞❡, "*,✉❧$❛$, ,✉" un 5✉❛♥❞ ♦♥ ❞✐,♣♦,❡ ❞✬❤②♣♦$❤8,❡, ,✉" Sn. ❙✐ ♣♦✉"

$♦✉$ n ∈ N, Sn =
n∑

k=0

uk ❛❧♦", ✿

∀n ∈ N
∗, un = Sn − Sn−1.

❈❛* ♦7 ❧❛ 8$❝✐♣8♦'✉❡ ❡*" ❢❛✉**❡ ✿ ❖♥ ♣♦,❡ un = ln(n+ 2)− ln(n+ 1).

✜♥ ❞❡ ✭❉✶✮

❆♣♣❧✐❝❛"✐♦♥ ✿ ;❛" ❝♦♥$"❛♣♦,*❡✱ ✉♥❡ ,*"✐❡ ♥✉♠*"✐5✉❡ ❞♦♥$ ❧❡ $❡"♠❡ ❣*♥*"❛❧ ♥❡ $❡♥❞ ♣❛, ✈❡", 0 ❡,$ ❞✐✈❡"❣❡♥$❡✳ ❖♥ ❞✐$ ❛❧♦",

5✉❡

∑

un ❞✐✈❡"❣❡ ❣"♦,,✐8"❡♠❡♥$✳

;❛" ❡①❡♠♣❧❡✱

∑

(−1)n ❡$
∑

n ❞✐✈❡"❣❡♥$ ❣"♦,,✐8"❡♠❡♥$✳

✹✳✶✳✻ ❊①❡♠♣❧❡ ✐♠♣♦,-❛♥- ✿ ❧❡1 12,✐❡1 ❣2♦♠2-,✐4✉❡1

▲❡, ,*"✐❡, ❣*♦♠*$"✐5✉❡, ✐♥$❡"✈✐❡♥♥❡♥$ ❞❛♥, ❞❡ $"8, ♥♦♠❜"❡✉① ❞♦♠❛✐♥❡, ❞❡, ♠❛$❤*♠❛$✐5✉❡,✳ ■❧ ❡,$ ❛❜,♦❧✉♠❡♥$ ♥*❝❡,,❛✐"❡ ❞❡

❝♦♥♥❛A$"❡ ♣8$❝✐*$♠❡♥" ❝❡ ♣❛"❛❣"❛♣❤❡ *❛♥* ❛✉❝✉♥❡ ❤$*✐"❛"✐♦♥✳

❉$✜♥✐"✐♦♥ ✹

❖♥ ❛♣♣❡❧❧❡ ,*"✐❡ ❣*♦♠*$"✐5✉❡ ❞❡ "❛✐,♦♥ a ∈ K✱ $♦✉$❡ ,*"✐❡ λ.
∑

an ❛✈❡❝ λ ∈ K.

❊①♣8❡**✐♦♥ ❞❡* *♦♠♠❡* ♣❛8"✐❡❧❧❡* ✿

❙✐ a 6= 1 ❛❧♦",
n∑

k=0

ak =
1− an+1

1− a

❙✐ a = 1 ❛❧♦",
n∑

k=0

ak = n+ 1

+8♦♣♦*✐"✐♦♥ ✺

❙♦✐$ a ∈ K. ❖♥ ❛ ❧✬*5✉✐✈❛❧❡♥❝❡ ,✉✐✈❛♥$❡✳
∑

an ❝♦♥✈❡"❣❡ ⇐⇒ |a| < 1.

❊$ ❞❛♥, ❝❡ ❝❛,✱ ♦♥ ❛

+∞∑

n=0

an =
1

1− a
.

+8❡✉✈❡✳

✷

✻✺
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❊①♣9❡**✐♦♥ ❞❡* 9❡*"❡* ♣❛9"✐❡❧* ✿

❙✐ |a| < 1 ❛❧♦%& Rn =
+∞∑

k=n+1

ak =
an+1

1− a
.

❊♥ ❡✛❡+ ✿

❊①❡♠♣❧❡ ✹✳✸✳ ❊❝"✐"❡ %♦✉% ❧❛ ❢♦"♠❡ ❞✬✉♥❡ ❢"❛❝/✐♦♥ ❧❡ ♥♦♠❜"❡ "❛/✐♦♥♥❡❧ q = 0, 212121212121 . . .

✹✳✷ ❙$%✐❡( ) *❡%♠❡( ♣♦(✐*✐❢(

✹✳✷✳✶ ❉%✜♥✐)✐♦♥ ❡) ♣-❡♠✐/-❡0 ♣-♦♣-✐%)%0

❉$✜♥✐"✐♦♥ ✺

▲❛ &.%✐❡ ♥✉♠.%✐1✉❡

∑

un ❡&+ ❞✐+❡ 3 +❡%♠❡& ♣♦&✐+✐❢& &✐ ♣♦✉% +♦✉+ n ∈ N ♦♥ ❛ un ∈ R
+.

❘❡♠❛9'✉❡ ✿ ❖♥ ♣♦✉%%❛ ❛❞❛♣"❡9 ❧❡& %.&✉❧+❛+& 1✉✐ &✉✐✈❡♥+ ❛✉① &.%✐❡& 3 +❡%♠❡& ♥.❣❛+✐❢&✱ ❡+ ♣❧✉& ❣.♥.%❛❧❡♠❡♥+ ❛✉① &.%✐❡& ❞♦♥+

❧❡ +❡%♠❡ ❣.♥.%❛❧ ❡&+ ❞❡ &✐❣♥❡ ❝♦♥&+❛♥+ 3 ♣❛%+✐% ❞✬✉♥ ❝❡%+❛✐♥ %❛♥❣✳

+9♦♣♦*✐"✐♦♥ ✻

❙♦✐+

∑

un ✉♥❡ &.%✐❡ 3 +❡%♠❡& ♣♦&✐+✐❢&✱ ♦♥ ♥♦+❡ Sn &❡& &♦♠♠❡& ♣❛%+✐❡❧❧❡&✳ ❆❧♦%& ❧❛ &✉✐+❡ (Sn)n∈N ❡&+ ❝%♦✐&&❛♥+❡✳

❆✐♥&✐ ❞❡✉① ❝❛& &❡ ♣%.&❡♥+❡♥+ ✿

• (Sn)n∈N ❡&+ ♠❛❥♦%.❡✳ ❉❛♥& ❝❡ ❝❛&✱ ❧❛ &.%✐❡

∑

un ❝♦♥✈❡%❣❡ ❡+ ❧✬♦♥ ❛

+∞∑

n=0

un = lim
n→+∞

Sn = sup{Sn, n ∈ N} = sup
n∈N

Sn.

❉❡ ♣❧✉&✱ ❧❛ &✉✐+❡ (Rn)n∈N ❞❡ &❡& %❡&+❡& ♣❛%+✐❡❧& ❞.❝%♦A+ ❡+ +❡♥❞ ✈❡%& 0.
• (Sn)n∈N ♥✬❡&+ ♣❛& ♠❛❥♦%.❡✳ ❉❛♥& ❝❡ ❝❛&✱ ❧❛ &.%✐❡

∑

un ❞✐✈❡%❣❡ ❡+ ❧✬♦♥ ❛

lim
n→+∞

Sn = +∞.

❈♦♥✈❡♥"✐♦♥ ✿ ❖♥ ♣♦✉%%❛ .❝%✐%❡ ❞❛♥& ❝❡ ❝❛&

+∞∑

n=0

un = +∞.

❘❡♠❛9'✉❡ ✿ ❈❡++❡ ❞❡%♥✐C%❡ ❝♦♥✈❡♥+✐♦♥ ♥✬❡&+ ✈❛❧❛❜❧❡✱ ❡+ ♥✬❛ ❞❡ &❡♥&✱ 1✉❡ ♣♦✉% ❧❡& &.%✐❡& 3 +❡%♠❡& ♣♦&✐+✐❢&✳ ❊❧❧❡ ❡&+ ❝♦♠♣❛+✐❜❧❡

❛✈❡❝ ❧❡& ♦♣.%❛+✐♦♥& ❞❛♥& [0,+∞[∪{+∞}.

✻✻
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+6❡✉✈❡✳

✷

✹✳✷✳✷ ❚❤%♦'(♠❡+ ❞❡ ❝♦♠♣❛'❛✐+♦♥

+6♦♣♦*✐"✐♦♥ ✼

❙♦✐❡♥%

∑

un ❡%

∑

vn ❞❡✉① )*+✐❡) , %❡+♠❡) ♣♦)✐%✐❢)✳

✶✳ ❖♥ )✉♣♣♦)❡ 3✉✬✐❧ ❡①✐)%❡ ✉♥ +❛♥❣ n0 ∈ N %❡❧ 3✉❡ ∀n > n0, un 6 vn ✭❝✬❡)% ❡♥ ♣❛+%✐❝✉❧✐❡+ ❧❡ ❝❛) 3✉❛♥❞

un = o
n→+∞

(vn)✮✱ ❛❧♦+) ✿

•
∑

vn ❝♦♥✈❡+❣❡ =⇒
∑

un ❝♦♥✈❡+❣❡✳

•
∑

un ❞✐✈❡+❣❡ =⇒
∑

vn ❞✐✈❡+❣❡✳ ✭❝♦♥%+❛♣♦)*❡✮

✷✳ ❖♥ )✉♣♣♦)❡ 3✉❡ un = O
n→+∞

(vn)✱ ❛❧♦+) ✿

•
∑

vn ❝♦♥✈❡+❣❡ =⇒
∑

un ❝♦♥✈❡+❣❡✳

✸✳ ❖♥ )✉♣♣♦)❡ 3✉❡ un ∼
n→+∞

vn✱ ❛❧♦+) ✿

•
∑

vn ❝♦♥✈❡+❣❡ ⇐⇒
∑

un ❝♦♥✈❡+❣❡✳

+6❡✉✈❡✳

✻✼
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✷

❘❡♠❛7'✉❡ ✐♠♣♦7"❛♥"❡ ✿

❙✐ ❧✬♦♥ ✈❡✉) ❛♣♣❧✐,✉❡- ❧❡. )❤0♦-1♠❡. ❞❡ ❝♦♠♣❛-❛✐.♦♥ 5 ❞❡. .0-✐❡. ❞♦♥) ❧❡

)❡-♠❡ ❣0♥0-❛❧ ❡.) ♥0❣❛)✐❢ ✭0✈❡♥)✉❡❧❧❡♠❡♥) 5 ♣❛-)✐- ❞✬✉♥ ❝❡-)❛✐♥ -❛♥❣✮✱ ♠✐❡✉①

✈❛✉) )♦✉) ♠✉❧)✐♣❧✐❡- ♣❛- −1 ❡) .❡ -❛♠❡♥❡- ❛✉ ❝❛. ♣♦.✐)✐❢✳ ❈❛- ❞❡ ♥♦♠❜-❡✉.❡.

❡--❡✉-. .♦♥) ❝♦♠♠✐.❡. ❞❛♥. ❧❡. ♠❛♥✐♣✉❧❛)✐♦♥. ❞✬✐♥0❣❛❧✐)0.✳

✹✳✷✳✸ ◆❛&✉(❡ ❞❡+ ❙-(✐❡+ ❞❡ ❘✐❡♠❛♥♥

▲❡. .0-✐❡. ❞❡ ❘✐❡♠❛♥♥ .♦♥) ❧❡. .0-✐❡. ❞✉ )②♣❡

∑

n>1

1

nα
❛✈❡❝ α ∈ R.

♦ ◆❛"✉7❡ ❞❡ ❧❛ *$7✐❡ ❤❛7♠♦♥✐'✉❡
∑

n>1

1

n
✿

▼$"❤♦❞❡ ✶ ✿ ❡♥ ✉)✐❧✐.❛♥) ❧❡. )❤0♦-1♠❡. ❞❡ ❝♦♠♣❛-❛✐.♦♥

❊①❡7❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❊♥ ✉)✐❧✐.❛♥) ❧❡. )❤0♦-1♠❡. ❞❡ ❝♦♠♣❛-❛✐.♦♥✱ ♠♦♥)-❡- ,✉❡

∑ 1

n
❞✐✈❡-❣❡✳

✻✽
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▼$"❤♦❞❡ ✷ ✿ ❡♥ ✉#✐❧✐&❛♥# ✉♥❡ ✐♥#(❣*❛❧❡ ✭❝❢ ❊♥❝❛❞*❡♠❡♥#& 1 ❧✬❛✐❞❡ ❞✬✐♥#(❣*❛❧❡&✮

♦ ❈❛* ♦9 α 6 1 ✿

♦ ❈❛* ♦9 α > 1 ✿

❊①❡<❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✸✮

❙♦✐# α > 1. ❉(#❡*♠✐♥❡* ✉♥ (7✉✐✈❛❧❡♥# ❞❡ vn =
1

nα−1
− 1

(n+ 1)α−1
. ❊♥ ❞(❞✉✐*❡ ❧❛ ♥❛#✉*❡ ❞❡

∑

n>2

1

nα
.

+<♦♣♦*✐"✐♦♥ ✽ ✭❙$<✐❡* ❞❡ ❘✐❡♠❛♥♥✮

∑

n>1

1

nα
❝♦♥✈❡*❣❡ ⇐⇒ α > 1.

✻✾
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✹✳✷✳✹ ❘$❣❧❡ ❞❡ ❉✬❆❧❡♠❜❡./

▲❡♠♠❡

❙♦✐❡♥% (un)n∈N ❡% (vn)n∈N ❞❡✉① )✉✐%❡) * %❡+♠❡) )%+✐❝%❡♠❡♥% ♣♦)✐%✐❢)✳ ❖♥ )✉♣♣♦)❡ 2✉✬✐❧ ❡①✐)%❡ n0 ∈ N %❡❧ 2✉❡ ♣♦✉+ %♦✉%

❡♥%✐❡+ n > n0, ♦♥ ❛✐% ✿

un+1

un
6

vn+1

vn
.

❖♥ ❛ ❛❧♦+) un = O
n→+∞

(vn).

+7❡✉✈❡✳

✷

❖♥ ✉%✐❧✐)❡ ❝❡ ❧❡♠♠❡✱ ♣♦✉+ ❞8♠♦♥%+❡+ ❧❡ +8)✉❧%❛% )✉✐✈❛♥% ❛♣♣❡❧8 +:❣❧❡ ✭♦✉ ❝+✐%:+❡✮ ❞❡ ❞✬❆❧❡♠❜❡+% ♣♦✉+ ❧❡) )8+✐❡) ♥✉♠8+✐2✉❡)✳

+7♦♣♦*✐"✐♦♥ ✾ ✭❘=❣❧❡ ❞❡ ❉✬❆❧❡♠❜❡7" ♣♦✉7 ❧❡* *$7✐❡* ♥✉♠$7✐'✉❡*✮

❙♦✐%

∑

un ✉♥❡ )8+✐❡ * %❡+♠❡) )%+✐❝%❡♠❡♥% ♣♦)✐%✐❢)✳ ❖♥ )✉♣♣♦)❡ 2✉✬✐❧ ❡①✐)%❡ ℓ ∈ R
+ ∪ {+∞} %❡❧ 2✉❡

lim
n→+∞

un+1

un
= ℓ.

❖♥ ❛ ❛❧♦+) ✿

• )✐ ℓ < 1 ❛❧♦+)

∑

un ❝♦♥✈❡+❣❡ ✭❡% ♣❛+ )✉✐%❡ lim
n→+∞

un = 0✮

• )✐ ℓ > 1 ❛❧♦+)

∑

un ❞✐✈❡+❣❡ ✭❡% ♦♥ ❛ lim
n→+∞

un = +∞✮

• )✐ ℓ = 1✱ ♦♥ ♥❡ ♣❡✉% ♣❛) ❝♦♥❝❧✉+❡✳

+7❡✉✈❡✳

• )✐ ℓ < 1 ✿

✼✵



▼❛"❤$♠❛"✐'✉❡* +❙■ ✿ ❱♦❧✉♠❡ ✶ ❙✳ ❉✐♦♥

•  ✐ ℓ > 1 ✿

• ❈❛ ♦& ℓ = 1 ✿

✷

❘❡♠❛7'✉❡ ✿ ❖♥ ✉*✐❧✐ ❡ ❧❡ ♣❧✉  ♦✉✈❡♥* ❧❛ /0❣❧❡ ❞❡ ❞✬❆❧❡♠❜❡/* 7✉❛♥❞ ❧❡ 7✉♦*✐❡♥*

un+1

un
 ❡  ✐♠♣❧✐✜❡✱ ❝✬❡ *✲<✲❞✐/❡ 7✉❛♥❞ un

❡ * ❞=✜♥✐ ♣❛/ ❞❡ ♣/♦❞✉✐* ✱ ❞❡ ❢❛❝*♦/✐❡❧❧❡ ✱ ❞❡ ♣✉✐  ❛♥❝❡ ✳ ✳ ✳

❊①❡♠♣❧❡ ✹✳✹✳ ❉!"❡$♠✐♥❡$ ❧❛ ♥❛"✉$❡ ❞❡

∑ n!

22n
.

✹✳✸ ❙$%✐❡( ) *❡%♠❡( ,✉❡❧❝♦♥,✉❡(

✹✳✸✳✶ ❙%&✐❡) * +❡&♠❡) ❝♦♠♣❧❡①❡)

❙♦✐* (un)n∈N ✉♥❡  ✉✐*❡ < *❡/♠❡ ❝♦♠♣❧❡①❡ ✳ ❖♥ =❝/✐* ✿ ∀n ∈ N, un = an + ibn
❛✈❡❝ an = Re(un), bn = Im(un) ∈ R. ❖♥ ❛ ❞♦♥❝

Sn =
n∑

k=0

uk =
n∑

k=0

ak

︸ ︷︷ ︸

=An

+i

n∑

k=0

bk

︸ ︷︷ ︸

=Bn

= An + iBn.

B❛/ ❝♦♥ =7✉❡♥*✱ ❧❛  ✉✐*❡ (Sn)n∈N ❝♦♥✈❡/❣❡  ✐ ❡*  ❡✉❧❡♠❡♥*  ✐ ❧❡  ✉✐*❡ (An)n∈N ❡* (Bn)n∈N ❝♦♥✈❡/❣❡♥*✱ ❝✬❡ *✲<✲❞✐/❡ ✿

∑

un ❝♦♥✈❡/❣❡ ⇐⇒
∑

Re(un) ❡*

∑

Im(un) ❝♦♥✈❡/❣❡♥*✳

❊* ❞❛♥ ❝❡ ❝❛ ✱ ♦♥ ❛

+∞∑

n=0

un =
+∞∑

n=0

Re(un) + i
+∞∑

n=0

Im(un).

✼✶
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✹✳✸✳✷ ❙%&✐❡) ❛❧,❡&♥%❡)

❉$✜♥✐"✐♦♥ ✻

❖♥ ❛♣♣❡❧❧❡ &'(✐❡ ❛❧*❡(♥'❡✱ *♦✉*❡ &'(✐❡ ❞✉ *②♣❡

∑

(−1)nvn ♦0 vn ∈ R ❡&* ❞❡ &✐❣♥❡ ❝♦♥&*❛♥*✳

❘❡♠❛9'✉❡ ✿ ❖♥ ♣❡✉* *♦✉❥♦✉(& &❡ (❛♠❡♥❡( ❛✉ ❝❛& ♦0 vn > 0✳ ❙✐ vn 6 0✱ ♦♥ '*✉❞✐❡(❛ ✿

−
∑

(−1)nvn =
∑

(−1)n(−vn)

+9♦♣♦*✐"✐♦♥ ✶✵ ✭❚❤$♦9>♠❡ ❞❡* *$9✐❡* ❛❧"❡9♥$❡*✮

❙♦✐*

∑

(−1)nvn ✉♥❡ &'(✐❡ ❛❧*❡(♥'❡✳
❖♥ &✉♣♣♦&❡ 8✉❡ (vn)n∈N ❡&* ♣♦&✐*✐✈❡✱ ❞'❝(♦✐&&❛♥*❡ ❡* 8✉❡ lim

n→+∞
vn = 0. ❖♥ ❛ ❛❧♦(& ✿

• ▲❛ &'(✐❡
∑

(−1)nvn ❝♦♥✈❡(❣❡✳

• ❙✐ ❧✬♦♥ ♥♦*❡ Sn =
n∑

k=0

(−1)kvk✱ ♦♥ ❛ ✿

∀p ∈ N, S2p+1 6

+∞∑

n=0

(−1)nvn 6 S2p.

• ❙✐ ❧✬♦♥ ♥♦*❡ Rn =

+∞∑

k=n+1

(−1)kvk✱ ♦♥ ❛ ✿

◦ Rn ❡&* ❞✉ &✐❣♥❡ ❞❡ (−1)n+1vn+1 ✭♣(❡♠✐❡( *❡(♠❡✮

◦ ∀n ∈ N, |Rn| 6 |(−1)n+1vn+1| = vn+1

+9❡✉✈❡✳ ❖♥ ♠♦♥*(❡ ❞❛♥& ✉♥ ♣(❡♠✐❡( *❡♠♣& 8✉❡ ❧❡& &✉✐*❡& ❡①*(❛✐*❡& (S2p)p∈N ❡* (S2p+1)p∈N &♦♥* ❛❞❥❛❝❡♥*❡&✳

✼✷
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 ♦✉# ♠♦♥&#❡# ❧❡ ❞❡#♥✐❡# ♣♦✐♥&✱ ♦♥ ❞✐-&✐♥❣✉❡ ❞❡✉① ❝❛-✳

• ❙✐ n = 2p− 1 ✿

R2p−1 = S − S2p−1

R2p−1 − (−1)2pv2p = R2p = S − S2p

• ❙✐ n = 2p ✿

R2p = S − S2p

R2p − (−1)2p+1v2p+1 = R2p+1 = S − S2p+1

✷

❊①❡♠♣❧❡ ✿ ▲❡- -6#✐❡- ❞❡ ❘✐❡♠❛♥♥ ❛❧&❡#♥6❡- ✭❝❡ ♥✬❡-& ♣❛- ✉♥ #6-✉❧&❛& ❞❡ ❝♦✉#-✮ ✿

∑

n>1

(−1)n
nα

❝♦♥✈❡#❣❡ ⇐⇒ α > 0.

❊♥ ❡✛❡&✱ -✐ α 6 0 ❛❧♦#-

∣
∣
∣
∣

(−1)n
nα

∣
∣
∣
∣
= n−α > 1 ❡& ❞♦♥❝

(−1)n
nα

♥❡ &❡♥❞ ♣❛- ✈❡#- 0 ✿ ❧❛ -6#✐❡ ❞✐✈❡#❣❡ ❣#♦--✐>#❡♠❡♥&✳

❊& -✐ α > 0✱ ❛❧♦#-

(
1

nα

)

n∈N∗

❞6❝#♦?& ❡& &❡♥❞ ✈❡#- 0✱ ❞♦♥❝ ❞✬❛♣#>- ❧❡ &❤6♦#>♠❡ ❞❡- -6#✐❡- ❛❧&❡#♥6❡-✱ ❧❛ -6#✐❡ ❝♦♥✈❡#❣❡✳

❘❡♠❛:'✉❡ ✿ ▲♦#-A✉❡ ❧❛ ❞6❝#♦✐--❛♥❝❡ ❞❡ ❧❛ -✉✐&❡ (vn)n∈N ♥✬❡-& ♣❛- ✐♠♠6❞✐❛&❡✱ ♦♥ ♣♦✉##❛ ❡✛❡❝&✉❡# ✉♥ ❞6✈❡❧♦♣♣❡♠❡♥&

❛-②♠♣&♦&✐A✉❡ ♣♦✉# -❡ #❛♠❡♥❡# C ❞❡- -✉✐&❡- ♣❧✉- -✐♠♣❧❡-✳

❊①❡:❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❉6&❡#♠✐♥❡# ❧❛ ♥❛&✉#❡ ❞❡

∑

ln

(

1 +
(−1)n√

n

)

.

✼✸
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✹✳✸✳✸ ❙$%✐❡( ❛❜(♦❧✉♠❡♥0 ❝♦♥✈❡%❣❡♥0❡(✱ (✉✐0❡( (♦♠♠❛❜❧❡(

❉$✜♥✐"✐♦♥ ✼

❙♦✐# (un)n∈N ✉♥❡ '✉✐#❡ ♥✉♠)*✐+✉❡ ✭✐✳❡✳ . ✈❛❧❡✉*' *)❡❧❧❡' ♦✉ ❝♦♠♣❧❡①❡'✮✳

❖♥ ❞✐# +✉❡ ❧❛ *$8✐❡

∑

un ❡'# ❛❜*♦❧✉♠❡♥" ❝♦♥✈❡8❣❡♥"❡✱ ♦✉ ❡♥❝♦*❡ +✉❡ ❧❛ *✉✐"❡ (un)n∈N ❡'# *♦♠♠❛❜❧❡ '✐ ✿

❧❛ ')*✐❡

∑

|un| ❝♦♥✈❡*❣❡✳

❘❡♠❛8'✉❡ ✿ ▲❛ ')*✐❡

∑

|un| ❡'# . #❡*♠❡' ♣♦'✐#✐❢'✱ ❡# ❞♦♥❝✱ '✐ ❡❧❧❡ ❞✐✈❡*❣❡ ✭'❡' '♦♠♠❡' ♣❛*#✐❡❧❧❡' '♦♥# ❝*♦✐''❛♥#❡' ❡# ❞✐✈❡*❣❡♥#

✈❡*' +∞✮✱ ♣❛* ❝♦♥✈❡♥#✐♦♥✱ ♦♥ ♣❡✉# )❝*✐*❡

+∞∑

n=0

|un| = +∞.

❖♥ ♣♦✉**❛ ❞♦♥❝ ❛❞♦♣#❡* ❧❛ ♥♦#❛#✐♦♥ '✉✐✈❛♥#❡ ✭♦✣❝✐❡❧❧❡♠❡♥# ❛✉ ♣*♦❣*❛♠♠❡✮ ✿

∑

un ❝♦♥✈❡*❣❡ ❛❜'♦❧✉♠❡♥# ✭♦✉ (un)n∈N ❡'# '♦♠♠❛❜❧❡✮ '✐

+∞∑

n=0

|un| < +∞.

❖♥ ❛❞♠❡# ❧❛ ♣*♦♣♦'✐#✐♦♥ '✉✐✈❛♥#❡✳

+8♦♣♦*✐"✐♦♥ ✶✶

❙♦✐#

∑

un ✉♥❡ ')*✐❡ ♥✉♠)*✐+✉❡✳ ❖♥ ❛ ❧✬✐♠♣❧✐❝❛#✐♦♥ '✉✐✈❛♥#❡✳

∑

un ❝♦♥✈❡*❣❡ ❛❜'♦❧✉♠❡♥# ✭♦✉ (un)n∈N ❡'# '♦♠♠❛❜❧❡✮ =⇒
∑

un ❝♦♥✈❡*❣❡✳

❊# ❞❛♥' ❝❡ ❝❛'✱ ♦♥ ❞✐# ❛✉''✐ +✉❡

+∞∑

n=0

un ❡'# ❧❛ *♦♠♠❡ ❞❡ ❧❛ '✉✐#❡ (un)n∈N✱ ❡# ♦♥ ❛ ✿

∣
∣
∣
∣
∣

+∞∑

n=0

un

∣
∣
∣
∣
∣
6

+∞∑

n=0

|un|.
▼❛✐' ❧❛ *)❝✐♣*♦+✉❡ ❡'# ❢❛✉''❡✳

❊①❡♠♣❧❡ ♦A ❧❛ 8$❝✐♣8♦'✉❡ ❡*" ❢❛✉**❡ ✿ B❛* ❧❡ #❤)♦*D♠❡ ❞❡' ')*✐❡' ❛❧#❡*♥)❡'✱ ❧❛ ')*✐❡

∑ (−1)n
n

❡'# ❝♦♥✈❡*❣❡♥#❡✱ ❡#

♣♦✉*#❛♥#✱ ❡❧❧❡ ♥✬❡'# ♣❛' ❛❜'♦❧✉♠❡♥# ❝♦♥✈❡*❣❡♥#❡ ❝❛*

∑
∣
∣
∣
∣

(−1)n
n

∣
∣
∣
∣
=
∑ 1

n
❞✐✈❡*❣❡ ✭')*✐❡ ❤❛*♠♦♥✐+✉❡✮✳

❘❡♠❛8'✉❡ ✿ ▲❛ ♥♦$✐♦♥ &✉✐✈❛♥$❡ ❡&$ ❡①♣❧✐❝✐&❡♠❡♥& ❤♦+,✲♣+♦❣+❛♠♠❡✳ ▼❛✐& ♣❛- ♣-.❝❛✉$✐♦♥ ✭❜❡❛✉❝♦✉♣ ❞✬❡♥&❡✐❣♥❛♥$&

❧✬✉$✐❧✐&❡♥$✮✱ ❡❧❧❡ ❡&$ ♣-.❝✐&.❡ ✐❝✐ ✿

❯♥❡ &.-✐❡ ♥✉♠.-✐;✉❡

∑

un ❡&$ ❞✐$❡ &❡♠✐✲❝♦♥✈❡-❣❡♥$❡ &✐ ❡❧❧❡ ❡&$ ❝♦♥✈❡-❣❡♥$❡ ♠❛✐& ♥♦♥ ❛❜&♦❧✉♠❡♥$ ❝♦♥✈❡-❣❡♥$❡✳

✼✹



(un)n∈N (vn)n∈N

un = O
n→+∞

(vn)
∑

vn
∑

un

✷

∑

an |a| < 1.

f : z 7−→
+∞∑

n=0

zn, z

z ∈ Df ⇐⇒ f(z)

⇐⇒
∑

zn

⇐⇒ |z| < 1

Df = {z ∈ C, |z| < 1} = D(0, 1) 0 1.

∑

zn ⇐⇒
∑

|z|n ⇐⇒ |z| < 1

∑ (−1)n
n2

+∞∑

n=1

(−1)n
n2

Rn =

+∞∑

k=n+1

(−1)k
k2
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✹✳✹ "#♦❞✉✐( ❞❡ ❈❛✉❝❤② ❞❡ ❞❡✉① 01#✐❡0

✹✳✹✳✶ #$♦❞✉✐) ❞❡ ❈❛✉❝❤②

■❞$❡ ✿ ❖♥ ✈❡✉① ❢❛✐)❡ ❧❡ ♣)♦❞✉✐. ❞❡ ❞❡✉① /0)✐❡/ ❝♦♥✈❡)❣❡♥.❡/✳

(u0 + u1 + u2 + · · · ).(v0 + v1 + v2 + · · · )

❙✐ ❧✬♦♥ ❞0✈❡❧♦♣♣❡✱ ✐❧ ❛♣♣❛)❛7. ❞❡/ .❡)♠❡/ upvq.
▲❡ ♣)♦❞✉✐. ❞❡ ❈❛✉❝❤② ✭❧♦)/>✉✬✐❧ ❡①✐/.❡✮ ❝♦♥/✐/.❡ @ )❡❣)♦✉♣❡) ❧❡/ .❡)♠❡/ upvq .❡❧/ >✉❡ p+ q = n.

u0v0
︸︷︷︸

p+q=0

+ u0v1 + u1v0
︸ ︷︷ ︸

p+q=1

+ u0v2 + u1v1 + u2v0
︸ ︷︷ ︸

p+q=2

+ · · ·

w0 + w1 + w2 + · · ·

❖♥ ❛❞♠❡. ❧❛ ♣)♦♣♦/✐.✐♦♥ /✉✐✈❛♥.❡✳

+7♦♣♦*✐"✐♦♥ ✶✸

❙♦✐.

∑

un ❡.

∑

vn ❞❡✉① /0)✐❡/ ♥✉♠0)✐>✉❡/✳ ▲❡✉) ♣)♦❞✉✐. ❞❡ ❈❛✉❝❤② ❡/. ❧❛ /0)✐❡
∑

wn ❛✈❡❝

∀n ∈ N, wn =
∑

p+q=n

upvq =
n∑

k=0

ukvn−k.

❙✐

∑

un ❡.

∑

vn /♦♥. ❛❜/♦❧✉♠❡♥. ❝♦♥✈❡)❣❡♥.❡/ ❛❧♦)/
∑

wn ❝♦♥✈❡)❣❡ ❛❜/♦❧✉♠❡♥. ❡. ❧✬♦♥ ❛

+∞∑

n=0

wn =

(
+∞∑

n=0

un

)

×
(

+∞∑

n=0

vn

)

.

✹✳✹✳✷ ❙2$✐❡ ❡①♣♦♥❡♥)✐❡❧❧❡

B♦✉) z ∈ C, ♦♥ ❞0✜♥✐. ❧❛ /0)✐❡ ♥✉♠0)✐>✉❡
∑ zn

n!
. ▼♦♥.)♦♥/ >✉✬❡❧❧❡ ❡/. ❛❜/♦❧✉♠❡♥. ❝♦♥✈❡)❣❡♥.❡✳

• ❙✐ z = 0✱ ❛❧♦)/ ♣♦✉) .♦✉. n ∈ N, Sn =

n∑

k=0

0k

k!
= 1 ❞♦♥❝ ❧❛ /0)✐❡

∑ 0n

n!
❝♦♥✈❡)❣❡ ❛❜/♦❧✉♠❡♥.✳

✼✻
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• ❙✐ z 6= 0, ♦♥ ♣♦%❡ un =

∣
∣
∣
∣

zn

n!

∣
∣
∣
∣
> 0. ❖♥ ❛ ✿

un+1

un
=
|z|n+1

(n+ 1)!

n!

|z|n =
|z|

n+ 1
−→

n→+∞
0 < 1.

❉♦♥❝ ❞✬❛♣./% ❧❛ ./❣❧❡ ❞❡ ❉✬❆❧❡♠❜❡.5 ♣♦✉. ❧❡% %7.✐❡% ♥✉♠7.✐8✉❡%✱

∑

un =
∑

∣
∣
∣
∣

zn

n!

∣
∣
∣
∣
❝♦♥✈❡.❣❡✳

❆✐♥%✐✱ ❧❛ %7.✐❡

∑ zn

n!
❡%5 ❛❜%♦❧✉♠❡♥5 ❝♦♥✈❡.❣❡♥5❡ ✭❡5 ❞♦♥❝ ❝♦♥✈❡.❣❡♥5❡✮ ♣♦✉. 5♦✉5 z ❞❛♥% C.

❉$✜♥✐"✐♦♥ ✽

❖♥ ❛♣♣❡❧❧❡ ❢♦♥❝5✐♦♥ ❡①♣♦♥❡♥5✐❡❧❧❡✱ ❧❛ ❢♦♥❝5✐♦♥ ❞7✜♥✐❡ ♣❛.

exp : z ∈ C 7−→ exp(z) =
+∞∑

n=0

zn

n!
.

❊❧❧❡ ❡%5 ❞7✜♥✐❡ %✉. C✱ ❡5 ❧❛ %7.✐❡ ❝♦♥✈❡.❣❡ ❛❜%♦❧✉♠❡♥5 %✉. C.

❖♥ ✈❡..❛ ❞❛♥% ❧❡ ❝❤❛♣✐5.❡ ✓ ❙7.✐❡% ❡♥5✐/.❡% ✔✱ 8✉❡ ❝❡55❡ ❢♦♥❝5✐♦♥ ❡①♣♦♥❡♥5✐❡❧❧❡ ❝♦E♥❝✐❞❡ ❛✈❡❝ ❝❡❧❧❡ ❞7✜♥✐❡ ❡♥ ♣.❡♠✐/.❡ ❛♥♥7❡✳

❖♥ ♣❡✉5 ❞♦.❡% ❡5 ❞7❥G ❞7♠♦♥5.❡. ❧❛ ♣.♦♣.✐757 ❢♦♥❞❛♠❡♥5❛❧❡ %✉✐✈❛♥5❡✳

+8♦♣♦*✐"✐♦♥ ✶✹

∀(z, z′) ∈ C
2, exp(z + z′) = exp(z). exp(z′).

+8❡✉✈❡✳✭❉✶✮

✼✼
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✷

✹✳✺ ❆♣♣❧✐❝❛)✐♦♥ ✿ ❙./✐❡1 ❞❡ ❇❡/)/❛♥❞

✹✳✺✳✶ ◆❛&✉(❡

❉$✜♥✐"✐♦♥ ✾

❖♥ ❛♣♣❡❧❧❡ &'(✐❡ ❞❡ ❇❡(,(❛♥❞ ,♦✉,❡ &'(✐❡ ❞✉ ,②♣❡

∑ 1

nα lnβ(n)
.

❆""❡♥"✐♦♥ ✿ ▲❡* *$:✐❡* ❞❡ ❇❡:":❛♥❞ ♥❡ *♦♥" ♣❛* ❛✉ ♣:♦❣:❛♠♠❡ ❞❡ +❙■ ❡" ❧❡ :$*✉❧"❛" '✉✐ *✉✐" ♥❡ ♣♦✉::❛ ♣❛*

?":❡ ✉"✐❧✐*$✳ ■❧ ❢❛✉" *❛✈♦✐:✱ *❛♥* ❤$*✐"❛"✐♦♥✱ ❞$"❡:♠✐♥❡: ❧❛ ♥❛"✉:❡ ❞✬✉♥❡ "❡❧❧❡ *$:✐❡✳

• ❙✐ α 6= 1 ❛❧♦(&
∑ 1

nα lnβ(n)
❝♦♥✈❡(❣❡ &✐ ❡, &❡✉❧❡♠❡♥, &✐ α > 1.

• ❙✐ α = 1 ❛❧♦(&
∑ 1

nα lnβ(n)
=
∑ 1

n lnβ(n)
❝♦♥✈❡(❣❡ &✐ ❡, &❡✉❧❡♠❡♥, &✐ β > 1.

✹✳✺✳✷ ❈❛, ♦. α > 1

❖♥ ❝♦♠♣❛(❡ 5 ✉♥❡ &'(✐❡ ❞❡ ❘✐❡♠❛♥♥✳

❊①❡:❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❉',❡(♠✐♥❡( ❧❛ ♥❛,✉(❡ ❞❡

∑ ln(n)

n2
.

✼✽
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❈❛* ❣$♥$8❛❧ ✿

❊①❡8❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✷✮

▼♦♥#$❡$ &✉❡ (✐ α > 1 ❛❧♦$( ❧❛ (,$✐❡
∑ 1

nα lnβ(n)
❝♦♥✈❡$❣❡✳

✹✳✺✳✸ ❈❛& ♦( α < 1

❖♥ ❝♦♠♣❛$❡ 4 ❧❛ (,$✐❡ ❤❛$♠♦♥✐&✉❡

∑ 1

n
.

❊①❡8❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❉,#❡$♠✐♥❡$ ❧❛ ♥❛#✉$❡ ❞❡

∑ 1√
n ln2(n)

.

❈❛* ❣$♥$8❛❧ ✿

❊①❡8❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✷✮

▼♦♥#$❡$ &✉❡ (✐ α < 1 ❛❧♦$( ❧❛ (,$✐❡
∑ 1

nα lnβ(n)
❞✐✈❡$❣❡✳

✼✾
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✹✳✺✳✹ ❈❛% ♦' α = 1

• ❙✐ β 6 0 ✿

• ❙✐ β > 0 ✿ ♦♥ ❝♦♠♣❛)❡ + ✉♥❡ ✐♥-.❣)❛❧❡ ✭❝❢ ♣❛)❛❣)❛♣❤❡ 4✉✐✈❛♥-✮✳

✹✳✻ ❊♥❝❛❞(❡♠❡♥+, - ❧✬❛✐❞❡ ❞✬✐♥+1❣(❛❧❡,

8♦✉) ❞❡4 4.)✐❡4 ❞✉ -②♣❡

∑

f(n) ❛✈❡❝ f ♠♦♥♦"♦♥❡✱ ♦♥ ♣❡✉- ✉-✐❧✐4❡) ❞❡4 ❝♦♠♣❛)❛✐4♦♥4 ❛✈❡❝ ❞❡4 ✐♥-.❣)❛❧❡4✱ ♣♦✉) ♦❜-❡♥✐) ✿

• ❞❡4 ♥❛-✉)❡4 ❞❡ 4.)✐❡4✱

• ❞❡4 ❡♥❝❛❞)❡♠❡♥-4 ❞❡ 4♦♠♠❡4 ♣❛)-✐❡❧❧❡4✱ ❞❡4 .=✉✐✈❛❧❡♥-4✱ ❞❡4 ❞.✈❡❧♦♣♣❡♠❡♥-4 ❛4②♠♣-♦-✐=✉❡4✱

• ❞❡4 ❡♥❝❛❞)❡♠❡♥-4 ❞❡ )❡4-❡4 ♣❛)-✐❡❧4 ❡♥ ❝❛4 ❞❡ ❝♦♥✈❡)❣❡♥❝❡ ❞❡ ❧❛ 4.)✐❡✳

❖♥ ❞♦♥♥❡ ♣❧✉4✐❡✉)4 ❡①❡♠♣❧❡4 ✐♠♣♦)-❛♥-4✳ ▲❛ ❞.♠❛)❝❤❡ ❡4- + ♠❛A-)✐4❡)✳

✹✳✻✳✶ ◆❛+✉-❡ ❞❡ %0-✐❡%✱ ❡♥❝❛❞-❡♠❡♥+% ❞❡ %♦♠♠❡% ♣❛-+✐❡❧❧❡%

❊①❡8❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❉.-❡)♠✐♥❡) ❧❛ ♥❛-✉)❡ ❞❡

∑ 1

n ln(n)
.

✽✵
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❊①❡8❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✷✮

❉!"❡$♠✐♥❡$ ❧❛ ♥❛"✉$❡ ❞❡

∑ 1

n
❡" ✉♥ !,✉✐✈❛❧❡♥" ❞❡ Sn =

n∑

k=1

1

k
.

✹✳✻✳✷ ❉%✈❡❧♦♣♣❡♠❡♥-. ❛.②♠♣-♦-✐2✉❡.

❊①❡8❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✸ ✲ 8$*✉❧"❛" @ 8❡"❡♥✐8✮

▼♦♥"$❡$ ,✉✬✐❧ ❡①✐2"❡ ✉♥❡ ❝♦♥2"❛♥"❡ γ ∈ R ✭❛♣♣❡❧!❡ ❝♦♥2"❛♥"❡ ❞✬❊✉❧❡$✮ "❡❧❧❡ ,✉❡

n∑

k=1

1

k
= ln(n) + γ + o

n→+∞
(1).

✽✶
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✹✳✻✳✸ ❊♥❝❛❞)❡♠❡♥,- ❡, ./✉✐✈❛❧❡♥,- ❞❡ )❡-,❡- ♣❛),✐❡❧-

❊①❡8❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✷✮

❉!"❡$♠✐♥❡$ ✉♥ !)✉✐✈❛❧❡♥" )✉❛♥❞ n "❡♥❞ ✈❡$. +∞ ❞❡ Rn =
+∞∑

k=n+1

1

k2
.

✽✷
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✹✳✼ #❧❛♥ ❞✬)*✉❞❡

 ❧❛♥ ❞✬&'✉❞❡ ❞❡

∑

un
✲ ❘❡'♦✉, - ❧❛ ❞&✜♥✐'✐♦♥ ✿

&'✉❞❡ ❞❡ (Sn)n∈N

❄

❅
❅

❅
❅❅❘

PPPPPPPPPPPPq

(un)n∈N ♥❡ ❝♦♥✈❡,❣❡ ♣❛5 ✈❡,5 0 ❡'

❞♦♥❝

∑

un ❞✐✈❡,❣❡ ❣,♦55✐6,❡♠❡♥'

∑

un =
∑

(an+1 − an) ❡5'

'&❧❡5❝♦♣✐8✉❡✳

lim
n→+∞

un = 0

❄

PPPPPPPq

(un)n∈N ♥✬❡5' ♣❛5 - ✈❛❧❡✉,5
❞❛♥5 R

+

✟✟✟✟✟✟✟✯

✲
❍❍❍❍❍❍❍❥

(un)n∈N ❡5' ♣♦5✐'✐✈❡ ✭♦✉ ❞❡
5✐❣♥❡ ❝♦♥5'❛♥'✮

✟✟✟✟✟✟✟✯

✲
❍❍❍❍❍❍❍❥

➱'✉❞❡ ❞❡ ❧❛ ❝♦♥✈❡,❣❡♥❝❡

❛❜5♦❧✉❡

∑

un ❡5' ❛❧'❡,♥&❡
✲

❍❍❍❍❍❍❍❥➱'✉❞❡ ❞❡ ❧❛ ♥❛'✉,❡ ❞❡∑

Re(un) ❡' ❞❡
∑

Im(un)

❚❤&♦,6♠❡5 ❞❡

❝♦♠♣❛,❛✐5♦♥

❘6❣❧❡ ❞❡ ❞✬❆❧❡♠❜❡,'

✭5✐ un > 0✮

❈♦♠♣❛,❛✐5♦♥ - ✉♥❡

✐♥'&❣,❛❧❡

✭❡♥❝❛❞,❡♠❡♥'5✮

❚❤&♦,6♠❡ ❞❡5 ❙&,✐❡5

❆❧'❡,♥&❡5

❉&✈❡❧♦♣♣❡♠❡♥'

❛5②♠♣'♦'✐8✉❡ ✰

❚❤&♦,6♠❡ ❞❡5 ❙&,✐❡5

❆❧'❡,♥&❡5

✹✳✽ ❋♦0♠✉❧❡ ❞❡ ❙*✐0❧✐♥❣

+6♦♣♦*✐"✐♦♥ ✶✺

❖♥ ❛ ❧✬&8✉✐✈❛❧❡♥' 5✉✐✈❛♥'✳

n! ∼
n→∞

(n

e

)n√
2πn.

❙✐ ❧❛ ❢♦,♠✉❧❡ ❞❡ ❙'✐,❧✐♥❣ ❡5' - ❝♦♥♥❛H',❡✱ 5❛ ♣,❡✉✈❡ ♥✬❡5' ♣❛5 ❡①✐❣✐❜❧❡✳ ◆&❛♥♠♦✐♥5✱ ❧❡5 '❡❝❤♥✐8✉❡5 8✉✬❡❧❧❡ ♠❡' ❡♥ ♦❡✉✈,❡ 5♦♥'

',65 ❝❧❛55✐8✉❡5 ❡' ❢♦♥' 5♦✉✈❡♥' ❧✬♦❜❥❡' ❞✬&♣,❡✉✈❡5 ❞❡ ❝♦♥❝♦✉,5✳ ■❧ ❡5' ❞♦♥❝ ❝♦♥5❡✐❧❧& ❞❡ ',❛✈❛✐❧❧❡, ❧❡ ❉◆❙ ❝♦,,❡5♣♦♥❞❛♥'✳

✽✸
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✹✳✾ ❆♥♥❡①❡

✹✳✾✳✶ ❙♦♠♠❛(✐♦♥ ❞✬-.✉✐✈❛❧❡♥(3 ✭❍♦63✲86♦❣6❛♠♠❡✮

❊①❡8❝✐❝❡ ✭❊✸ ❡♥ ❛✉"♦♥♦♠✐❡✮

❙♦✐❡♥%

∑

an ❡%

∑

bn ❞❡✉① )*+✐❡) ♥✉♠*+✐-✉❡) ❛✈❡❝ bn > 0 ♣♦✉+ %♦✉% n ∈ N, ❡% %❡❧❧❡) -✉❡ an = o
n→+∞

(bn).

✭✶✮ ❙✐

∑

bn ❝♦♥✈❡+❣❡✱ ♠♦♥%+❡+ -✉❡

+∞∑

k=n+1

ak = o
n→+∞

(
+∞∑

k=n+1

bk

)

✳

✭✷✮ ❙✐

∑

bn ❞✐✈❡+❣❡✱ ♠♦♥%+❡+ -✉❡

n∑

k=0

ak = o
n→+∞

(
n∑

k=0

bk

)

✳

❙♦✐❡♥%

∑

an ❡%

∑

bn ❞❡✉① )*+✐❡) ♥✉♠*+✐-✉❡) ❛✈❡❝ bn > 0 ♣♦✉+ %♦✉% n ∈ N, ❡% %❡❧❧❡) -✉❡ an = o
n→+∞

(bn). :❛+ ❞*✜♥✐%✐♦♥ ✿

∀ε > 0, ∃N ∈ N, ∀n > N, |an| 6 εbn. (∗)

✭✶✮ ❙✉♣♣♦)♦♥) -✉❡

∑

bn ❝♦♥✈❡+❣❡✳ :❛+ ❝♦♠♣❛+❛✐)♦♥✱

∑

|an| ❝♦♥✈❡+❣❡ ❛✉))✐✳
❖♥ )❡ ❞♦♥♥❡ ε > 0 ❡% ♦♥ ❝♦♥)✐❞>+❡ ❧✬❡♥%✐❡+ N ❞*✜♥✐ ♣❛+ (∗)✳ :♦✉+ %♦✉% n > N ✱ ♦♥ ❛ ✿

∣
∣
∣
∣
∣

+∞∑

k=n+1

ak

∣
∣
∣
∣
∣
6

+∞∑

k=n+1

|ak| 6

+∞∑

k=n+1

εbk = ε

+∞∑

k=n+1

bk.

❆✐♥)✐✱ ♦♥ ❛ ❜✐❡♥✱ ♣❛+ ❞*✜♥✐%✐♦♥✱

+∞∑

k=n+1

ak = o
n→+∞

(
+∞∑

k=n+1

bk

)

✳

✭✷✮ ❙✉♣♣♦)♦♥) -✉❡

∑

bn ❝♦♥✈❡+❣❡✳ :✉✐)-✉❡ ❝❡%%❡ )*+✐❡ ❡)% B %❡+♠❡) ♣♦)✐%✐❢)✱ )❡) )♦♠♠❡) ♣❛+%✐❡❧❧❡) )♦♥% ❝+♦✐))❛♥%❡)✳ ❊%

♣✉✐)-✉✬❡❧❧❡) ❞✐✈❡+❣❡♥%✱ ❝✬❡)% ❢♦+❝*♠❡♥% ✈❡+) +∞. ❖♥ ❛ ❞♦♥❝ ✿

lim
n→+∞

(
n∑

k=0

bk

)

= +∞.

❖♥ )❡ ❞♦♥♥❡ ε > 0 ❡% ♦♥ ❝♦♥)✐❞>+❡ ❧✬❡♥%✐❡+ N ❞*✜♥✐ ♣❛+ (∗)✳ :♦✉+ %♦✉% n > N ✱ ♦♥ ❛ ✿

∣
∣
∣
∣
∣

n∑

k=0

ak

∣
∣
∣
∣
∣

6

n∑

k=0

|ak| =

N∑

k=0

|ak|+
n∑

k=N+1

|ak|

6

N∑

k=0

|ak|+ ε
n∑

k=N+1

bk 6

N∑

k=0

|ak|+ ε
n∑

k=0

bk (❝❛+ bk > 0)

❖♥ )✬✐♥%*+❡))❡ B ❧❛ ♣+❡♠✐>+❡ )♦♠♠❡✳ ▲✬❡♥%✐❡+ N *%❛♥% ✜①*✱ ✐❧ )✬❛❣✐% ❞✬✉♥❡ ❝♦♥)%❛♥%❡ C(N)✳ ❊% ♣✉✐)-✉❡ lim
n→+∞

(
n∑

k=0

bk

)

= +∞ ✿

N∑

k=0

|ak| = C(N) = o
n→+∞

(
n∑

k=0

bk

)

.

❆✐♥)✐✱ ✐❧ ❡①✐)%❡ ✉♥ ❡♥%✐❡+ ♥❛%✉+❡❧ N ′
%❡❧ -✉❡ ✿ ∀n > N ′,

N∑

k=0

|ak| 6 ε
n∑

k=0

bk.

❋✐♥❛❧❡♠❡♥%✱ )✐ n > max(N,N ′), ❛❧♦+)
∣
∣
∣
∣
∣

n∑

k=0

ak

∣
∣
∣
∣
∣
6 ε

n∑

k=0

bk + ε
n∑

k=0

bk = 2ε
n∑

k=0

bk.

◗✉✐%%❡ B +❡♣+❡♥❞+❡ ❧❡ +❛✐)♦♥♥❡♠❡♥% ❡♥ ❝❤❛♥❣❡❛♥% ε ❡♥ ε/2, ♦♥ ♦%✐❡♥% ❜✐❡♥ ✿

n∑

k=0

ak = o
n→+∞

(
n∑

k=0

bk

)

.

✽✹



▼❛"❤$♠❛"✐'✉❡* +❙■ ✿ ❱♦❧✉♠❡ ✶ ❙✳ ❉✐♦♥

✹✳✾✳✷ ❚%❛♥(❢♦%♠❛,✐♦♥ ❞✬❆❜❡❧ ✭❍♦%(✲7%♦❣%❛♠♠❡✮

❖♥ ♥❡ ❞♦♥♥❡ ✐❝✐ ❛✉❝✉♥ )♥♦♥❝)✱ +❡✉❧❡♠❡♥. /✉❡❧/✉❡+ ♣✐+.❡+ ❞❡ 1❡❝❤❡1❝❤❡ ❞❛♥+ ✉♥ ❝♦♥.❡①.❡ ♣❛1.✐❝✉❧✐❡1✳

❙♦✐❡♥. (un)n∈N ❡. (vn)n∈N ❞❡✉① +✉✐.❡+ ♥✉♠)1✐/✉❡+✳ ❖♥ +✬✐♥.)1❡++❡ 7 ❧❛ ♥❛.✉1❡ ❞❡
∑

unvn.

❖♥ +✉♣♣♦+❡ ❝♦♥♥❛8.1❡ ❝❡1.❛✐♥❡+ ❤②♣♦.❤:+❡+ +✉1 ✿

• ❧❛ +✉✐.❡ ❞❡+ +♦♠♠❡+ ♣❛1.✐❡❧❧❡+ (Un)n∈N =

(
n∑

k=0

uk

)

n∈N

✭♣❛1 ❡①❡♠♣❧❡ ❝♦♥✈❡1❣❡♥.❡✱ ♦✉ ❜♦1♥)❡✱✳ ✳ ✳✮✱

• ❧❛ +✉✐.❡ (vn − vn+1)n∈N

❖♥ ♣♦✉11❛ 1❡.❡♥✐1 ❧❛ ❞)♠❛1❝❤❡ /✉✐ ♣❡1♠❡. ❞✬❡①♣❧♦✐.❡1 ❝❡+ ❤②♣♦.❤:+❡+ ✿

▲✬✐❞)❡✲❝❧) ❡+. ❞✬)❝1✐1❡ un = Un − Un−1 ♣♦✉1 n ∈ N
∗
✳ ❖♥ ❛ ❛❧♦1+

n∑

k=0

ukvk = u0v0 +
n∑

k=1

(Uk − Uk−1)vk = u0v0 +
n∑

k=1

Ukvk −
n∑

k=1

Uk−1vk

= u0v0 +

n∑

k=1

Ukvk −
n−1∑

k=0

Ukvk+1 = u0v0 − U0v1 +

n−1∑

k=0

Uk(vk − vk+1) + Unvn

❊①❡8❝✐❝❡ ✭❊✸✮

❉)♠♦♥.1❡1 /✉❡ ❧❛ +✉✐.❡

(
n∑

k=0

sin(k)

)

n∈N

❡+. ❜♦1♥)❡✱ ❡. ❡♥ ❞)❞✉✐1❡ ❧❛ ❝♦♥✈❡1❣❡♥❝❡

∑ sin(n)

n
.

D♦✉1 n ∈ N, ♦♥ ♣♦+❡ Sn =
n∑

k=0

sin(k) =
n∑

k=1

sin(k).

❖♥ ♠♦♥$%❡ ❞✬❛❜♦%❞ +✉❡ ❧❛ .✉✐$❡ (Sn)n∈N ❡.$ ❜♦%♥0❡ ✭ !"# ❝❧❛##✐(✉❡ ✦✮✳

Sn =
n∑

k=0

sin(k) = Im

(
n∑

k=0

eik

)

= Im

(
1− ei(n+1)

1− ei

)

= Im

(
ei(n+1)/2

ei/2
sin((n+ 1)/2)

sin(1/2)

)

=
sin((n+ 1)/2)

sin(1/2)
Im
(

ein/2
)

=
sin((n+ 1)/2)

sin(1/2)
sin(n/2)

❊$ ❞♦♥❝ |Sn| 6
1

sin(1/2)
= M.

❖♥ ✉$✐❧✐.❡ 6 ♣%0.❡♥$ ❧✬0❣❛❧✐$0 sin(k) = Sk − Sk−1.

n∑

k=1

sin(k)

k
=

n∑

k=1

Sk − Sk−1

k
=

n∑

k=1

Sk

k
−

n∑

k=1

Sk−1

k

=
n∑

k=1

Sk

k
−

n−1∑

k=0

Sk

k + 1
=

n−1∑

k=1

Sk

(
1

k
− 1

k + 1

)

+
Sn

n
− S0

❖% S0 = 0 ❡$ ♣✉✐.+✉❡ (Sn)n∈N ❡.$ ❜♦%♥0❡✱ ♦♥ ❛ lim
n→+∞

Sn

n
= 0.

❉✬❛✉$%❡ ♣❛%$✱ ♦♥ ❛ ❧✬❡♥❝❛❞%❡♠❡♥$ .✉✐✈❛♥$✳

∣
∣
∣
∣
Sk

(
1

k
− 1

k + 1

)∣
∣
∣
∣
6 M

∣
∣
∣
∣

1

k
− 1

k + 1

∣
∣
∣
∣
= M

(
1

k
− 1

k + 1

)

=
M

k(k + 1)
6

M

k2
.

❊$ ❧❛ .0%✐❡ ❞❡ ❘✐❡♠❛♥♥✱

∑ 1

k2
❝♦♥✈❡%❣❡✱ ❞♦♥❝ ♣❛% ❝♦♠♣❛%❛✐.♦♥✱ ❧❛ .0%✐❡

∑

Sk

(
1

k
− 1

k + 1

)

❝♦♥✈❡%❣❡ ❛❜.♦❧✉♠❡♥$✳

❋✐♥❛❧❡♠❡♥$✱

n∑

k=1

sin(k)

k
❛❞♠❡$ ✉♥❡ ❧✐♠✐$❡ ✜♥✐❡ ❧♦%.+✉❡ n $❡♥❞ ✈❡%. +∞✱ ❡$ ❞♦♥❝

∑ sin(n)

n
❝♦♥✈❡%❣❡✳

✽✺


