
❈❤❛♣✐%&❡ ✷

❘❛♣♣❡❧% %✉' ❧❡% ❝♦♠♣❧❡①❡%

✷✳✶ ■♥%&♦❞✉❝%✐♦♥

 ♦✉# a ∈ R, ❧✬&'✉❛)✐♦♥ ❛❧❣&❜#✐'✉❡ (E) : x2 = a ♥✬❛ ♣❛0 )♦✉❥♦✉#0 ❞❡ 0♦❧✉)✐♦♥ ❞❛♥0 R✳

• ❙✐ a > 0 ❛❧♦#0 (E) ♣♦005❞❡ ❞❡✉① 0♦❧✉)✐♦♥0 #&❡❧❧❡0 ❞✐0)✐♥❝)❡0 ✿ x =
√
a ❡) x = −√a✳

• ❙✐ a = 0 ❛❧♦#0 (E) ♣♦005❞❡ ✉♥❡ 0♦❧✉)✐♦♥ #&❡❧❧❡ ✿ x = 0✳

• ❙✐ a < 0 ❛❧♦#0 (E) ♥✬❛ ❛✉❝✉♥❡ 0♦❧✉)✐♦♥ #&❡❧❧❡✳
❖♥ ✐♠❛❣✐♥❡ ❛❧♦#0 '✉✬♦♥ ❞✐0♣♦0❡ ❞✬✉♥ ♥♦♠❜(❡ i ✭❢♦#❝&♠❡♥) ♥♦♥ #&❡❧✮✱ 0♦❧✉)✐♦♥ ❞❡ ❧✬&'✉❛)✐♦♥ ✿

x2 = −1.

●#?❝❡ @ ❧✉✐✱ ❧❡0 &'✉❛)✐♦♥0 x2 = a ❛✈❡❝ a < 0 ♦♥) ♠❛✐♥)❡♥❛♥) ❞❡0 0♦❧✉)✐♦♥0 ✿

x2 = a ⇐⇒ x2 − a = 0 ⇐⇒ x2 − (i
√
−a)2 = 0

⇐⇒
(
x− i

√
−a
) (

x+ i
√
−a
)
= 0

⇐⇒ x = i
√
−a ♦✉ x = −i

√
−a

❖♥ ♣♦✉##❛✐) ❝♦♥0)#✉✐#❡ ✉♥ ❡♥0❡♠❜❧❡ '✉✐ ❝♦♥)✐❡♥) R ✭❧❛ ❝♦♥0)#✉❝)✐♦♥ #✐❣♦✉#❡✉0❡ ❞✉ ❝♦#♣0 C ❡0) ❤♦#0✲♣#♦❣#❛♠♠❡✮✱ ❡) ❧❡ ♥♦♠❜#❡

✐♠❛❣✐♥❛✐#❡ i✱ ♠✉♥✐ ❞✬✉♥❡ ❧♦✐ + ❡) ❞✬✉♥❡ ❧♦✐ × '✉✐ ♣#♦❧♦♥❣❡♥) ❝❡❧❧❡0 ❝♦♥♥✉❡0 0✉# R✳ ❈❡0 ❧♦✐0 ✈&#✐✜❡♥) ❝❡#)❛✐♥❡0 ♣#♦♣#✐&)&0

'✉✐ ❝♦♥❢5#❡♥) @ ❝❡) ❡♥0❡♠❜❧❡ ✉♥❡ 0)#✉❝✉)#❡ ❞❡ ❝♦(♣* ✭❤♦#0✲♣#♦❣#❛♠♠❡ ❡♥  ❙■✮✳ ❈❡) ❡♥0❡♠❜❧❡✱ '✉✐ 0✬❛♣♣❡❧❧❡ ❧❡ ❝♦(♣* ❞❡*

♥♦♠❜(❡* ❝♦♠♣❧❡①❡*✱ ❡0) ❞&✜♥✐ ♣❛# ✿

C = {a+ ib, (a, b) ∈ R}.

✷✳✷ ◆♦♠❜&❡0 ❈♦♠♣❧❡①❡0

.(♦♣♦*✐0✐♦♥ ✶

❙♦✐) z ∈ C.  ❛# ❞&✜♥✐)✐♦♥✱ ✐❧ ❡①✐0)❡ a, b ∈ R )❡❧0 '✉❡ z = a+ ib.
❉❡ ♣❧✉0✱ a ❡) b 0♦♥) ✉♥✐2✉❡*✱ a ❡0) ❛♣♣❡❧& ♣❛(0✐❡ (3❡❧❧❡ ❞❡ z✱ ❡) b ❡0) ❛♣♣❡❧& ♣❛(0✐❡ ✐♠❛❣✐♥❛✐(❡ ❞❡ z. ❖♥ ♥♦)❡ ✿

a = Re(z) ❡) b = Im(z).

▲✬&❝#✐)✉#❡ ❛❧❣&❜#✐'✉❡ ❞❡ z ❡0) z = a+ ib = Re(z) + iIm(z).

❈♦(♦❧❧❛✐(❡ ✶

• ▲✬❡♥0❡♠❜❧❡ C = {a+ ib, (a, b) ∈ R} = VectR{1, i} ❡0) ✉♥ R✲❡0♣❛❝❡ ✈❡❝)♦#✐❡❧ ❞❡ ❞✐♠❡♥0✐♦♥ ✷ ❞♦♥) (1, i) ❡0) ✉♥❡ ❜❛0❡✳
• ▲✬❡♥0❡♠❜❧❡ R = VectR{1} ❡0) ❝♦♥)❡♥✉ ❞❛♥0 C.
• ▲✬❡♥0❡♠❜❧❡ iR = VectR{i} = {ib, b ∈ R} ❡0) ❝♦♥)❡♥✉ ❞❛♥0 C, ❝✬❡0) ❧✬❡♥0❡♠❜❧❡ ❞❡0 ✐♠❛❣✐♥❛✐#❡0 ♣✉#0✳

✶✼
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❖♥ ♣❡✉% &❡♣&'(❡♥%❡& ✉♥ ❝♦♠♣❧❡①❡ z = a+ ib ♣❛& ❧❡ ♣♦✐♥% M(a, b) ❞❛♥( ❧❡ ♣❧❛♥ &'❡❧ R2. ❖♥ ❞✐% ❛❧♦&( 1✉❡ M ❡(% ❞✬❛✣①❡ z✳

+8♦♣♦*✐"✐♦♥ ✷ ✭❖♣$8❛"✐♦♥* ❞❛♥* ❧❡* ❝♦♠♣❧❡①❡*✮

❙♦✐❡♥% z = a+ ib ❡% z′ = a′ + ib′ ❞❡✉① ♥♦♠❜&❡( ❝♦♠♣❧❡①❡(✳ ❊♥ ✉%✐❧✐(❛♥% ❧✬'❣❛❧✐%' i2 = −1✱ ♦♥ ❛ ✿

z + z′ = (a+ a′) + i(b+ b′) ❡% zz′ = (aa′ − bb′) + i(ab′ + a′b).

❊% ❞♦♥❝

• Re(z + z′) = Re(z) +Re(z′) ❡% Im(z + z′) = Im(z) + Im(z′)✳

• Re(zz′) = Re(z)Re(z′)− Im(z)Im(z′) ❡% Im(zz′) = Re(z)Im(z′) + Im(z)Re(z′)✳

✷✳✸ ❈♦♥❥✉❣❛✐+♦♥✱ ♠♦❞✉❧❡ ❡1 ✐♥✈❡3+❡

✷✳✸✳✶ ❉%✜♥✐)✐♦♥+ ❡) ♣.♦♣.✐%)%+

❉$✜♥✐"✐♦♥ ✶

❖♥ ♠✉♥✐% R2
❞❡ (❛ (%&✉❝%✉&❡ ❡✉❝❧✐❞✐❡♥♥❡ ✉(✉❡❧❧❡✱ ❡% ❞✬✉♥ &❡♣:&❡ ♦&%❤♦♥♦&♠' R =

(

O, e1, e2

)

. ❙♦✐% z = a + ib ∈ C ❡% M

❧❡ ♣♦✐♥% ❞❡ R2
❞✬❛✣①❡ z. ❖♥ ❛♣♣❡❧❧❡ ✿

• ♠♦❞✉❧❡ ❞❡ z ❧❛ ❧♦♥❣✉❡✉& OM ❡% ♦♥ ♥♦%❡ ✿

|z| = OM =
√

a2 + b2.

• ❝♦♥❥✉❣✉$ ❞❡ z✱ ❧❡ ♥♦♠❜&❡ ❝♦♠♣❧❡①❡ z̄ = a− ib.

❆✐♥(✐✱ ❧❡ ♣♦✐♥% M ′
❞✬❛✣①❡ z̄ ❡% ❧❡ (②♠'%&✐1✉❡ ♣❛& &❛♣♣♦&% ? (Ox) ❞✉ ♣♦✐♥% M.

■❧❧✉*"8❛"✐♦♥ ❣8❛♣❤✐'✉❡ ✿

• ▲✬❛①❡ (Ox) ❡(% ❧✬❡♥(❡♠❜❧❡ ❞❡( ♣♦✐♥%( ❞♦♥%
❧✬❛✣①❡ ❡(% &'❡❧❧❡✳

• ▲✬❛①❡ (Oy) ❡(% ❧✬❡♥(❡♠❜❧❡ ❞❡( ♣♦✐♥%( ❞♦♥%
❧✬❛✣①❡ ❡(% ✐♠❛❣✐♥❛✐&❡ ♣✉&❡✳

+8♦♣♦*✐"✐♦♥ ✸ ✭+8♦♣8✐$"$* ❞❡ ❧❛ ❝♦♥❥✉❣❛✐*♦♥✮

❙♦✐❡♥% z ❡% z′ ❞❡✉① ♥♦♠❜&❡( ❝♦♠♣❧❡①❡(✳ ❖♥ ❛ ❧❡( ♣&♦♣&✐'%'( (✉✐✈❛♥%❡(✳

• (z̄) = z • z + z′ = z̄ + z̄′ • zz′ = z̄z̄′

+8♦♣♦*✐"✐♦♥ ✹ ✭+8♦♣8✐$"$* ❞✉ ♠♦❞✉❧❡✮

❙♦✐❡♥% z = a+ ib ❡% z′ ❞❡✉① ♥♦♠❜&❡( ❝♦♠♣❧❡①❡(✳ ❖♥ ❛ ❧❡( ♣&♦♣&✐'%'( (✉✐✈❛♥%❡(✳

• z = 0 ⇐⇒ |z| = 0

• |z|2 = zz̄ ❡% ❞♦♥❝ (✐ z 6= 0 ❛❧♦&(
1

z
=

1

a+ ib
=

z̄

|z|2 =
a− ib

a2 + b2
.

• |z| = |z̄|
• |zz′| = |z||z′| ❡% (✐ z′ 6= 0 ❛❧♦&(

∣
∣
∣
z

z′

∣
∣
∣ =

|z|
|z′|

✶✽
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+6♦♣♦*✐"✐♦♥ ✺ ✭▲✐❡♥* ❛✈❡❝ ♣❛6"✐❡* 6$❡❧❧❡ ❡" ✐♠❛❣✐♥❛✐6❡✮

❙♦✐# z = a+ ib ∈ C. ❖♥ ❛ ✿

• Re(z) =
z + z̄

2
❡# Im(z) =

z − z̄

2i
• |Re(z)| = |a| 6

√
a2 + b2 = |z| ❡# |Im(z)| = |b| 6

√
a2 + b2 = |z|✳

❊①❡♠♣❧❡ ✷✳✶✳ ❘!"♦✉❞&❡ ❞❛♥" C ❧✬!,✉❛-✐♦♥ (E) : zz̄ + 3(z − z̄) = 13 + 18i.

❈♦6♦❧❧❛✐6❡ ✷ ✭❈❛6❛❝"$6✐*❛"✐♦♥ ❞❡* 6$❡❧* ❡" ❞❡* ✐♠❛❣✐♥❛✐6❡* ♣✉6*✮

❙♦✐# z ∈ C. ❖♥ ❛ ❧❡+ ,-✉✐✈❛❧❡♥❝❡+ +✉✐✈❛♥#❡+ ✿

• z ∈ R ⇐⇒ Im(z) = 0 ⇐⇒ z̄ = z.
• z ∈ iR ⇐⇒ Re(z) = 0 ⇐⇒ z̄ = −z.

✷✳✸✳✷ ❆✣①❡ ❞✬✉♥ ✈❡❝-❡✉. ❡- ✐♥0❣❛❧✐-0 -.✐❛♥❣✉❧❛✐.❡

❉$✜♥✐"✐♦♥ ✷

❖♥ ♠✉♥✐# R2
❞❡ +❛ +#3✉❝#✉3❡ ❡✉❝❧✐❞✐❡♥♥❡ ✉+✉❡❧❧❡✱ ❡# ❞✬✉♥ 3❡♣73❡ ♦3#❤♦♥♦3♠, R =

(

O, e1, e2

)

.

❖♥ ❞✐# -✉✬✉♥ ✈❡❝#❡✉3 v ❞❡ R2
❡+# ❞✬❛✣①❡ z = a+ ib ∈ C +✐ +❡+ ❝♦♦3❞♦♥♥,❡+ ❞❛♥+ ❧❛ ❜❛+❡ (e1, e2) +♦♥# (a, b)✱ ❛✉#3❡♠❡♥# ❞✐#

+✐ v = ae1 + be2.

+6♦♣♦*✐"✐♦♥ ✻

❙♦✐❡♥# v ❡# v′ ❞❡✉① ✈❡❝#❡✉3+ ❞❡ R2
❞✬❛✣①❡+ 3❡+♣❡❝#✐✈❡+ z ❡# z′.

• ▲❛ ♥♦3♠❡ ❞✉ ✈❡❝#❡✉3 v ❡+# ‖v‖ = |z|.
• ▲✬❛✣①❡ ❞✉ ✈❡❝#❡✉3 v + v′ ❡+# z + z′.

• ❙✐ α ❡+# ✉♥ 6$❡❧ ❛❧♦3+ ❧❡ ✈❡❝#❡✉3 αv ❡+# ❞✬❛✣①❡ αz.

❙✐ M ❡# M ′
+♦♥# ❞❡✉① ♣♦✐♥#+ ❞✬❛✣①❡+ 3❡+♣❡❝#✐✈❡+ z ❡# z′✱ ❛❧♦3+ ❧❡ ✈❡❝#❡✉3

−−−→
MM ′

❡+# ❞✬❛✣①❡ z′ − z.

=❛3 ❝♦♥+❡-✉❡♥#✱ ♦♥ ❛ MM ′ =
∥
∥
∥
−−−→
MM ′

∥
∥
∥ = |z − z′|.

■❧❧✉*"6❛"✐♦♥ ❣6❛♣❤✐'✉❡ ✿

✶✾
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+6♦♣♦*✐"✐♦♥ ✼ ✭■♥$❣❛❧✐"$* "6✐❛♥❣✉❧❛✐6❡*✮

 ♦✉# $♦✉% z, z′ ∈ C✱ ♦♥ ❛ ✿

• |z + z′| 6 |z|+ |z′|. ✭✶✮

• |z| − |z′| 6

∣
∣
∣|z| − |z′|

∣
∣
∣ 6 |z + z′|. ✭✷✮

■❧❧✉*"6❛"✐♦♥ ❣6❛♣❤✐'✉❡ ✿

✷✳✸✳✸ ➱$✉❛'✐♦♥ ❞✬✉♥ ❝❡/❝❧❡

❖♥ ♠✉♥✐$ R2
❞❡ %❛ %$#✉❝$✉#❡ ❡✉❝❧✐❞✐❡♥♥❡ ✉%✉❡❧❧❡✱ ❡$ ❞✬✉♥ #❡♣7#❡ ♦#$❤♦♥♦#♠9 R =

(

O, e1, e2

)

.

❙♦✐❡♥$ Ω ❧❡ ♣♦✐♥$ ❞✬❛✣①❡ ω = a+ ib ❡$ R ✉♥ #9❡❧ %$#✐❝$❡♠❡♥$ ♣♦%✐$✐❢✳ ❖♥ ♥♦$❡ C(Ω, R) ❧❡ ❝❡#❝❧❡ ❞❡ ❝❡♥$#❡ Ω ❡$ ❞❡ #❛②♦♥ R✱ ❡$
D(Ω, R) ❧❡ ❞✐%@✉❡ ♦✉✈❡#$ ❞❡ ❝❡♥$#❡ Ω ❡$ ❞❡ #❛②♦♥ R✳
 ♦✉# $♦✉$ ♣♦✐♥$ M ❞✬❛✣①❡ z = x+ iy✱ ♦♥ ❛ ❧❡% 9@✉✐✈❛❧❡♥❝❡% %✉✐✈❛♥$❡%✳

M ∈ C(Ω, R) ⇐⇒ ΩM = R

⇐⇒ |z − ω| = R ⇐⇒ |z − ω|2 = R2

⇐⇒ (x− a)2 + (y − b)2 = R2

❉❡ ♠C♠❡ ✿

M ∈ D(Ω, R) ⇐⇒ ΩM < R ⇐⇒ |z − ω| < R

⇐⇒ (x− a)2 + (y − b)2 < R2

❊①❡6❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❘❡♣#9%❡♥$❡# ❧✬❡♥%❡♠❜❧❡ E ❞❡% ♣♦✐♥$% M ❞✬❛✣①❡ z $❡❧% @✉❡ Z =
5z − 2

z − 1
%♦✐$ ✐♠❛❣✐♥❛✐#❡ ♣✉#✳

✷✵



U 1

U = {z ∈ C, |z| = 1}.
R2 U O 1.

• z z′ U zz′

• z U −z z̄

• z U |z|2 = zz̄ = 1
1

z
= z̄ U.

z = x+ iy ∈ U.

x2 + y2 = 1 M z

O 1.

t 2π

x = cos(t) y = sin(t)

z = cos(t) + i sin(t).

z ∈ U, t 2π z = cos(t) + i sin(t).

z = eit.
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+6♦♣♦*✐"✐♦♥ ✽

 ♦✉# $♦✉% a ❡$ b ❞❛♥% R✱ ♦♥ ❛ ✿

• cos(a+ b) = cos(a) cos(b)− sin(a) sin(b)

• cos(a− b) = cos(a) cos(b) + sin(a) sin(b)

• sin(a+ b) = sin(a) cos(b) + cos(a) sin(b)

• sin(a− b) = sin(a) cos(b)− cos(a) sin(b)

+6♦♣♦*✐"✐♦♥ ✾

 ♦✉# $♦✉% θ, θ′ ∈ R✱ ♦♥ ❛ ✿

• eiθ = eiθ
′ ⇐⇒ θ ≡ θ [2π]

• eiθ = e−iθ • eiθ × eiθ
′

= ei(θ+θ′)

• 1

eiθ
= e−iθ • eiθ

eiθ′
= ei(θ−θ′)

+6❡✉✈❡✳

✷

✷✷
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❊♥ ✉#✐❧✐&❛♥# ❧❡ )✉❛#*✐+♠❡ ♣♦✐♥#✱ ♦♥ ♠♦♥#*❡*❛✐# ❧❡ *0&✉❧#❛# &✉✐✈❛♥# ♣❛* *0❝✉**❡♥❝❡ &✉* n ∈ N✳ 4✉✐& ❡♥ ✉#✐❧✐&❛♥#✱ ❧❡ #*♦✐&✐+♠❡

♣♦✐♥#✱ ♦♥ 0#❡♥❞*❛✐# ❧✬0❣❛❧✐#0 8 n ∈ Z.

❈♦7♦❧❧❛✐7❡ ✸ ✭❋♦7♠✉❧❡ ❞❡ ▼♦✐✈7❡✮

∀θ ∈ R, ∀n ∈ Z,
(
eiθ
)n

= einθ,

❝❡ )✉✐ &✬0❝*✐# ❛✉&&✐

(

cos(θ) + i sin(θ)
)n

= cos(nθ) + i sin(nθ).

❊①❡♠♣❧❡ ✷✳✷✳ ❊①♣#✐♠❡# cos(4t) ❡♥ ❢♦♥❝+✐♦♥ ❞❡ cos(t) ❡+ sin(t), ♣✉✐. ❝♦♠♠❡ ✉♥ ♣♦❧②♥1♠❡ ❡♥ cos(t).

❊♥ ✉#✐❧✐&❛♥# ❧❡& ♣*♦♣*✐0#0& ♣*0❝0❞❡♥#❡&✱ ♦♥ ♦❜#✐❡♥# ❛✉&&✐ #*+& ❢❛❝✐❧❡♠❡♥# ❧❡ *0&✉❧#❛# &✉✐✈❛♥#✳

+7♦♣♦*✐"✐♦♥ ✶✵ ✭❋♦7♠✉❧❡* ❞✬❊✉❧❡7✮

4♦✉* #♦✉# θ ∈ R✱ ♦♥ ❛ ✿

cos(θ) = Re(eiθ) =
eiθ + e−iθ

2
❡# sin(θ) = Im(eiθ) =

eiθ − e−iθ

2i

✷✳✹✳✸ ❚❡❝❤♥✐*✉❡, ❞❡ ❝❛❧❝✉❧, 0 ♠❛234✐,❡4

▲✐♥$❛7✐*❛"✐♦♥*

❖♥ ❛ ♣❛*❢♦✐& ❜❡&♦✐♥ ❞❡ ❧✐♥0❛✐*✐&❡* ❞❡& ❡①♣*❡&&✐♦♥& ❞✉ #②♣❡ cosn(x)✱ sinp(x) ♦✉ ❡♥❝♦*❡ cosn(x) sinp(x)✱ ♣❛* ❡①❡♠♣❧❡ ♣♦✉* ❡♥
❝❤❡*❝❤❡* ❞❡& ♣*✐♠✐#✐✈❡&✱ ♦✉ ❡♥❝♦*❡ ❞❡& ❞0✈❡❧♦♣♣❡♠❡♥#& ❡♥ &0*✐❡ ❡♥#✐+*❡✳

❖♥ ♣❡✉# ♣♦✉* ❝❡❧❛ ✿

• ❯#✐❧✐&❡* ❧❡ ❢♦*♠✉❧❛✐*❡✳
♦✉

• ❊①♣*✐♠❡* cosn(x) ❡# sinp(x) ❡♥ ♣❛*#❛♥# ❞❡& ❢♦*♠✉❧❡& ❞✬❊✉❧❡*✱ ❞0✈❡❧♦♣♣❡* ❝♦♠♣❧+#❡♠❡♥# ❡♥ ✉#✐❧✐&❛♥# ❧❛ ❢♦*♠✉❧❡ ❞✉ ❜✐♥A♠❡
❞❡ ◆❡✇#♦♥✱ ❡# ❡♥✜♥ *❡❣*♦✉♣❡* ❧❡& #❡*♠❡& eikx ❡# e−ikx

♣♦✉* ❢❛✐*❡ ❛♣♣❛*❛E#*❡ ❞❡& #❡*♠❡& cos(kx) ♦✉ sin(kx)✳

❊①❡♠♣❧❡ *✐♠♣❧❡ ✿ ▲✐♥0❛*✐&♦♥& cos3(x) sin(x) ❞❡ ❞❡✉① ❢❛G♦♥&✳

cos3(x) sin(x) = cos2(x) cos(x) sin(x) =
1

4
(1 + cos(2x)) sin(2x)

=
1

4
sin(2x) +

1

4
cos(2x) sin(2x) =

1

4
sin(2x) +

1

8
sin(4x)

♦✉

cos3(x) sin(x) =
1

24i

(
eix + e−ix

)3(
eix − e−ix

)

=
1

24i

(
ei3x + 3eix + 3e−ix + e−i3x

)(
eix − e−ix

)

=
1

24i

(
ei4x + (3− 1)ei2x + (1− 3)e−i2x − e−i4x + (3− 3)ei0x

)

=
1

8
.
1

2i

(
(ei4x − ei4x) + 2(ei4x − ei4x)

)

=
1

8
(sin(4x) + 2 sin(2x))

✷✸



▼❛"❤$♠❛"✐'✉❡* +❙■ ✿ ❱♦❧✉♠❡ ✶ ❙✳ ❉✐♦♥

❊①❡♠♣❧❡ ✷✳✸✳ ▲✐♥#❛✐%✐&❡% sin5(x).

▼$"❤♦❞❡ ❞❡ ❧✬❛=❝ ♠♦✐"✐$

❖♥ ❡#$ ♣❛'❢♦✐# ❛♠❡♥, - ❢❛❝$♦'✐#❡' ❞❡# ❡①♣'❡##✐♦♥ ❞✉ $②♣❡ eip ± eiq ♣❛' ❡①❡♠♣❧❡ ♣♦✉' ❡♥ ❞,$❡'♠✐♥❡' ❧❡ ♠♦❞✉❧❡ ❡$ ❧✬❛'❣✉♠❡♥$✱
♦✉ ♣♦✉' ❡♥ ❞,$❡'♠✐♥❡' ❧❛ ♣❛'$✐❡ ',❡❧❧❡ ❡$ ❧❛ ♣❛'$✐❡ ✐♠❛❣✐♥❛✐'❡✳

❖♥ '❡$✐❡♥❞'❛ ❧❛ ✓ ♠,$❤♦❞❡ ✔♣❧✉$;$ <✉❡ ❧❡ ',#✉❧$❛$ ❧✉✐✲♠>♠❡✳ ▲✬✐❞,❡ ❡#$ ❞❡ ❝♦♥#✐❞,'❡' ❧✬❛♥❣❧❡ ♠♦✐*✐#

p+ q

2
.

❖♥ ❛ ❞♦♥❝ p =
p+ q

2
+

p− q

2
❡$ q =

p+ q

2
− p− q

2
✱ ❡$ ❧❡# ♣'♦♣'✐,$,# ❛❧❣,❜'✐<✉❡# ❞❡ ❧❛ ❢♦♥❝$✐♦♥ ❡①♣♦♥❡♥$✐❡❧❧❡ ❝♦♠♣❧❡①❡✱ ♥♦✉#

♣❡'♠❡$$❡♥$ ❞❡ ❢❛✐'❡ ❛♣♣❛'❛A$'❡ ❧❡# ❢♦'♠✉❧❡# ❞✬❊✉❧❡'✳

+=♦♣♦*✐"✐♦♥ ✶✶

C♦✉' $♦✉$ p, q ∈ R✱ ♦♥ ❛ ✿

• eip + eiq = ei
p+q

2

(

ei
p−q

2 + e−i p−q

2

)

= 2 cos

(
p− q

2

)

ei
p+q

2

• eip − eiq = ei
p+q

2

(

ei
p−q

2 − e−i p−q

2

)

= 2i sin

(
p− q

2

)

ei
p+q

2

C♦✉' $♦✉$ t ∈ R✱ ♦♥ ❛ ✿

• 1 + eit = ei
t
2

(

e−i t
2 + ei

t
2

)

= 2 cos

(
t

2

)

ei
t
2

• 1− eit = ei
t
2

(

e−i t
2 − ei

t
2

)

= −2i sin
(
t

2

)

ei
t
2

❊①❡=❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

C♦✉' n ∈ N ❡$ θ ∈ R✱ ❝❛❧❝✉❧❡' ❧❡# #♦♠♠❡# #✉✐✈❛♥$❡#✳

Cn =
n∑

k=0

(
n

k

)

cos(kθ) ❡$ Sn =
n∑

k=0

(
n

k

)

sin(kθ)

✷✹



n ∈ N θ ∈ R

Cn =
n∑

k=0

cos(kθ) Sn =
n∑

k=0

sin(kθ)

z

1.

z |z|
1.
z

|z| U θ 2π

z

|z| = eiθ z = |z|eiθ.

z r = |z|. θ 2π

• z = reiθ

• z = r(cos(θ) + i sin(θ))

θ
̂

(e1,
−−→
OM) M z.

θ z.

θ ≡ Arg(z)[2π].
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❊①❡♠♣❧❡ ✷✳✹✳ ➱❝"✐"❡ %♦✉% ❢♦"♠❡ ❡①♣♦♥❡♥-✐❡❧❧❡ ❧❡ ❝♦♠♣❧❡①❡ z = 1 + i
√
3.

❊①❡♠♣❧❡ ✷✳✺✳ ❉♦♥♥❡" ❧❡ ♠♦❞✉❧❡ ❡- ❧✬❛"❣✉♠❡♥- ❞❡ z = −3eiα ♣♦✉" α ∈ R.

❖♥ ♣❡✉% ✉%✐❧✐(❡) ❧❡( ♣)♦♣)✐+%+( ❞❡ ❧✬❡①♣♦♥❡♥%✐❡❧❧❡ eiθ ♣♦✉) ♦❜%❡♥✐) ❞❡( ♣)♦♣)✐+%+( (✉) ❧❡( ❛)❣✉♠❡♥%(✳

+<♦♣♦*✐"✐♦♥ ✶✷

❙♦✐❡♥% z ❡% z′ ❞❡✉① ♥♦♠❜)❡( ❝♦♠♣❧❡①❡( ♥♦♥ ♥✉❧(✳ ❖♥ ❛ ✿

• Arg (z̄) ≡ −Arg(z) [2π]

• Arg(zz′) ≡ Arg(z) + Arg(z′) [2π]

• Arg

(
1

z

)

≡ −Arg(z) [2π]

• Arg
( z

z′

)

≡ Arg(z)−Arg(z′) [2π]

+<❡✉✈❡✳ ❖♥ ♥♦%❡ r = |z| > 0 ❡% r′ = |z′| > 0✳ ❆✐♥(✐✱ (✐ θ ❡% θ′ (♦♥% ❞❡( ❛)❣✉♠❡♥%( ❞❡ z ❡% z′ )❡(♣❡❝%✐✈❡♠❡♥%✱ ♦♥ ❛ ✿ z = reiθ

❡% z′ = r′eiθ
′

.

✷

❊①❡<❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

✶✳ ❉+%❡)♠✐♥❡) ❞❡( )+❡❧( A ✭❛♠♣❧✐%✉❞❡✮ ❡% ϕ ✭❞+♣❤❛(❛❣❡✮ %❡❧( ?✉❡ ♣♦✉) %♦✉% t ∈ R✱ ♦♥% ❛✐% ✿ 2 cos(t)−3 sin(t) = A cos(t−ϕ).
✷✳ ❊♥ ❞+❞✉✐)❡ ❧❛ )+(♦❧✉%✐♦♥ ❞❡ (E) : 2 cos(t)− 3 sin(t) = 0.

✷✻



n

r, r′ ∈ R θ, θ′ ∈ R,

reiθ = r′eiθ
′ ⇐⇒







r = r′

θ ≡ θ′[2π]

n n

zn = 1.

0 z z = ρeiθ

ρ θ 2π.

zn = 1 ⇐⇒ ρneinθ = 1 = 1ei.0

⇐⇒







ρn = 1 ( ρn > 0)

nθ ≡ 0[2π]

⇐⇒







ρ = 1 ( ρ > 0)

∃k ∈ Z, nθ = 0 + 2kπ

⇐⇒







ρ = 1

∃k ∈ Z, θ =
2kπ

n

2iπ

zn = 1 ⇐⇒







ρ = 1

∃k ∈ [[0, n− 1]], θ =
2kπ

n
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✷✳✻✳✷ ❈❛% ♣❛'(✐❝✉❧✐❡' ✿ '❛❝✐♥❡% ❝❛''0❡%

❉❛♥# ❝❡ ❝❛# ♣'(❝✐#✱ ♦♥ ♣❡✉- ❝❤❡'❝❤❡' ❧❡# #♦❧✉-✐♦♥# #♦✐- #♦✉# ❢♦'♠❡ ❡①♣♦♥❡♥-✐❡❧❧❡ ✭❝❢ ❝✐✲❞❡##✉#✮✱ #♦✐- #♦✉# ❢♦'♠❡ ❛❧❣(❜'✐9✉❡✳ ■❧

❢❛✉❞'❛ ♣'❡♥❞'❡ ❞❡ ❧❡ -❡♠♣# ❞❡ '(✢(❝❤✐' = ❧❛ #♦❧✉-✐♦♥ ❧❛ ♣❧✉# ❛❞❛♣-(❡✳

• ❙♦✉* ❧❛ ❢♦7♠❡ "7✐❣♦♥♦♠$"7✐'✉❡ ✿ ❙♦✐- Z ∈ C✳ ❖♥ ❝❤❡'❝❤❡ z ∈ C -❡❧ 9✉❡ Z = z2.

− ❙✐ Z = 0 ❛❧♦'# ✿ Z = z2 ⇐⇒ z = 0 ✭✉♥❡ #❡✉❧❡ #♦❧✉-✐♦♥✮✳

− ❙✐ Z 6= 0✱ ♦♥ ♥♦-❡ R = |Z| > 0 ❡- θ ≡ Arg(Z)[2π]✳ ❆✐♥#✐ Z = Reiθ.

▲❡ ❝♦♠♣❧❡①❡ z = 0 ♥✬❡#- ♣❛# #♦❧✉-✐♦♥ ❞❡ Z = z2✱ ♦♥ ❝❤❡'❝❤❡ ❞♦♥❝ ❧❡#
#♦❧✉-✐♦♥# #♦✉# ❧❡✉' ❢♦'♠❡ ❡①♣♦♥❡♥-✐❡❧❧❡ z = reiα ❛✈❡❝ r > 0 ❡- αinR.

❖♥ ❛ ❧❡# (9✉✐✈❛❧❡♥❝❡# #✉✐✈❛♥-❡#✳

Z = z2 ⇐⇒ Reiθ = (reiα)2 = r2e2iα

⇐⇒







R = r2 (❝❛' R, r2 ∈]0,+∞[)
❡-

θ ≡ 2α[2π]

⇐⇒







r =
√
R (❝❛' r > 0)

❡-

∃k ∈ Z, θ = 2α+ 2kπ

⇐⇒







r =
√
R

❡-

∃k ∈ Z, α =
θ

2
+ kπ

⇐⇒ z = eiθ/2 ♦✉ z = eiθ/2+π = −eiθ/2

• ❙♦✉* ❧❛ ❢♦7♠❡ ❛❧❣$❜7✐'✉❡ ✿ ❖♥ (❝'✐- Z = A+ iB ❡- ♦♥ ❝❤❡'❝❤❡ z = a+ ib -❡❧ 9✉❡ Z = z2.
❖♥ ✐❞❡♥-✐✜❡ ♣❛'-✐❡# '(❡❧❧❡ ❡- ✐♠❛❣✐♥❛✐'❡✳ ▲❛ '(#♦❧✉-✐♦♥ ❡#- ❜❡❛✉❝♦✉♣ ♣❧✉# '❛♣✐❞❡ ❡♥ ❛❥♦✉-❛♥- ❛✉ #②#-H♠❡ ❧✬(❣❛❧✐-( ❞❡# ♠♦❞✉❧❡#✳

■❧ ❢❛✉" ❛❜*♦❧✉♠❡♥" ② ♣❡♥*❡7✳

Z = z2 ⇐⇒ A+ iB = (a+ ib)2 = a2 − b2 + 2iab

⇐⇒







a2 − b2 = A (1)
2ab = B (2)

|Z| = |z|2 ✐✳❡✳ a2 + b2 =
√
A2 +B2 (3)

▲❡# (❣❛❧✐-(# (1) ❡- (3) ♣❡'♠❡--❡♥- ❞❡ ❝❛❧❝✉❧❡' a2 ❡- b2✳ ❊- ♦♥ ♦❜-✐❡♥- ❡①❛❝-❡♠❡♥- ❞❡✉① #♦❧✉-✐♦♥# ♦♣♣♦#(❡# ♣♦✉' z ❡♥ ✉-✐❧✐#❛♥-
(2) 9✉✐ ❞♦♥♥❡ ❧❡ #✐❣♥❡ ❞✉ ♣'♦❞✉✐- ab✳

❊①❡7❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❈❛❧❝✉❧❡& ❧❡' &❛❝✐♥❡' ❝❛&&*❡' ❞❡ Z = −7− 24i✳

✷✽
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✷✳✼ ➱$✉❛'✐♦♥ ❛❧❣-❜/✐$✉❡1 ❞❡ ❞❡❣/- ❞❡✉①

▲❛ "#$♦❧✉(✐♦♥ $❡ ❢❛✐( ❝♦♠♠❡ ❞❛♥$ R, 0 ❝❡❝✐ ♣"2$ 3✉❡✱ ❞❛♥$ C✱ ✉♥ ♥♦♠❜"❡ ❝♦♠♣❧❡①❡ ♥♦♥ ♥✉❧ ❛ (♦✉❥♦✉"$ ❞❡✉① "❛❝✐♥❡$ ❝❛""#❡$
❞✐$(✐♥❝(❡$✳

❆✐♥$✐✱ ❧♦"$3✉❡ ❧❡ ❞✐$❝"✐♠✐♥❛♥( ∆ ❡$( ♥♦♥ ♥✉❧✱ ❧✬#3✉❛(✐♦♥ ❞❡ ❞❡❣"# 2 ❛$$♦❝✐#❡ ❛ ❡①❛❝(❡♠❡♥( ❞❡✉① $♦❧✉(✐♦♥$ ❞✐$(✐♥❝(❡$✱ ❡( ❧♦"$3✉❡
∆ = 0✱ ❡❧❧❡ ❛ ✉♥❡ $♦❧✉(✐♦♥ ❞♦✉❜❧❡✳

❊①❡9❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❉#(❡"♠✐♥❡" ❧❡$ $♦❧✉(✐♦♥$ ❞❡ ✿ (12− 3i)z2 − 8iz + 32i = 0.

✷✳✽ ❊①♣♦♥❡♥'✐❡❧❧❡ ❝♦♠♣❧❡①❡

➚ ❝❡ $(❛❞❡✱ exp(z) = ez ❡$( ❞#✜♥✐❡ ♣♦✉" z ∈ R ✭❧❡ ❢♦♥❝(✐♦♥ ❡①♣♦♥❡♥(✐❡❧❧❡ ❡$( ❧✬✉♥✐3✉❡ $♦❧✉(✐♦♥ $✉" R ❞❡ y′ = y ✈#"✐✜❛♥(

y(0) = 1✮ ❡( ♣♦✉" z = it ✐♠❛❣✐♥❛✐"❡ ♣✉"✳ ❉❛♥$ ❝❡ ♣❛"❛❣"❛♣❤❡✱ ♦♥ ❞♦♥♥❡ ✉♥❡ ❞#✜♥✐(✐♦♥ ❞❡ exp(z) ♣♦✉" z ∈ C ❡( 3✉✐ ♣"♦❧♦♥❣❡

❝❡❧❧❡$ 3✉❡ ❧✬♦♥ ❝♦♥♥❛D( ❞#❥❛✳

✷✳✽✳✶ ❉%✜♥✐)✐♦♥

❉$✜♥✐"✐♦♥ ✻

E♦✉" (♦✉( z = x+ iy ∈ C ❛✈❡❝ (x, y) ∈ R2
✱ ♦♥ ♣♦*❡ ✿

ez = exp(z) = ex × eiy = ex
(

cos(y) + i sin(y)
)

.

❆✐♥$✐ ✿

• ❙✐ z = x ∈ R✱ ❛❧♦"$ ez = ex × ei0 = ex
(

cos(0) + i sin(0)
)

= ex.

• ❙✐ z = iy ∈ iR✱ ❛❧♦"$ ez = e0 × eiy = eiy.

❊①❡♠♣❧❡ ✷✳✻✳ ❈❛❧❝✉❧❡& ez ❛✈❡❝ z = ln(2) + i
π

3
.

✷✾
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❖♥ ❛ ❧❡% ♣'❡♠✐*'❡% ♣'♦♣'✐,-,% %✉✐✈❛♥-❡%✳

+6♦♣♦*✐"✐♦♥ ✶✹

1♦✉' -♦✉- z = x+ iy ∈ C ❛✈❡❝ (x, y) ∈ R2
✱ ♦♥ ❛ ✿

• |ez| = |ex × eiy| = | ex
︸︷︷︸

>0

| × |eiy|
︸︷︷︸

=1

= ex.

❊♥ ♣❛'-✐❝✉❧✐❡'✱ ez 6= 0✳

• ez = ex × eiy ❛✈❡❝ ex > 0 ❞♦♥❝ Arg(ez) = y.

✷✳✽✳✷ #$♦♣$✐()(*

+6♦♣♦*✐"✐♦♥ ✶✺ ✭+6♦♣6✐$"$ ❢♦♥❞❛♠❡♥"❛❧❡✮

1♦✉' -♦✉- (z, z′) ∈ C2, ♦♥ ❛ ✿

ez+z′ = ez × ez
′

.

+6❡✉✈❡✳

✷

❖♥ ♣♦✉''❛✐- ❡♥ ❞,❞✉✐'❡ ❧❡% ♣'♦♣'✐,-,% %✉✐✈❛♥-❡%✳

❈♦6♦❧❧❛✐6❡ ✹

1♦✉' -♦✉- (z, z′) ∈ C2, ♦♥ ❛ ✿

• (ez)−1 =
1

ez

• ez−z′ =
ez

ez′

• ♣♦✉' -♦✉- n ∈ Z✱ (ez)n = enz.

+6♦♣♦*✐"✐♦♥ ✶✻ ✭+$6✐♦❞✐❝✐"$✮

1♦✉' -♦✉- (z, z′) ∈ C2, ♦♥ ❛ ✿

ez = ez
′ ⇐⇒ ∃k ∈ Z, z = z′ + 2ikπ

⇐⇒ z − z′ ∈ 2iπZ

✸✵
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+6❡✉✈❡✳

✷

❊①❡♠♣❧❡ ✷✳✼✳ ❘!"♦✉❞&❡ (E) : ez = 2i.

 ❧✉# ❣%♥%'❛❧❡♠❡♥+✱ #✐ a = reiθ ❡#+ ✉♥ ♥♦♠❜'❡ ❝♦♠♣❧❡①❡ ♥♦♥ ♥✉❧ ❞♦♥♥% #♦✉# #❛ ❢♦'♠❡ ❡①♣♦♥❡♥+✐❡❧❧❡✱ ♣♦✉' +♦✉+ z = x+ iy ∈ C,
♦♥ ❛ ❧❡# %5✉✐✈❛❧❡♥❝❡# #✉✐✈❛♥+❡# ✿

ez = a ⇐⇒ ex × eiy = r × eiθ

⇐⇒







ex = r (❝❛' r, ex ∈]0,+∞[)
❡+

y ≡ θ[2π]

⇐⇒







x = ln(r) (❝❛' r > 0)
❡+

∃k ∈ Z, y = θ + 2kπ

⇐⇒ ∃k ∈ Z, z = x+ iy = ln(r) + iθ + 2ikπ

❊♥ ❝♦♥#%5✉❡♥❝❡✱ ♦♥ ❛ ✿

• ▲✬❛♣♣❧✐❝❛+✐♦♥ exp : C −→ C ♥✬❡#+ ♣❛# #✉'❥❡❝+✐✈❡✱ ❝❛' 0 ∈ C ♥✬❛ ♣❛# ❞✬❛♥+%❝%❞❡♥+✳

• ❚♦✉+ %❧%♠❡♥+ ❞❡ C∗ = {z ∈ C, z 6= 0} ♣♦##>❞❡ ❛✉ ♠♦✐♥# ✉♥ ❛♥+%❝%❞❡♥+ ❞❛♥# C ♣❛' ❧✬❛♣♣❧✐❝❛+✐♦♥ ❡①♣♦♥❡♥+✐❡❧❧❡✳

• ▲✬❛♣♣❧✐❝❛+✐♦♥ exp ♥✬❡#+ ♣❛# ✐♥❥❡❝+✐✈❡✱ ❝❛' ❛✈❡❝ ❧❡# ♥♦+❛+✐♦♥# ♣'%❝%❞❡♥+❡#✱ ❧❡ ❝♦♠♣❧❡①❡ ♥♦♥ ♥✉❧ a ♣♦##>❞❡ ✉♥❡ ✐♥✜♥✐+%
❞✬❛♥+%❝%❞❡♥+# @ #❛✈♦✐' ✿

{ln(r) + iθ + 2ikπ, k ∈ Z}.

❈❡❧❛ ♥✬❛ ❞♦♥❝ ❛✉❝✉♥ #❡♥# ❞✬%✈♦5✉❡' ✓ ❧❛ ❜✐❥❡❝+✐♦♥ '%❝✐♣'♦5✉❡ ✔ ❞❡ ❧❛ ❢♦♥❝+✐♦♥ ❡①♣♦♥❡♥+✐❡❧❧❡✱

❧♦'#5✉✬✐❧ #✬❛❣✐+ ❞✬❡①♣♦♥❡♥+✐❡❧❧❡ ❝♦♠♣❧❡①❡✳

✸✶



R2 R = (O, e1, e2) z
R2 z

A,B,C R2 a, b, c ∈ C

Arg

(
b− a

c− a

)

=
̂

(
−−→
AB,

−→
AC).

• A,B,C ⇐⇒ b− a

c− a
∈ R

• (AB) ⊥ (AC) ⇐⇒ b− a

c− a
∈ iR

✷

R2 A B

M [A,B]
−−→
AM

−−→
BM

a b A B

C [A,B] Ω [A,B] ω =
1

2
(a+ b).

M z

M ∈ C ⇐⇒ ΩM =
1

2
AB

ω
2
(a+ b).
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−−→
AM ⊥ −−→BM

❞!❢✳⇐⇒ ̂
(
−−→
AM,

−−→
BM) ≡ π

2
[2π]

✷✳✾✳✷ ❚$❛♥'❢♦$♠❛+✐♦♥' -❧-♠❡♥+❛✐$❡'

❖♥ "❛♣♣❡❧❧❡ ❧❛ ♣"♦♣♦(✐*✐♦♥ (✉✐✈❛♥*❡✳

+6♦♣♦*✐"✐♦♥ ✶✽

❖♥ ✐❞❡♥*✐✜❡ ✉♥ 0❧0♠❡♥* z ❞❡ C ❛✉ ♣♦✐♥* M ❞✉ ♣❧❛♥ R2
♠✉♥✐ ❞✬✉♥ "❡♣3"❡ ♦"*❤♦♥♦"♠0✱ ❞♦♥* ❧✬❛✣①❡ ❡(* z✳

• ❙✐ b ∈ C✱ ❧✬❛♣♣❧✐❝❛*✐♦♥ z 7−→ z + b ❝♦""❡(♣♦♥❞ : ❧❛ *"❛♥(❧❛*✐♦♥ ❞❡ ✈❡❝*❡✉" ~u ❞✬❛✣①❡ b✳
• ❙✐ a = reiθ ❡(* ✉♥ ❝♦♠♣❧❡①❡ ♥♦♥ ♥✉❧✱ ❧✬❛♣♣❧✐❝❛*✐♦♥ z 7−→ az = reiθz ❝♦""❡(♣♦♥❞ : ❧❛ (✐♠✐❧✐*✉❞❡ ❞❡ ❝❡♥*"❡ O✱ ❞❡ "❛♣♣♦"*

r > 0 ❡* ❞✬❛♥❣❧❡ θ, ❝✬❡(*✲:✲❞✐"❡ ❧❛ ❝♦♠♣♦(0❡ ❞❡ ❧✬❤♦♠♦*❤0*✐❡ ❞❡ ❝❡♥*"❡ O ❡* ❞❡ "❛♣♣♦"* r ❡* ❞❡ ❧❛ "♦*❛*✐♦♥ ❞❡ ❝❡♥*"❡ O
❡* ❞✬❛♥❣❧❡ θ✳

■❧❧✉*"6❛"✐♦♥* ❣6❛♣❤✐'✉❡* ✿

✷✳✶✵ ◗✉❡❧(✉❡) *❡♠❛*(✉❡) ✐♠♣♦*0❛♥0❡)

✷✳✶✵✳✶ ❊$$❡✉$' ❢$-4✉❡♥+❡' 5 -✈✐+❡$ ✦

• ="❡♠✐3"❡ ❡""❡✉" ✿

❖♥ ♥❡ ♣❡✉* ♣❛( 0❝"✐"❡ ❞❡( ✐♥0❣❛❧✐*0( ❡♥*"❡ ❞❡✉① ♥♦♠❜"❡( ❝♦♠♣❧❡①❡(✳

❆✐♥(✐✱ ❝❡❧❛ ♥✬❛ ❛✉❝✉♥ (❡♥( ✭❛ ♣"✐♦"✐✮ ❞✬0❝"✐"❡ 1 + i 6 2 + i
✏

✏
✏

✏
✏✏P

P
P

P
PP
✳

• ❉❡✉①✐3♠❡ ❡""❡✉" ✿

▲❛ ❢♦♥❝*✐♦♥  ❛❝✐♥❡ ❝❛  &❡ ♥✬❡(* ❞0✜♥✐❡ F✉❡ (✉" R+.

❈✬❡(* ✉♥❡ ❡""❡✉" ❞✬0❝"✐"❡

√
2i = 1 + i

✏
✏

✏
✏

✏✏P
P

P
P

PP
✳ ❊♥ "❡♥✈❛♥❝❤❡✱ ♦♥ ♣❡✉* ❞✐"❡ F✉❡ 1 + i ❡(* ✉♥❡ "❛❝✐♥❡ ❝❛""0❡ ❞❡ 2i.

• ❚"♦✐(✐3♠❡ ❡""❡✉" ✿

▲❛ ❢♦♥❝*✐♦♥ ln ♥✬❡(* ❞0✜♥✐❡ F✉❡ (✉" ]0,+∞[✳

❈✬❡(* ✉♥❡ ❡""❡✉" ❞✬0❝"✐"❡ ln(z)✦
✦
✦❛

❛
❛ ❧♦"(F✉❡ z ∈ C. ❈❡**❡ ❡""❡✉" ❡(* (♦✉✈❡♥* ❝♦♠♠✐(❡ ❞❛♥( ❧❡ ❝❛❧❝✉❧ ❞❡ ♣"✐♠✐*✐✈❡(✳

✸✸
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✷✳✶✵✳✷ ❙②♥'❤)*❡* ❞❡ -.*✉❧'❛'* ♣-.❝.❞❡♥'*

■❧ ② ❛ $%♦✐( ❢❛*♦♥( ❞❡ ❞.✜♥✐% ✉♥ ♥♦♠❜%❡ ❝♦♠♣❧❡①❡ z ✭.✈❡♥$✉❡❧❧❡♠❡♥$ ♥♦♥ ♥✉❧✮✳

• ❋♦7♠❡ ❛❧❣$❜7✐'✉❡ ✿ z = x+ iy ❛✈❡❝ x, y ∈ R✳

• ❋♦7♠❡ ❡①♣♦♥❡♥"✐❡❧❧❡ ✭*✐ z 6= 0✮ ✿ z = reiθ ❛✈❡❝ θ ∈ R ❡$ r > 0.

• ❋♦7♠❡ "7✐❣♦♥♦♠$"7✐'✉❡ ✭*✐ z 6= 0✮ ✿ z = r(cos(θ) + i sin(θ)) ❛✈❡❝ θ ∈ R ❡$ r > 0.

❖♦♥ ✉$✐❧✐(❡ ❝❡( ♥♦$❛$✐♦♥( ❞❛♥( ❧❡( ❞❡✉① .♥♦♥❝.( ;✉✐ (✉✐✈❡♥$✳

+7♦♣♦*✐"✐♦♥ ✶✾ ✭❈❛7❛❝"$7✐*❛"✐♦♥* ❞✬✉♥ 7$❡❧✮

❉❛♥( ❧❡ ♣❧❛♥ ❡✉❝❧✐❞✐❡♥ R2
♠✉♥✐ ❞✬✉♥ %❡♣>%❡ ♦%$❤♦♥♦%♠.✱ ♦♥ ♥♦$❡ M ❧❡ ♣♦✐♥$ ❞✬❛✣①❡ z✳ ❖♥ ❛ ❧❡( .;✉✐✈❛❧❡♥❝❡( (✉✐✈❛♥$❡(✳

z ∈ R ⇐⇒ y = Im(z) = 0

⇐⇒ z − z̄ = 0

⇐⇒ z̄ = z

⇐⇒ Arg(z) ≡ 0 [π]

⇐⇒ M ∈ (0x)

+7♦♣♦*✐"✐♦♥ ✷✵ ✭❈❛7❛❝"$7✐*❛"✐♦♥* ❞✬✉♥ ✐♠❛❣✐♥❛✐7❡ ♣✉7✮

❉❛♥( ❧❡ ♣❧❛♥ ❡✉❝❧✐❞✐❡♥ R2
♠✉♥✐ ❞✬✉♥ %❡♣>%❡ ♦%$❤♦♥♦%♠.✱ ♦♥ ♥♦$❡ M ❧❡ ♣♦✐♥$ ❞✬❛✣①❡ z✳ ❖♥ ❛ ❧❡( .;✉✐✈❛❧❡♥❝❡( (✉✐✈❛♥$❡(✳

z ∈ iR ⇐⇒ x = Re(z) = 0

⇐⇒ z + z̄ = 0

⇐⇒ z̄ = −z

⇐⇒ Arg(z) ≡ π

2
[π]

⇐⇒ M ∈ (0y)

✷✳✶✶ ❆♣♣❧✐❝❛)✐♦♥, ❛✉① ❛✉)/❡, ❝❤❛♣✐)/❡,

✷✳✶✶✳✶ ❙✉✐'❡* ◆✉♠.-✐7✉❡*

❊①❡♠♣❧❡ ✷✳✽✳ ❉!"❡$♠✐♥❡$ ❧❡) )✉✐"❡) ❝♦♠♣❧❡①❡) (un)n∈N ✈!$✐✜❛♥" ✿ ∀n ∈ N, un+2 − un+1 + (1− i)un = 0.

✸✹
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✷✳✶✶✳✷ ❋♦♥❝'✐♦♥) ❞+,✐✈❛❜❧❡)✱ +3✉❛'✐♦♥) ❞✐✛+,❡♥'✐❡❧❧❡)

❖♥ "❛♣♣❡❧❧❡ ❧❛ ♣"♦♣♦(✐*✐♦♥ (✉✐✈❛♥*❡✳

+6♦♣♦*✐"✐♦♥ ✷✶

❙✐ ϕ : I −→ C ❡(* ❞0"✐✈❛❜❧❡ ❛❧♦"( ❧✬❛♣♣❧✐❝❛*✐♦♥ F : x 7−→ eϕ(x)
❡(* ❞0"✐✈❛❜❧❡ (✉" I ❡* ♦♥ ❛ ✿

∀x ∈ I, F ′(x) = ϕ′(x)eϕ(x).

❊♥ ♣❛"*✐❝✉❧✐❡"✱ (✐ ϕ(x) = (a+ ib)x ❛✈❡❝ α = a+ ib ∈ C✱ ❛❧♦"( ❛✈❡❝ ❧❡( ♥♦*❛*✐♦♥( ♣"0❝0❞❡♥*❡(✱ F ′(x) = (a+ ib)e(a+ib)x.

❊①❡♠♣❧❡ ✷✳✾✳ ❉!"❡$♠✐♥❡$ ❧❡) ❢♦♥❝"✐♦♥) ❝♦♠♣❧❡①❡) f ❞❡✉① ❢♦✐) ❞!$✐✈❛❜❧❡) )✉$ R ❡" ✈!$✐✜❛♥" ✿ f ′′ − f ′ + (1− i)f = 0.

✷✳✶✶✳✸ ■♥'+❣,❛'✐♦♥

❖♥ ❞0❞✉✐* ❞✉ ♣❛"❛❣"❛♣❤❡ ♣"0❝0❞❡♥*✱ ❧❡( ♣"✐♠✐*✐✈❡( (✉✐✈❛♥*❡( ♣♦✉" ❞❡( ❢♦♥❝*✐♦♥( ❡①♣♦♥❡♥*✐❡❧❧❡( < ✈❛❧❡✉"( ❝♦♠♣❧❡①❡*✳

❙✐ α ∈ C ❡(* ♥♦♥ ♥✉❧✱ ❛❧♦"( ✿

∫ x

eαtdt =
1

α
eαx + C.

❖♥ ✉*✐❧✐(❡ ❝❡( ♣"✐♠✐*✐✈❡( ♣♦✉" ❝❛❧❝✉❧❡" ✭♦♥ (✉♣♣♦(❡ ✐❝✐ (a, b) 6= (0, 0)✮ ✿

∫ x

eat cos(bt)dt = Re

(∫ x

e(a+ib)tdt

)

❡*

∫ x

eat sin(bt)dt = Im
(∫ x

e(a+ib)tdt

)

❛✈❡❝

∫ x

e(a+ib)tdt =
1

a+ ib
e(a+ib)x + C =

a− ib

a2 + b2
eax(cos(bx) + i sin(bx)) + C

=

(
eax

a2 + b2
(a cos(bx) + b sin(bx))

)

︸ ︷︷ ︸

∈R car a,b∈R

+i

(
eax

a2 + b2
(−b cos(bx) + a sin(bx))

)

︸ ︷︷ ︸

∈R car a,b∈R

+ C

❛✈❡❝ C = A+ iB ∈ C. ❊* ❞♦♥❝ ✿
∫ x

eat cos(bt)dt =
eax

a2 + b2
(a cos(bx) + b sin(bx)) +A ❡*

∫ x

eat sin(bt)dt =
eax

a2 + b2
(−b cos(bx) + a sin(bx)) +B

❛✈❡❝ A,B ∈ R.
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❊①❡♠♣❧❡ ✷✳✶✵✳ ❈❛❧❝✉❧❡&

∫ π/2

0

sin(2x)exdx.

❖♥ ✈❡$$❛ &✉✬♦♥ ♣❡✉+ ❛✉,,✐ ❝❛❧❝✉❧❡$ ❝❡++❡ ✐♥+0❣$❛❧❡ ♣❛$ ✉♥❡ ❞♦✉❜❧❡ ✐♥+0❣$❛+✐♦♥ ♣❛$ ♣❛$+✐❡,✳

❊①❡♠♣❧❡ ✷✳✶✶✳ ❉()❡&♠✐♥❡& ❧❡- ♣&✐♠✐)✐✈❡- ❞❡ f : x 7−→ 1

x− i
.

❊①❡♠♣❧❡ ✷✳✶✷✳ ✭❈♦♥❝♦✉>* ❈♦♠♠✉♥ ▼✐♥❡*✲+♦♥"* ✷✵✷✶ ▼❛"❤* ■ +❙■✮

❖♥ ✜①❡ ✐❝✐ ✉♥ ♥♦♠❜&❡ ❝♦♠♣❧❡①❡ z )❡❧ 6✉❡ z 6= 1 ❡) |z| 6 1✳ ❖♥ ✐♥)&♦❞✉✐) ❧❛ ❢♦♥❝)✐♦♥ ✿

L : x 7−→
∫ x

0

z

1− tz
dt.

✶✳ ▼♦♥)&❡& 6✉❡✱ -✉& ❧❡ -❡❣♠❡♥) [0, 1]✱ ❧❛ ❢♦♥❝)✐♦♥ L ❡-) ❝♦♥✈❡♥❛❜❧❡♠❡♥) ❞(✜♥✐❡ ❡) ❞❡ ❝❧❛--❡ C∞✳
✷✳ ❉♦♥♥❡& ✉♥❡ ❡①♣&❡--✐♦♥ -✐♠♣❧❡ ❞❡ -❛ ❞(&✐✈(❡ n✐?♠❡ ♣♦✉& )♦✉) n > 1✳
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✷✳✶✶✳✹ ❆❧❣'❜)❡ ❧✐♥-❛✐)❡

❊①❡♠♣❧❡ ✷✳✶✸✳ ✭❈❡♥"=❛❧❡ ✷✵✶✹ ♠❛"❤* ✷ +❈✮ ❖♥ "❛♣♣❡❧❧❡ '✉❡ ♣♦✉" *♦✉*❡ ♠❛*"✐❝❡ M ∈M2(C) ✐❧ ❡①✐/*❡ ✉♥ ❝♦✉♣❧❡ ✉♥✐'✉❡
❞❡ ♠❛*"✐❝❡/ (U, V ) ∈M2(R)

2
*❡❧ '✉❡ ✿

M = U + iV.

❖♥ ♠✉♥✐* ❧✬❡♥/❡♠❜❧❡ C =M2(C) ❞❡/ ♠❛*"✐❝❡/ ❝♦♠♣❧❡①❡/ 4 ❞❡✉① ❧✐❣♥❡/ ❡* ❞❡✉① ❝♦❧♦♥♥❡/ ❞❡ ❧✬❛❞❞✐*✐♦♥ +✱ ❞❡ ❧❛ ♠✉❧*✐♣❧✐❝❛*✐♦♥
× ✉/✉❡❧❧❡/ ❡* ❞❡ ❧❛ ♠✉❧*✐♣❧✐❝❛*✐♦♥ ♣❛" ✉♥ =$❡❧ ♥♦*7❡ · ❡* ❞7✜♥✐❡ ✉/✉❡❧❧❡♠❡♥* ♣❛"

∀λ ∈ R, ∀M =

(
a b
c d

)

∈ C, λ ·M =

(
λa λb
λc λd

)

▼♦♥*"❡" '✉❡ '✉❡ (C,+, ·) ❡/* ✉♥ ❡/♣❛❝❡ ✈❡❝*♦"✐❡❧ /✉" ❧❡ ❝♦"♣/ R ❞❡/ "7❡❧/ ❡* ❡♥ ❞7*❡"♠✐♥❡" ✉♥❡ ❜❛/❡✳
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✷✳✶✶✳✺ ●%♦♠%()✐❡

❊①❡♠♣❧❡ ✷✳✶✹✳ ✭❈❡♥"=❛❧❡ ✷✵✶✹ ♠❛"❤* ✷ +❈✮

✲ ❖♥ ♥♦$❡ ⌊x⌋ ❧❛ ♣❛)$✐❡ ❡♥$✐+)❡ ❞✉ ).❡❧ x✳

✲ ❖♥ 0❡ ♣❧❛❝❡ ❞❛♥0 ❧❡ ♣❧❛♥ ❡✉❝❧✐❞✐❡♥ R2
♠✉♥✐ ❞❡ 0♦♥ )❡♣+)❡ ♦)$❤♦♥♦)♠. ❝❛♥♦♥✐4✉❡ R✱ ❞✬♦)✐❣✐♥❡ O✳

❙♦✐$ z ✉♥ ♥♦♠❜)❡ ❝♦♠♣❧❡①❡✱ ❞❡ ♣❛)$✐❡ ).❡❧❧❡ x ❡$ ❞❡ ♣❛)$✐❡ ✐♠❛❣✐♥❛✐)❡ y✱ $❡❧0 4✉❡ (x, y) /∈ R− × {0}✳ ❖♥ ♥♦$❡

θ(z) = 2 arctan

(

y

x+
√

x2 + y2

)

❡$ R(z) =
z + |z|

√

2(Re(z) + |z|)

❆✳✶ ❏✉0$✐✜❡) 4✉❡ θ ❡$ R 0♦♥$ ❜✐❡♥ ❞.✜♥✐0✳

❆✳✷ ▲♦)04✉❡ z ✈❛✉$ 0✉❝❝❡00✐✈❡♠❡♥$ z1 = 4✱ z2 = 2i✱ z3 = 1− i
√
3✱ ❝❛❧❝✉❧❡) R(z)✱ θ(z) ❡$ (R(z))2✳

❆✳✸ ❱.)✐✜❡) 4✉❡ θ(z) ∈]− π, π[ ❡$ 4✉❡ R(z) ∈ P = {Z ∈ C/ Re(Z) > 0}✳
❆✳✹ ❘❡♣).0❡♥$❡) 0✉) ✉♥❡ ✜❣✉)❡ ❧❡ ❝❡)❝❧❡ C ❞❡ ❝❡♥$)❡ O ❞❡ )❛②♦♥ |z| ❡$ ❧❡0 ♣♦✐♥$0 M ❞✬❛✣①❡ z ❡$ B ❞✬❛✣①❡ −|z|✳

❊♥ ❝♦♥0✐❞.)❛♥$ ❞❡0 ❛♥❣❧❡0 ❜✐❡♥ ❝❤♦✐0✐0✱ ♠♦♥$)❡) 4✉❡

θ(z) = Arg(z) = 2Arg(z + |z|)

♦D Arg(z) ❞.0✐❣♥❡ ❧❛ ❞.$❡)♠✐♥❛$✐♦♥ ♣)♦♥❝✐♣❛❧❡ ❞❡ ❧✬❛)❣✉♠❡♥$ ❞✉ ♥♦♠❜)❡ ❝♦♠♣❧❡①❡ z✳

❆✳✺ ❉.$❡)♠✐♥❡) (R(z))2✱ θ ◦R(z) ❡$ |z|1/2eiθ(z)/2 ❡♥ ❢♦♥❝$✐♦♥ ❞❡ z✱ R(z) ❡$ θ(z)✳

❆✳✻ ❘.0♦✉❞)❡ G ❧✬❛✐❞❡ ❞❡ E ❧✬.4✉❛$✐♦♥ Z2 = z✱ ❞✬✐♥❝♦♥♥✉❡ Z ∈ C✳

❆✳✼ ❊♥ ❞.❞✉✐)❡ 4✉❡ R ❡0$ ✉♥❡ ❜✐❥❡❝$✐♦♥ ❞❡ C \ R− ❞❛♥0 P✳ I).❝✐0❡) 0❛ ❜✐❥❡❝$✐♦♥ ).❝✐♣)♦4✉❡✳
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