
❈❤❛♣✐%&❡ ✶✾

❋♦♥❝$✐♦♥& ❞❡ ♣❧✉&✐❡✉,& ✈❛,✐❛❜❧❡&

✶✾✳✶ ◆♦%❛%✐♦♥)

❉❛♥# $♦✉$ ❝❡ ❝❤❛♣✐$,❡✱ E = R
p
❡#$ ♠✉♥✐ ❞✬✉♥❡ ♥♦,♠❡ 1✉❡ ❧✬♦♥ ♥♦$❡ ‖.‖.

❖♥ ❝♦♥#✐❞4,❡ ❞❡# ❢♦♥❝$✐♦♥# f : U ⊂ R
p −→ R. ❖♥ ,❛♣♣❡❧❧❡ 1✉❡ ❧✬❡♥#❡♠❜❧❡ ❞❡ ❝❡# ❢♦♥❝$✐♦♥# F(U,R) ♠✉♥✐ ❞❡# ❧♦✐# + ❡$ • ❡#$

✉♥ R✲❡#♣❛❝❡ ✈❡❝$♦,✐❡❧✳

❊①❡♠♣❧❡ ✶✾✳✶✳ ■❝✐✱ p = 2 ❡% f : (x, y) 7−→ ln(2x− y) +
√

4− x2 − y2. ❉'%❡(♠✐♥❡( ❡% (❡♣(',❡♥%❡( Df .

❉*✜♥✐.✐♦♥ ✶ ✭❆♣♣❧✐❝❛.✐♦♥4 ♣❛5.✐❡❧❧❡4✮

❖♥ #❡ ❞♦♥♥❡ ✉♥❡ ❜❛#❡ B ❞❡ E✳ :♦✉, f ∈ F(U,R)✱ ♦♥ ❛❞♦♣$❡ ❧❡# ♥♦$❛$✐♦♥# #✉✐✈❛♥$❡#✳

❙✐ ❧✬♦♥ ✜①❡ a = (a1, . . . , ap)B ∈ U, ❧❡# p ❛♣♣❧✐❝❛$✐♦♥# ♣❛,$✐❡❧❧❡# ❞❡ f ❡♥ a ❞❛♥# ❧❛ ❜❛#❡ B #♦♥$ ❧❡#

fxi
: xi ∈ Ui 7−→ f(a1, . . . , ai−1, xi, ai+1, . . . , ap)

♦> Ui = {xi ∈ R, (a1, . . . , ai−1, xi, ai+1, . . . , ap) ∈ U}✳

❊①❡♠♣❧❡ ✶✾✳✷✳ ❖♥ (❡♣(❡♥❞ f : (x, y) 7−→ ln(2x− y) +
√

4− x2 − y2.

❖♥ ♠✉♥✐% R
2

❞❡ ,❛ ❜❛,❡ ❝❛♥♦♥✐3✉❡✳ ❖♥ ♣♦,❡ a = (1, 1).
❱'(✐✜❡( 3✉❡ a ∈ Df ✳ ❉'%❡(♠✐♥❡( ❧❡, ❛♣♣❧✐❝❛%✐♦♥, ♣❛(%✐❡❧❧❡, ❞❡ f ❡♥ a ❡% ♣('❝✐,❡( ❧❡✉(, ❡♥,❡♠❜❧❡, ❞❡ ❞'✜♥✐%✐♦♥✳

✹✺✺
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✶✾✳✷ ❈♦♥'✐♥✉✐'*

❖♥ "❛♣♣❡❧❧❡ ❧❛ ❞(✜♥✐+✐♦♥ ❞❡ ❝♦♥+✐♥✉✐+( ✈✉❡ ❞❛♥0 ❧❡ ❝❤❛♣✐+"❡ ❊!♣❛❝❡! ✈❡❝'♦)✐❡❧! ♥♦)♠.!✳

❉$✜♥✐"✐♦♥ ✷

❙♦✐+ f ∈ F(U,R) ❡+ a ∈ U.

• ❖♥ ❞✐+ 4✉❡ f ❡0+ ❝♦♥+✐♥✉❡ ❡♥ a 0✐ ✿

∀ε > 0, ∃η > 0, ∀x ∈ U, ‖x− a‖ < η =⇒ |f(x)− f(a)| < ε,

❝✬❡0+✲8✲❞✐"❡ 0✐ lim
x→a

f(x) = f(a).

• ❖♥ ❞✐+ 4✉❡ f ❡0+ ❝♦♥+✐♥✉❡ 0✉" U 0✐ ❡❧❧❡ ❧✬❡0+ ❡♥ +♦✉+ ♣♦✐♥+ x ❞❡ U.

• ❖♥ ♥♦+❡ C(U,R) ❧✬❡♥0❡♠❜❧❡ ❞❡0 f ∈ F(U,R) 4✉✐ 0♦♥+ ❝♦♥+✐♥✉❡0 0✉" U.

❖♥ ❛ ❧❡0 ♣"♦♣"✐(+(0 0✉✐✈❛♥+❡0✳

• ❯♥❡ ❝♦♠❜✐♥❛✐0♦♥ ❧✐♥(❛✐"❡ ❞✬❛♣♣❧✐❝❛+✐♦♥0 ❝♦♥+✐♥✉❡0 ❡0+ ❝♦♥+✐♥✉❡ ❡+ ❞♦♥❝ C(U,R) ❡0+ ✉♥ R−❡0♣❛❝❡ ✈❡❝+♦"✐❡❧✳

• ▲❡ ♣"♦❞✉✐+✱ ❧❛ ❝♦♠♣♦0✐+✐♦♥ ❞✬❛♣♣❧✐❝❛+✐♦♥0 ❝♦♥+✐♥✉❡0 ❡0+ ❝♦♥+✐♥✉❡✳

>♦✉" ♠♦♥+"❡" 4✉✬✉♥❡ ❛♣♣❧✐❝❛+✐♦♥ f : U −→ R ❡0+ ❝♦♥+✐♥✉❡✱ ♦♥ ✉+✐❧✐0❡ 0✐ ❧✬♦♥ ♣❡✉+ ❧❡0 ♦♣("❛+✐♦♥0 0✉" ❧❡0 ❢♦♥❝+✐♦♥0 ❝♦♥+✐♥✉❡0✳

❊♥ ✉♥ ♣♦✐♥+ a 4✉✐ ✓ ♣♦0❡ ♣"♦❜❧B♠❡ ✔✱ ♦♥ ♣❡✉+ ❡00❛②❡" ❞❡ +"♦✉✈❡" ✉♥❡ ♠❛❥♦"❛+✐♦♥

|f(x)− f(a)| 6 g(‖x− a‖)

❛✈❡❝ lim
t→0+

g(t) = 0.

❖♥ "❡♠❛"4✉❡ ❛✉00✐ 4✉❡✱ ♣✉✐04✉✬♦♥ ❡0+ ❡♥ ❞✐♠❡♥0✐♦♥ ✜♥✐❡✱ +♦✉+❡0 ❧❡0 ♥♦"♠❡0 0♦♥+ ✓ (4✉✐✈❛❧❡♥+❡0 ✔✳ ❖♥ ❝❤♦✐0✐"❛ ❝❡❧❧❡ 4✉✐ ❝♦♥✈✐❡♥+

❧❡ ♠✐❡✉①✳ ❙✉" R
2, ♦♥ "❛♣♣❡❧❧❡ 4✉❡

‖(x, y)‖1 = |x|+ |y|, ‖(x, y)‖2 =
√

x2 + y2 ❡+ ‖(x, y)‖∞ = max(|x|, |y|),

❡+ ♦♥ ✉+✐❧✐0❡"❛ ♣❛" ❡①❡♠♣❧❡ ❧❡0 ♠❛❥♦"❛+✐♦♥0 0✉✐✈❛♥+❡0✳

|x| 6 ‖(x, y)‖∞ 6 ‖(x, y)‖2, |y| 6 ‖(x, y)‖∞ 6 ‖(x, y)‖2 ♦✉ ❡♥❝♦"❡ |xy| 6
1

2
(x2 + y2) =

1

2
‖(x, y)‖22.

❊①❡♠♣❧❡ ✶✾✳✸✳ ❊'✉❞✐❡) ❧❛ ❝♦♥'✐♥✉✐'. ❞❡ ❧✬❛♣♣❧✐❝❛'✐♦♥ !✉✐✈❛♥'❡✳

g :







(x, y) 7−→
xy

√

x2 + y2
!✐ (x, y) 6= (0, 0)

(0, 0) 7−→ 0

✹✺✻
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+2♦♣♦*✐"✐♦♥ ✶

❆✈❡❝ ❧❡% ♥♦(❛(✐♦♥% ♣,-❝-❞❡♥(❡%✱ %✐ f ❡%( ❝♦♥(✐♥✉❡ ❡♥ a ❛❧♦,% %♦♥ ❛♣♣❧✐❝❛(✐♦♥ ♣❛,(✐❡❧❧❡ fxi
❡%( ❝♦♥(✐♥✉❡ ❡♥ ai.

▼❛✐% ❧❛ ,-❝✐♣,♦2✉❡ ❡%( ❢❛✉%%❡✳

+2❡✉✈❡✳

✷

❈❛* ♦7 ❧❛ 2$❝✐♣2♦'✉❡ ❡*" ❢❛✉**❡ ✿

❊①❡2❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❖♥ ❝♦♥%✐❞6,❡ ❧❛ ❢♦♥❝(✐♦♥

h :

{

(x, y) 7−→
xy

x2 + y2
%✐ (x, y) 6= (0, 0)

(0, 0) 7−→ 0

▼♦♥(,❡, 2✉❡ ❧❡% ❛♣♣❧✐❝❛(✐♦♥% ♣❛,(✐❡❧❧❡% ❞❡ h ❡♥ (0, 0) %♦♥( ❝♦♥(✐♥✉❡% ❡♥ 0 ♠❛✐% 2✉❡ h ♥✬❡%( ♣❛% ❝♦♥(✐♥✉❡ ❡♥ (0, 0).

✹✺✼
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✶✾✳✸ ❋♦♥❝(✐♦♥* ❞❡ ❝❧❛**❡ C1

❉❛♥# ❝❡ ♣❛'❛❣'❛♣❤❡✱ ❧❡# ❢♦♥❝.✐♦♥# #♦♥. ❞1✜♥✐❡# #✉' ❞❡# ♦✉✈❡3"* U ❞❡ R
p.

✶✾✳✸✳✶ ❉%&✐✈%❡* ♣❛&-✐❡❧❧❡*

❙♦✐. a ∈ U ❡. v ∈ R
p
♥♦♥ ♥✉❧✳

6✉✐#7✉❡ U ❡#. ♦✉✈❡'.✱ ∃δ > 0, ∀t ∈]− δ, δ[, a+ tv ∈ U. ❆✐♥#✐✱
#✐ f : U −→ R, ❧❛ ❢♦♥❝.✐♦♥

ϕv : t 7−→ f(a+ tv)

❡#. ❛✉ ♠♦✐♥# ❞1✜♥✐❡ #✉' ]− δ, δ[.

❉$✜♥✐"✐♦♥ ✸

❙♦✐. f : U ⊂ R
p −→ R✱ a ∈ U ❡. v ∈ R

p
✉♥❡ ❞✐'❡❝.✐♦♥ ♥♦♥ ♥✉❧❧❡✳

❖♥ ❞✐. 7✉❡ f ❛❞♠❡. ✉♥❡ ❞1'✐✈1❡ ❡♥ a #❡❧♦♥ ❧❛ ❞✐'❡❝.✐♦♥ v #✐ ❧❛ ❢♦♥❝.✐♦♥ ϕv : t 7−→ f(a+ tv) ❡#. ❞1'✐✈❛❜❧❡ ❡♥ 0 ❛✉.'❡♠❡♥.
❞✐. #✐

lim
t→0

ϕv(t)− ϕv(0)

t
= lim

t→0

f(a+ tv)− f(a)

t
❡①✐#.❡✳

❖♥ ♥♦.❡ Dv(a) = ϕ′v(0).

❊♥ ♣❛'.✐❝✉❧✐❡'✱ #✐ B = (e1, . . . , ep) ❡#. ❧❛ ❜❛#❡ ❝❛♥♦♥✐7✉❡ ❞❡ R
p, ♦♥ ❛♣♣❡❧❧❡ ❞$3✐✈$❡* ♣❛3"✐❡❧❧❡* ❞❡ f ✭❞❛♥# ❧❛ ❜❛#❡ B✮✱ ❧❡#

❞1'✐✈1❡# ❞❡ f #✉✐✈❛♥. ❧❡# ❞✐'❡❝.✐♦♥# e1, . . . , ep ✭#✐ ❡❧❧❡# ❡①✐#.❡♥. ✦✮✳ ❖♥ ❧❡# ♥♦.❡
∂f

∂xi

♦✉ ∂if. ❙♦✉# '1#❡'✈❡ ❞✬❡①✐#.❡♥❝❡✱ ♦♥ ❛ ✿

Dei(a) = ∂if(a) =
∂f

∂xi

(a) = lim
t→0

f(a+ tei)− f(a)

t

= lim
t→0

f(a1, . . . , ai−1, ai + t, ai+1, . . . , ap)− f(a1, . . . , ai−1, ai, ai+1, . . . , ap)

t

= lim
t→0

fxi
(ai + t)− fxi

(ai)

t
= f ′xi

(ai)

.

❆✐♥#✐✱ ❧♦'#7✉✬❡❧❧❡# ❡①✐#.❡♥.✱ ❧❡# ❞1'✐✈1❡# ♣❛'.✐❡❧❧❡# #♦♥. ❧❡# ❞1'✐✈1❡# ❞❡# ❛♣♣❧✐❝❛.✐♦♥# ♣❛'.✐❡❧❧❡#✳

❊①❡♠♣❧❡ ✶✾✳✹✳ ❊♥ ♣#$❝✐'❛♥) ♦+ ❝✬❡') ♣♦''✐❜❧❡✱ ❝❛❧❝✉❧❡# ❧❡' ❞$#✐✈$❡' ♣❛#)✐❡❧❧❡' ❞❡ ❧❛ ❢♦♥❝)✐♦♥ f ❞$✜♥✐❡ ♣❛#

f(x, y) = e2x+y ln(y2 + x).

✹✺✽
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❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❊!✉❞✐❡& ❧✬❡①✐*!❡♥❝❡ ❞❡ ❞-&✐✈-❡* ♣❛&!✐❡❧❧❡* ❡♥ (x, y) ∈ R
2
❞❡ ❧❛ ❢♦♥❝!✐♦♥

g :







(x, y) 7−→
xy

√

x2 + y2
*✐ (x, y) 6= (0, 0)

(0, 0) 7−→ 0

✶✾✳✸✳✷ ❋♦♥❝)✐♦♥+ ❞❡ ❝❧❛++❡ C1

❉$✜♥✐"✐♦♥ ✹

❙♦✐! f : U ⊂ R
p −→ R✳ ❖♥ *✉♣♣♦*❡ 6✉❡ f ❛❞♠❡! ❞❡* ❞-&✐✈-❡* ♣❛&!✐❡❧❧❡* ❡♥ !♦✉! ♣♦✐♥! a ❞❡ U.

❖♥ ❞✐! 6✉❡ f ❡*! ❞❡ ❝❧❛**❡ C1 *✉& U *✐

∂f

∂x1
, . . . ,

∂f

∂xp

*♦♥! ❝♦♥!✐♥✉❡* *✉& U ✳

❖♥ ♥♦!❡ C1(U,R) ❧✬❡♥*❡♠❜❧❡ ❞❡* f ∈ F(U,R) 6✉✐ *♦♥! ❞❡ ❝❧❛**❡ C1 *✉& U. ❈✬❡*! ✉♥ R−❡*♣❛❝❡ ✈❡❝!♦&✐❡❧✳

▲❡* ♦♣-&❛!✐♦♥* *✉& ❧❡* ❢♦♥❝!✐♦♥* ❞-&✐✈❛❜❧❡* ❡! *✉& ❧❡* ❢♦♥❝!✐♦♥* ❝♦♥!✐♥✉❡* ❞♦♥♥❡♥! ❧❛ ♣&♦♣♦*✐!✐♦♥ *✉✐✈❛♥!❡✳

+4♦♣♦*✐"✐♦♥ ✷

❙♦✐❡♥! f, g : U ⊂ R
p −→ R ❞❡✉① ❢♦♥❝!✐♦♥* ❞❡ ❝❧❛**❡ C1 *✉& ✉♥ ♦✉✈❡&! U ❞❡ R

2. ❖♥ ❛ ✿

• f + g ❡*! ❞❡ ❝❧❛**❡ C1 *✉& U ❡!

∂(f + g)

∂xi

=
∂f

∂xi

+
∂g

∂xi

.

• <♦✉& !♦✉! λ ∈ R, λf ❡*! ❞❡ ❝❧❛**❡ C1 *✉& U ❡!

∂(λf)

∂xi

= λ
∂f

∂xi

.

• f × g ❡*! ❞❡ ❝❧❛**❡ C1 *✉& U ❡!

∂(f × g)

∂xi

=
∂f

∂xi

g + f
∂g

∂xi

.

• ❙✐ g ♥❡ *✬❛♥♥✉❧❡ ♣❛* *✉& U,
f

g
❡*! ❞❡ ❝❧❛**❡ C1 *✉& U ❡!

∂(f/g)

∂xi

=
1

g2

(
∂f

∂xi

g − f
∂g

∂xi

)

.

• ❙✐ ϕ : I −→ R ❡*! ❞❡ ❝❧❛**❡ C1 ❡! *✐ f(U) ⊂ I ❛❧♦&* ϕ ◦ f ❡*! ❞❡ ❝❧❛**❡ C1 *✉& U ❡!

∂(ϕ ◦ f)

∂xi

=
∂f

∂xi

× (ϕ′ ◦ f).

❖♥ *❛✐! 6✉❡ *✐ f : I ⊂ R −→ R ❡*! ❞❡ ❝❧❛**❡ C1, ❛❧♦&* ❡♥ !♦✉! a ❞❡ I✱ ♦♥ ❛

f(a+ h) = f(a) + hf ′(a) + o
h→0

(h) = f(a) + hf ′(a) + hε(h).

❖♥ ♣❡✉! ❣-♥-&❛❧✐*❡& ❝❡ &-*✉❧!❛! ❡♥ ❞✐♠❡♥*✐♦♥ *✉♣-&✐❡✉&❡✳ ❖♥ ❛❞♠❡!!&❛ ❧❛ ♣&♦♣♦*✐!✐♦♥ *✉✐✈❛♥!❡✳

✹✺✾
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+2♦♣♦*✐"✐♦♥ ✸

❙♦✐# f : U ⊂ R
p −→ R✳ ❙✐ U ❡&# ✉♥ ♦✉✈❡*# ❡# &✐ f ❡&# ❞❡ ❝❧❛&&❡ C1 &✉* U ❛❧♦*& ♣♦✉* #♦✉# a ∈ U, f ❛❞♠❡# ❧❡ ❞1✈❡❧♦♣♣❡♠❡♥#

❧✐♠✐#1 2 ❧✬♦*❞*❡ 1 &✉✐✈❛♥# ❡♥ a ✿

f(a+ h) = f(a) + h1
∂f

∂x1
(a) + · · ·+ hp

∂f

∂xp

(a) + ‖h‖ε(h), ❛✈❡❝ lim
h→0

ε(h) = 0.

❖♥ ♥♦#❡ ♣❛*❢♦✐& ‖h‖ε(h) = o(‖h‖).

❖♥ ❞1✜♥✐# ❛❧♦*& ❧✬❛♣♣❧✐❝❛#✐♦♥ ❞✐✛1*❡♥#✐❡❧❧❡ ❞❡ f ❡♥ a.

❉$✜♥✐"✐♦♥ ✺

❙♦✐# f : U ⊂ R
p −→ R ❞❡ ❝❧❛&&❡ C1✳

9♦✉* #♦✉# a ∈ U, ❧✬❛♣♣❧✐❝❛#✐♦♥ &✉✐✈❛♥#❡ ❡&# ✉♥❡ ❢♦*♠❡ ❧✐♥1❛✐*❡ &✉* R
p
❛♣♣❡❧1❡ ❞✐✛$2❡♥"✐❡❧❧❡ ❞❡ f ❡♥ a ✿

df(a) :







R
p −→ R

h = (h1, . . . , hp) 7−→ df(a).h = h1
∂f

∂x1
(a) + · · ·+ hp

∂f

∂xp

(a) =

p
∑

i=1

hi

∂f

∂xi

(a)
.

❆✐♥&✐✱ &✐ f ❡&# ❞❡ ❝❧❛&&❡ C1 &✉* U ✱ ❧❡ ❞1✈❡❧♦♣♣❡♠❡♥# ❧✐♠✐#1 ❞❡ f 2 ❧✬♦*❞*❡ 1 ❡♥ a &✬1❝*✐# ✿

f(a+ h) = f(a) + df(a).h+ ‖h‖ε(h).

+2♦♣♦*✐"✐♦♥ ✹

❙♦✐# f : U ⊂ R
p −→ R✳ ❙✐ f ❡&# ❞❡ ❝❧❛&&❡ C1 &✉* U ✱ ❛❧♦*& f ❡&# ❝♦♥#✐♥✉❡ &✉* U.

+2❡✉✈❡✳

✷

❊①❡♠♣❧❡ ✶✾✳✺✳ ❆♣"#$ ❛✈♦✐" ❥✉$+✐✜- $♦♥ ❡①✐$+❡♥❝❡✱ -❝"✐"❡ ❧❡ ❞-✈❡❧♦♣♣❡♠❡♥+ ❧✐♠✐+- ❡♥ a = (−1, 1, 0) 6 ❧✬♦"❞"❡ 1, ❞❡

f : (x, y, z) 7−→ (x2 + yz)ez

✹✻✵
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❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❖♥ ❝♦♥$✐❞'(❡ ❧✬❛♣♣❧✐❝❛.✐♦♥ f : x ∈ R
p 7−→ ‖x‖2.

✶✳ ❏✉$.✐✜❡( 4✉❡ f ❡$. ❞❡ ❝❧❛$$❡ C1 $✉( U = R
p
r {0}.

✷✳ 6♦✉( .♦✉. a = (a1, . . . , ap) ∈ U ✱ ❞8.❡(♠✐♥❡( df(a) ❡. 8❝(✐(❡ ❡♥ ❥✉$.✐✜❛♥. ❧❡ ❞8✈❡❧♦♣♣❡♠❡♥. ❧✐♠✐.8 < ❧✬♦(❞(❡ 1 ❞❡ f ❡♥ a.

✶✾✳✸✳✸ ❘%❣❧❡ ❞❡ ❧❛ ❝❤❛-♥❡

+4♦♣♦*✐"✐♦♥ ✺

❙♦✐. f : U ⊂ R
p −→ R ❞❡ ❝❧❛$$❡ C1 ❡. x1, . . . , xp : I −→ R ❞❡$ ❛♣♣❧✐❝❛.✐♦♥$ ❞8(✐✈❛❜❧❡$ .❡❧❧❡$ 4✉❡

∀t ∈ I, (x1(t), . . . , xp(t)) ∈ U.

❆❧♦($ F : t 7−→ F (t) = f(x1(t), . . . , xp(t)) ❡$. ❞8(✐✈❛❜❧❡ $✉( I ❡. ♣♦✉( .♦✉. t ∈ I, ♦♥ ❛

F ′(t) =
dF

dt
(t) = x′1(t)

∂f

∂x1
(x1(t), . . . , xp(t)) + · · ·+ x′p(t)

∂f

∂xp

(x1(t), . . . , xp(t))

=

p
∑

i=1

x′i(t)
∂f

∂xi

(x1(t), . . . , xp(t)).

❈❛* ♦> p = 2 ✿ ▲❛ ('❣❧❡ ❞❡ ❧❛ ❝❤❛C♥❡ $✬8❝(✐.

d

dt

(

f(x(t), y(t))
)

= x′(t)
∂f

∂x
(x(t), y(t)) + y′(t)

∂f

∂y
(x(t), y(t)).

❈❛* ♦> p = 3 ✿ ▲❛ ('❣❧❡ ❞❡ ❧❛ ❝❤❛C♥❡ $✬8❝(✐.

d

dt

(

f(x(t), y(t), z(t))
)

= x′(t)
∂f

∂x
(x(t), y(t), z(t)) + y′(t)

∂f

∂y
(x(t), y(t), z(t)) + z′(t)

∂f

∂z
(x(t), y(t), z(t)).

✹✻✶
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+2❡✉✈❡✳ ❙❛♥# $❡#&$❡✐♥❞$❡ ❧❛ ❣+♥+$❛❧✐&+✱ ♦♥ +❝$✐& ❝❡&&❡ ♣$❡✉✈❡ ❞❛♥# ❧❡ ❝❛# ♦2 p = 2 ✭❉✸✮✳

✷

❖♥ ♣❡✉& ❛♣♣❧✐5✉❡$ ❝❡ $+#✉❧&❛& ❛✉① ❞+$✐✈+❡# ♣❛$&✐❡❧❧❡# ❞✬✉♥❡ ❛♣♣❧✐❝❛&✐♦♥ ❝♦♠♣♦#+❡ ❡& ❞+♠♦♥&$❡$ ❧❛ ♣$♦♣♦#✐&✐♦♥ #✉✐✈❛♥&❡✳

+2♦♣♦*✐"✐♦♥ ✻

❙♦✐& f : U ⊂ R
p −→ R ❞❡ ❝❧❛##❡ C1 ❡& x1, . . . , xp : V ⊂ R

n −→ R ❞❡# ❛♣♣❧✐❝❛&✐♦♥# ❞❡ ❝❧❛##❡ C1 &❡❧❧❡# 5✉❡

∀(u1, . . . , un) ∈ V, (x1(u1, . . . , un), . . . , xp(u1, . . . , un)) ∈ U.

❆❧♦$# g : (u1, . . . , un) 7−→ f(x1(u1, . . . , un), . . . , xp(u1, . . . , un)) ❡#& ❞❡ ❝❧❛##❡ C
1
#✉$ V ❡& ♦♥ ❛ ✿

∀j ∈ [[1, n]], ∀(u1, . . . , un) ∈ V
∂g

∂uj

(u1, . . . , un) =
n∑

i=1

∂f

∂xi

(x1(u1, . . . , un), . . . , xp(u1, . . . , un))
∂xi

∂uj

(u1, . . . , un).

❖♥ $❡&✐❡♥❞$❛ ❧❡ $+#✉❧&❛& ❞❡ ♠❛♥✐;$❡ ❢♦$♠❡❧❧❡ ✿

∂g

∂uj

=
n∑

i=1

∂f

∂xi

∂xi

∂uj

✳

✹✻✷
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❉❛♥# ❧❡ ❝❛# ♣❛()✐❝✉❧✐❡( ♦- n = p = 2✱ ♦♥ ♦❜)✐❡♥) ❧✬1♥♦♥❝1 #✉✐✈❛♥)✳

+2♦♣♦*✐"✐♦♥ ✼

❙♦✐) f : U ⊂ R
2 −→ R ❞❡ ❝❧❛##❡ C1 ❡) x, y : V ⊂ R

2 −→ R ❞❡# ❛♣♣❧✐❝❛)✐♦♥# ❞❡ ❝❧❛##❡ C1 )❡❧❧❡# 6✉❡

∀(u, v) ∈ V, (x(u, v), y(u, v)) ∈ U.

❆❧♦(# g : (u, v) 7−→ f(x(u, v), y(u, v)) ❡#) ❞❡ ❝❧❛##❡ C1 #✉( V ❡) ♣♦✉( )♦✉) (u, v) ∈ V, ♦♥ ❛







∂g

∂u
(u, v) =

∂f

∂x
(x(u, v), y(u, v))

∂x

∂u
(u, v) +

∂f

∂y
(x(u, v), y(u, v))

∂y

∂u
(u, v)

∂g

∂v
(u, v) =

∂f

∂x
(x(u, v), y(u, v))

∂x

∂v
(u, v) +

∂f

∂y
(x(u, v), y(u, v))

∂y

∂v
(u, v)

❘❡♠❛2'✉❡ ✿ ❖♥ (❡)✐❡♥❞(❛ ♣❧✉# ❢♦(♠❡❧❧❡♠❡♥) ✿







∂g

∂u
=

∂f

∂x

∂x

∂u
+

∂f

∂y

∂y

∂u

∂g

∂v
=

∂f

∂x

∂x

∂v
+

∂f

∂y

∂y

∂v

#❛❝❤❛♥) 6✉❡ ❧❡# ❞1(✐✈1❡# ♣❛()✐❡❧❧❡# ❞❡ f #♦♥) 1✈❛❧✉1❡# ❡♥ (x(u, v), y(u, v)) ❡) ❝❡❧❧❡# ❞❡ g, x, y ❡♥ (u, v).

+❛**❛❣❡ ❡♥ ❝♦♦2❞♦♥♥$❡* ♣♦❧❛✐2❡* *✉2 V1 = R
∗
+ × R✳

❊①❡2❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❙♦✐) V1 = R
∗
+ × R✳ ❉1)❡(♠✐♥❡( ✉♥ ♦✉✈❡() U1 ❞❡ R

2
♣♦✉( ❧❡6✉❡❧ ❧✬❛♣♣❧✐❝❛)✐♦♥ ϕ1 ❞1✜♥✐❡ ♣❛( ✿

ϕ1 :

{
U1 −→ V1

(r, θ) 7−→ (r cos(θ), r sin(θ))

❡#) ❜✐❥❡❝)✐✈❡✳ ❊①♣(✐♠❡( ϕ−1
1 ✳

✹✻✸
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❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✷✮

❙♦✐# f : R2 −→ R ❞❡ ❝❧❛))❡ C1. *♦✉, #♦✉# (r, θ) ∈ R
2, ♦♥ ♣♦)❡ F (r, θ) = f(r cos(θ), r sin(θ)).

❊①♣,✐♠❡, ❧❡) ❞2,✐✈2❡) ♣❛,#✐❡❧❧❡) ❞❡ F ❡♥ ❢♦♥❝#✐♦♥) ❞❡ ❝❡❧❧❡) ❞❡ f.

❊♥ ❞2❞✉✐,❡ ❧❛ ,2)♦❧✉#✐♦♥ )✉, V1 = R
∗
+ × R ❞❡ ❧✬26✉❛#✐♦♥ ❛✉① ❞2,✐✈2❡) ♣❛,#✐❡❧❧❡) (E) : y

∂f

∂x
− x

∂f

∂y
= 0.

✹✻✹
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+❛**❛❣❡ ❡♥ ❝♦♦4❞♦♥♥$❡* ♣♦❧❛✐4❡* *✉4 V2 = R
2
r {(x, 0), x 6 0}✳

❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✸✮

+❛**❛❣❡ ❡♥ ❝♦♦4❞♦♥♥$❡* ♣♦❧❛✐4❡* *✉4 V2 = R
2
r {(x, 0), x 6 0}✳ ❉!"❡$♠✐♥❡$ ✉♥ ♦✉✈❡$" U2 ❞❡ R

2
♣♦✉$ ❧❡.✉❡❧

❧✬❛♣♣❧✐❝❛"✐♦♥ ϕ2 ❞!✜♥✐❡ ♣❛$ ✿

ϕ2 :

{
U2 −→ V2

(r, θ) 7−→ (r cos(θ), r sin(θ))

❡4" ❜✐❥❡❝"✐✈❡ ❡" ❡①♣$✐♠❡$ ϕ−1
2 ✳

▲♦$4.✉❡ r 6= 0✱ ❡①♣$✐♠❡$ ❧❡4 ❞!$✐✈!❡4 ♣❛$"✐❡❧❧❡4 ❞❡ f ❡♥ ❢♦♥❝"✐♦♥4 ❞❡ ❝❡❧❧❡4 ❞❡ F.

✹✻✺
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❊①❡♠♣❧❡ ✶✾✳✻✳ ❈❤❛♥❣❡♠❡♥" ❞❡ ✈❛=✐❛❜❧❡* ❛✣♥❡✳

❙♦✐# f : R2 −→ R ❞❡ ❝❧❛))❡ C1. *♦✉, #♦✉# (u, v) ∈ R
2, ♦♥ ♣♦)❡

F (u, v) = f(au+ bv, cu+ dv).

❊①♣,✐♠❡, ❧❡) ❞2,✐✈2❡) ♣❛,#✐❡❧❧❡) ❞❡ F ❡♥ ❢♦♥❝#✐♦♥) ❞❡ ❝❡❧❧❡) ❞❡ f.

❆ 6✉❡❧❧❡ ❝♦♥❞✐#✐♦♥ ♣❡✉#✲♦♥ ❡①♣,✐♠❡, ❧❡) ❞2,✐✈2❡) ♣❛,#✐❡❧❧❡) ❞❡ f ❡♥ ❢♦♥❝#✐♦♥) ❞❡ ❝❡❧❧❡) ❞❡ F ❄

+=♦♣♦*✐"✐♦♥ ✽

❙♦✐# f : U ⊂ R
p −→ R ❞❡ ❝❧❛))❡ C1✳ ❙✐ U ❡)# ✉♥ ♦✉✈❡=" ❝♦♥✈❡①❡✱ ❛❧♦.) ♦♥ ❛ ❧✬01✉✐✈❛❧❡♥❝❡ )✉✐✈❛♥#❡✳

f ❡)# ❝♦♥)#❛♥#❡ ⇐⇒ ∀i ∈ {1, . . . , p}, ∀(x1, . . . , xn) ∈ U
∂f

∂xi

(x1, . . . , xn) = 0.

+=❡✉✈❡✳

✹✻✻
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✷

✶✾✳✸✳✹ ●&❛❞✐❡♥,

❖♥ ♠✉♥✐% R
p
❞❡ (❛ (%*✉❝%✉*❡ ❡✉❝❧✐❞✐❡♥♥❡ ✉(✉❡❧❧❡ ❡% ♥♦%❡ B (❛ ❜❛(❡ ❝❛♥♦♥✐/✉❡✳ ❙♦✐% f : U ⊂ R

p −→ R ❞❡ ❝❧❛((❡ C1. ❖♥ ❛

df(a) ∈ L(Rp,R).

❆✐♥(✐✱ ✐❧ ❡①✐(%❡ ✉♥ ✉♥✐/✉❡ ✈❡❝%❡✉* u ∈ R
p
%❡❧ /✉❡ ♣♦✉* %♦✉% h ∈ R

p, ♦♥ ❛✐% df(a).h = 〈u, h〉.

▲❡ ✈❡❝%❡✉* u ❞8♣❡♥❞ ❞❡ f ❡% ❞❡ a✱ ♦♥ ❧❡ ♥♦%❡
−−→
❣*❛❞fa ♦✉ ❡♥❝♦*❡ ∇f(a). ❆✐♥(✐

∀h ∈ R
p, df(a).h = 〈

−−→
❣*❛❞fa, h〉 = 〈∇f(a), h〉.

❖♥ ♣❡✉% ❡①♣*✐♠❡* ∇f(a) =
−−→
❣*❛❞fa : ❧✬❛✐❞❡ ❞❡( ❞8*✐✈8❡( ♣❛*%✐❡❧❧❡( ❞❡ f ❡♥ a. ❊♥ ❡✛❡%✱ ♣✉✐(/✉❡ ❧❛ ❜❛(❡ ❝❛♥♦♥✐/✉❡ ❡(%

♦*%❤♦♥♦*♠8❡✱ ♦♥ ❛

df(a).h =

p
∑

i=1

∂f

∂xi

(a)hi = 〈
−−→
❣*❛❞fa, h〉 = 〈∇f(a), h〉 ❛✈❡❝

−−→
❣*❛❞fa = ∇f(a) =

(
∂f

∂x1
(a), . . . ,

∂f

∂xp

(a)

)

.

❊①❡♠♣❧❡ ✶✾✳✼✳ ❖♥ ❝♦♥$✐❞'(❡ ❧✬❛♣♣❧✐❝❛.✐♦♥ f : (x, y) ∈ R
2 7−→ x2y − 2x− y2.

❆♣('$ ❛✈♦✐( ❥✉$.✐✜4 $♦♥ ❡①✐$.❡♥❝❡✱ ❞4.❡(♠✐♥❡( ❧❡ ❣(❛❞✐❡♥. ❞❡ f ❡. (❡♣(4$❡♥.❡( $♦♠♠❛✐(❡♠❡♥. ❧❡ ❝❤❛♠♣ ❞❡ ✈❡❝.❡✉($ ♦❜.❡♥✉✳

✹✻✼
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✶✾✳✹ ❆♣♣❧✐❝❛*✐♦♥- ❣/♦♠/*1✐2✉❡-

✶✾✳✹✳✶ ❈♦✉'❜❡* ❞✉ ♣❧❛♥

❉$✜♥✐"✐♦♥ ✻

❙♦✐# V ✉♥ ♦✉✈❡(# ❞❡ R
2
❡# F : V −→ R ❞❡ ❝❧❛--❡ C1. ❖♥ ❛♣♣❡❧❧❡ ❝♦✉(❜❡ C ❞❡ ❝❧❛--❡ C1 ❞✬23✉❛#✐♦♥ F (x, y) = 0, ❧✬❡♥-❡♠❜❧❡

-✉✐✈❛♥#✳

C = {(x, y) ∈ V, F (x, y) = 0}.

❆✐♥-✐✱ ♣♦✉( #♦✉# M(x, y) ∈ V ♦♥ ❛ M ∈ C ⇐⇒ F (x, y) = 0.

❊①❡♠♣❧❡ ✶✾✳✽✳

• ▲♦"#$✉❡ F ❡#' ✉♥❡ ❛♣♣❧✐❝❛'✐♦♥ ❛✣♥❡✱ ♦♥ "❡'"♦✉✈❡ ❧❡# 1$✉❛'✐♦♥# ❞❡ ❞"♦✐'❡# (D) : ax+ by + c = 0.

• ▲♦"#$✉❡ F (x, y) = (x− a)2 + (y − b)2 −R2
✱ ♦♥ ♦❜'✐❡♥' ❧❡ ❝❡"❝❧❡ ❞❡ ❝❡♥'"❡ Ω = (a, b) ❡' ❞❡ "❛②♦♥ R.

❉$✜♥✐"✐♦♥ ✼ ✭+♦✐♥" =$❣✉❧✐❡=✮

❙♦✐# F : V ⊂ R
2 −→ R ❞❡ ❝❧❛))❡ C1 ❡# C : F (x, y) = 0. ❙♦✐# M(x, y) ∈ C, ♦♥ ❞✐# +✉❡ M ❡)# ✉♥ ♣♦✐♥# ./❣✉❧✐❡. ❞❡ C )✐

−−→
❣.❛❞F (M) =

(
∂F

∂x
(x, y),

∂F

∂y
(x, y)

)

6= (0, 0).

❖♥ ❞✐# +✉❡ ❧❛ ❝♦✉.❜❡ C ❡)# ./❣✉❧✐3.❡ )✐ #♦✉) )❡) ♣♦✐♥#) ❧❡ )♦♥#✳

❖♥ ❛❞♠❡# ❧❛ ♣.♦♣♦)✐#✐♦♥ )✉✐✈❛♥#❡✳

 !♦♣♦$✐&✐♦♥ ✾

❙♦✐# F : V ⊂ R
2 −→ R ❞❡ ❝❧❛))❡ C1 ❡# C : F (x, y) = 0.

❙✐ M(x0, y0) ∈ C ❡)# ✉♥ ♣♦✐♥# ./❣✉❧✐❡. ❞❡ C✱ ❛❧♦.) ❧❛ ❝♦✉.❜❡ C ❛❞♠❡# ✉♥❡

#❛♥❣❡♥#❡ ❡♥ ❝❡ ♣♦✐♥# ❞♦♥# ❧❛ ♥♦.♠❛❧❡ ❡)# ❞✐.✐❣/❡ ♣❛.

−−→
❣.❛❞F (M0) 6= (0, 0).

■❧❧✉$&!❛&✐♦♥ ❣!❛♣❤✐/✉❡ ✿

❊①❡!❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❖♥ ❝♦♥)✐❞3.❡ ❧❛ ❝♦✉.❜❡ C : 2x2 − 4xy + y2 + 2x = 1.
❉/♠♦♥#.❡. +✉❡ ❝❡##❡ ❝♦✉.❜❡ ❡)# ./❣✉❧✐3.❡ ❡# ❞/#❡.♠✐♥❡. ❧✬/+✉❛#✐♦♥ ❞❡ )❛ #❛♥❣❡♥#❡ ❡♥ ✉♥ ♣♦✐♥# M0(x0, y0) ∈ C.

✹✻✽



F : V ⊂ R
2 −→ R C1

F

Cλ : F (x, y) = λ.

M(x, y)
Cλ F
Cλ λ.

V R
3 F : V −→ R C1.

S C1 F (x, y, z) = 0,

S = {(x, y, z) ∈ V, F (x, y, z) = 0}.

M(x, y, z) ∈ V M ∈ S ⇐⇒ F (x, y, z) = 0.

F S

• F 1, (P ) : ax+ by + cz + d = 0.

• F (x, y, z) = (x− a)2 + (y − b)2 + (z − c)2 −R2 Ω = (a, b, c) R.



F : V ⊂ R
3 −→ R C1 S : F (x, y, z) = 0. M(x, y, z) ∈ S, M S

−−→
F (M) =

(
∂F

∂x
(x, y, z),

∂F

∂y
(x, y, z),

∂F

∂z
(x, y, z)

)

6= (0, 0, 0).

S

S : F (x, y, z) = 0 C1 M(x0, y0, z0) S. S M0

M0

−−→
F (M) =

(
∂F

∂x
(x0, y0, z0),

∂F

∂y
(x0, y0, z0),

∂F

∂z
(x0, y0, z0)

)

6= (0, 0, 0).

M0 S M0.

S M0 M0.

S : x2 + 4y2 + 4z2 = 9 M0(1, 1, 1).



S : F (x, y, z) = 0 C1 (Γ) : t ∈ I 7−→M(t) = (x(t), y(t), z(t)) C1.
(Γ) S t ∈ I, M(t) S

∀t ∈ I, F (x(t), y(t), z(t)) = 0.

M0 = (x(t0), y(t0), z(t0))
S

(Γ), (Γ)
S

f : U ⊂ R
2 −→ R,

f
z = f(x, y).

x = x0 y = y0 z = z0
z = f(x, y).

• λ ∈ R f(x, y) = λ

• x = x0 y = y0



f
f

i 6= j :
∂

∂xi

(
∂f

∂xj

)

=
∂2f

∂xi∂xj

= ∂2
i,jf

i = j :
∂

∂xi

(
∂f

∂xi

)

=
∂2f

∂x2
i

= ∂2
i,if







p× p.

p3

k.

f : U ⊂ R
p −→ R f Ck U k U

U.
Ck(U,R) f ∈ F(U,R) Ck U. R−

f : U ⊂ R
p −→ R

• f C2 U

∀(i, j) ∈ {1, . . . , p}2,
∂2f

∂xi∂xj

=
∂2f

∂xj∂xi

• f Ck U

∂kf

∂xi1 . . . ∂xik
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❈❡ "❤$♦&'♠❡ ❡)" ❛❞♠✐)✱ ♠❛✐) ♦♥ ♣❡✉" ❧❡ ✈$&✐✜❡& )✉& ✉♥ ❡①❡♠♣❧❡✳ ❖♥ ♣♦)❡ f(x, y) = (x2 + y)e−x+2y.
❆♣&') ❛✈♦✐& ❥✉)"✐✜❡& ❧❡✉& ❡①✐)"❡♥❝❡✱ ❝❛❧❝✉❧❡& ❧❡) ❞$&✐✈$❡) ♣❛&"✐❡❧❧❡) )❡❝♦♥❞❡) ❞❡ f.

❊①❡♠♣❧❡ ✶✾✳✶✵✳ ❙♦✐# f : R2 −→ R ❞%✜♥✐❡ ♣❛+ f(x, y) =
xy(x2 − y2)

x2 + y2
,✐ (x, y) 6= (0, 0) ❡# f(0, 0).

▼♦♥#+❡+ .✉❡ f ♥✬❡,# ♣❛, ❞❡ ❝❧❛,,❡ C2 ,✉+ R
2.

✹✼✸



▼❛"❤$♠❛"✐'✉❡* +❙■ ❙✳ ❉✐♦♥

✶✾✳✺✳✷ ❉&✈❡❧♦♣♣❡♠❡♥. ❧✐♠✐.& 0 ❧✬♦2❞2❡ ✷

❉$✜♥✐"✐♦♥ ✶✹ ✭▼❛"6✐❝❡ ❤❡**✐❡♥♥❡✮

❙♦✐# f : U ⊂ R
p −→ R ♦♥ ❢♦♥❝#✐♦♥ ❞❡ ❝❧❛++❡ C2 +✉- ✉♥ ♦✉✈❡-# U ✳ 0♦✉- a ∈ U ✱ ♦♥ ❛♣♣❡❧❧❡ ♠❛#-✐❝❡ ❤❡++✐❡♥♥❡ ❞❡ f ❡♥ a ❧❛

♠❛#-✐❝❡ ✿

Hf (a) =

[
∂f

∂xi∂xj

(a)

]

i,j∈{1,...,p}

=










∂f

∂x1∂x1
(a) · · ·

∂f

∂x1∂xp

(a)

✳

✳

✳

✳

✳

✳

∂f

∂xp∂x1
(a) · · ·

∂f

∂xp∂xp

(a)










0✉✐+6✉❡ f ❡+# ❞❡ ❝❧❛++❡ C2 +✉- ❧✬♦✉✈❡-# U ✱ ♣❛- ❧❡ #❤8♦-9♠❡ ❞❡ ❙❝❤✇❛-③✱ ❧❛ ♠❛#-✐❝❡ Hf (a) ❡+# *②♠$"6✐'✉❡✳

❊①❡♠♣❧❡ ✶✾✳✶✶✳ ❉!"❡$♠✐♥❡$ ❧❛ ♠❛"$✐❝❡ ❤❡,,✐❡♥♥❡ ❞❡ ❧❛ ❢♦♥❝"✐♦♥ f ❞!✜♥✐❡ ♣❛$ f(x, y) = (x2 + y)e−x+2y
❛✉ ♣♦✐♥" a = (1, 1).

❊①❡6❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✷✮

❖♥ ♠✉♥✐# Mp,1(R) ❞✉ ♣-♦❞✉✐# +❝❛❧❛✐-❡ ✉+✉❡❧ ❡# ♦♥ ❝♦♥+✐❞9-❡ ❧✬❛♣♣❧✐❝❛#✐♦♥ f : x ∈Mp,1(R) 7−→ ‖x‖2.

✶✳ ❏✉+#✐✜❡- 6✉❡ f ❡+# ❞❡ ❝❧❛++❡ C2 +✉- U =Mp,1(R)r {0}.

✷✳ 0♦✉- #♦✉# a ∈ U ✱ ❞8#❡-♠✐♥❡- Hf (a).

✹✼✹
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❖♥ ❛❞♠❡& ❧❛ ♣)♦♣♦+✐&✐♦♥ +✉✐✈❛♥&❡✳

+2♦♣♦*✐"✐♦♥ ✶✷ ✭❋♦2♠✉❧❡ ❞❡ ❚❛②❧♦2✲❨♦✉♥❣ ? ❧✬♦2❞2❡ ✷✮

❙♦✐& f : U ⊂ R
p −→ R ✉♥❡ ❢♦♥❝&✐♦♥ ❞❡ ❝❧❛++❡ C2 +✉) ✉♥ ♦✉✈❡)& U ❡& a = (a1, . . . , ap) ∈ U ✳

3♦✉) &♦✉& h = (h1, . . . , hp) ∈ R
p
&❡❧ 4✉❡ a+ h ∈ U, ♦♥ ❛ ✿

f(a+ h) = f(a) + df(a).h+
1

2
hTHf (a)h+ ‖h‖

2ε(h) ❛✈❡❝ lim
h→0

ε(h) = 0

♦✉ ❡♥❝♦)❡

f(a1 + h1, . . . , ap + hp) = f(a) +

p
∑

i=1

hi

∂f

∂xi

(a) +
1

2

p
∑

i=1

p
∑

j=1

hihj

∂f

∂xi∂xj

(a) + ‖h‖2ε(h) ❛✈❡❝ lim
h→0

ε(h) = 0

❖♥ ♥♦&❡ ♣❛)❢♦✐+ ‖h‖2ε(h) = o(‖h‖2).

■❧❧✉*"2❛"✐♦♥ ❞✉ ♣2♦❞✉✐" ♠❛"2✐❝✐❡❧ ✿

❊①❡♠♣❧❡ ✶✾✳✶✷✳ ➱❝"✐"❡ ❧❡ ❞'✈❡❧♦♣♣❡♠❡♥- ❧✐♠✐-' . ❧✬♦"❞"❡ 2 ❞❡ f ❞'✜♥✐❡ ♣❛" f(x, y) = (x2 + y)e−x+2y
❛✉ ♣♦✐♥- a = (1, 1).

❊①❡2❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✸✮

❙♦✐& f : U ⊂ R
p −→ R ✉♥❡ ❢♦♥❝&✐♦♥ ❞❡ ❝❧❛++❡ C2 +✉) ✉♥ ♦✉✈❡)& U ✱ a ∈ U ❡& v ∈ R

p
✉♥❡ ❞✐)❡❝&✐♦♥ ♥♦♥ ♥✉❧❧❡✳

▼♦♥&)❡) 4✉❡ ❧❛ ❢♦♥❝&✐♦♥ ϕv : t 7−→ f(a+ tv) ❡+& ❞❡✉① ❢♦✐+ ❞9)✐✈❛❜❧❡ ❡♥ 0 ❡& 4✉❡ ϕ′v(0) = df(a).v ❡& ϕ′′v(0) = vTHf (a)v.

✹✼✺
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✶✾✳✻ ❊①&'❡♠❛

❉$✜♥✐"✐♦♥ ✶✺

❙♦✐# f : U ⊂ R
p −→ R ❡# a ∈ U. ❖♥ ❞✐# (✉❡

• f ❛❞♠❡# ✉♥ ♠❛①✐♠✉♠ ❡♥ a -✐ ✿ ∀x ∈ U, f(x) 6 f(a).

• f ❛❞♠❡# ✉♥ ♠✐♥✐♠✉♠ ❡♥ a -✐ ✿ ∀x ∈ U, f(x) > f(a).

• f ❛❞♠❡# ✉♥ ♠❛①✐♠✉♠ ❧♦❝❛❧ ❡♥ a -✐ ✿ ∃δ > 0, ∀x ∈ U, ‖x− a‖ < δ =⇒ f(x) 6 f(a).

• f ❛❞♠❡# ✉♥ ♠✐♥✐♠✉♠ ❧♦❝❛❧ ❡♥ a -✐ ✿ ∃δ > 0, ∀x ∈ U, ‖x− a‖ < δ =⇒ f(x) > f(a).

1♦✉2 ❥✉-#✐✜❡2 ❧✬❡①✐-#❡♥❝❡ ❞✬✉♥ ❡①#2❡♠✉♠✱ ♦♥ ♣♦✉22❛ ✉#✐❧✐-❡2 ❧❛ ♣2♦♣♦-✐#✐♦♥ -✉✐✈❛♥#❡ ✭❊!♣❛❝❡! ✈❡❝'♦)✐❡❧! ♥♦)♠.!✮✳

+5♦♣♦*✐"✐♦♥ ✶✸ ✭❚❤$♦5:♠❡ ❞❡* ❜♦5♥❡* ❛""❡✐♥"❡* ✲ ❈♦♥❞✐"✐♦♥ *✉✣*❛♥"❡✮

❙✐ f : X ⊂ R
p −→ R ❡-# ❝♦♥#✐♥✉❡ -✉2 ✉♥❡ ♣❛2#✐❡ ❢❡2♠=❡ ❡# ❜♦2♥=❡ X ❞❡ R

p, ❛❧♦2- f ❡-# ❜♦2♥=❡ ❡# ❡❧❧❡ ❛##❡✐♥# -❡- ❜♦2♥❡-✳

❉$✜♥✐"✐♦♥ ✶✻ ✭+♦✐♥" ❝5✐"✐'✉❡✮

❙♦✐# f : U ⊂ E −→ R ❡# a ∈ U. ❖♥ -✉♣♣♦-❡ (✉❡ f ❛❞♠❡# ❞❡- ❞=2✐✈=❡- ♣❛2#✐❡❧❧❡- ❡♥ a. ❖♥ ❞✐# (✉❡ a ❡-# ✉♥ ♣♦✐♥# ❝2✐#✐(✉❡

❞❡ f -✐ df(a) = 0L(E,R)✱ ❛✉#2❡♠❡♥# ❞✐# -✐ #♦✉#❡- ❧❡- ❞=2✐✈=❡- ♣❛2#✐❡❧❧❡- ❞❡ f -✬❛♥♥✉❧❡♥# ❡♥ a.

+5♦♣♦*✐"✐♦♥ ✶✹ ✭❈♦♥❞✐"✐♦♥ ♥$❝❡**❛✐5❡✮

❙♦✐# f : U ⊂ E −→ R ❞❡ ❝❧❛--❡ C1 ❛✈❡❝ U ♦✉✈❡2# ❡# a ∈ U. ❖♥ ❛

f ❛❞♠❡# ✉♥ ❡①#2❡♠✉♠ ❧♦❝❛❧ ❡♥ a =⇒ df(a) = 0L(E,R).

+5❡✉✈❡✳

✷

✹✼✻
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❘❡♠❛3'✉❡ ✶ ✿ ❈❡ "#$✉❧'❛' ❡$' ❢❛✉① $✐ U ♥✬❡$' ♣❛$ ♦✉✈❡"'✳

❘❡♠❛3'✉❡ ✷ ✿ ▲❛ "#❝✐♣"♦4✉❡ ❞❡ ❝❡''❡ ♣"♦♣♦$✐'✐♦♥ ❡$' ❢❛✉$$❡✳

+❧❛♥ ❞✬$"✉❞❡ ✿ 6♦✉" ❝❤❡"❝❤❡" ❧❡$ ❡①'"❡♠❛ ❧♦❝❛✉① ❞❡ f : U ⊂ R
p −→ R ✿

• ❖♥ $✬❛$$✉"❡ 4✉❡ U ❡$' ♦✉✈❡"' ❡' 4✉❡ f ❡$' ❞❡ ❝❧❛$$❡ C1

• ❖♥ ❝❤❡"❝❤❡ ❧❡$ ♣♦✐♥'$ ❝"✐'✐4✉❡$ ❞❡ f $✉" U ✳ ❈❡ $♦♥' ❧❡$ $❡✉❧$ ♣♦✐♥'$ ♦; f ♣❡✉' ❛❞♠❡''"❡ ✉♥ ❡①'"❡♠✉♠ ❧♦❝❛❧✳

• ❙✐ a ∈ U ❡$' ✉♥ ♣♦✐♥' ❝"✐'✐4✉❡ ❞❡ f ✱ ♦♥ #'✉❞✐❡ ❧❡ $✐❣♥❡ ❞❡ f(a+ h)− f(a) #✈❡♥'✉❡❧❧❡♠❡♥' ♣♦✉" h ♣❡'✐' $❡✉❧❡♠❡♥'✱

✲ ❙♦✐' ❞✐"❡❝'❡♠❡♥' ❞❛♥$ ❧✬❡①♣"❡$$✐♦♥ ❞❡ f(a+ h)− f(a)✳ ❖♥ ♣❡✉' ♦❜'❡♥✐" ✉♥ ❡①'"❡♠✉♠ ❧♦❝❛❧ ♦✉ ❣❧♦❜❛❧✳

✲ ❙♦✐'✱ $✐ f ❡$' C2 A ❧✬❛✐❞❡ ❞✉ ❞#✈❡❧♦♣♣❡♠❡♥' ❧✐♠✐'# A ❧✬♦"❞"❡ 2 ✭❝❢ 6"♦♣♦$✐'✐♦♥ ✹✸✮✳ ❖♥ ♦❜'✐❡♥' ✐❝✐ 4✉❡ ❞❡$ ❡①'"❡♠❛
❧♦❝❛✉①✳

f(a+ h)− f(a) = df(a).h
︸ ︷︷ ︸

=0

+
1

2
hTHf (a)h+ ‖h‖

2ε(h)

❊①❡♠♣❧❡ ✶✾✳✶✸✳ ❉!"❡$♠✐♥❡$ ❧❡) ❡①"$❡♠❛ ❞❡ f ❞!✜♥✐❡ )✉$ R2
♣❛$ f(x, y) = x2 + xy + y2 + 2x− 2y.

✹✼✼
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❖♥ ♣♦✉%%❛ ❞✐%❡❝+❡♠❡♥+ ✉+✐❧✐.❡% ❧❛ ♣%♦♣♦.✐+✐♦♥ .✉✐✈❛♥+❡✳

+2♦♣♦*✐"✐♦♥ ✶✺

❙♦✐+ f : U ⊂ E −→ R ❞❡ ❝❧❛..❡ C2 ❛✈❡❝ U ♦✉✈❡%+ ❡+ a ∈ U ✉♥ ♣♦✐♥+ ❝%✐+✐2✉❡ ❞❡ f ✳

• ❙✐ Hf (a) ∈ S
++
p (R) ✭❛✉+%❡♠❡♥+ ❞✐+ .✐ ❧❡. ✈❛❧❡✉%. ♣%♦♣%❡. ❞❡ f .♦♥+ .+%✐❝+❡♠❡♥+ ♣♦.✐+✐✈❡.✮ ❛❧♦%. f ❛❞♠❡+ ✉♥ ♠✐♥✐♠✉♠

❧♦❝❛❧ .+%✐❝+ ❡♥ a.

• ❙✐ Hf (a) /∈ S
+
p (R) ✭❛✉+%❡♠❡♥+ ❞✐+ .✐ ❛✉ ♠♦✐♥. ✉♥❡ ✈❛❧❡✉% ♣%♦♣%❡ ❞❡ f ❡.+ .+%✐❝+❡♠❡♥+ ♥5❣❛+✐✈❡✮ ❛❧♦%. f ♥✬❛❞♠❡+ ♣❛.

❞❡ ♠✐♥✐♠✉♠ ❧♦❝❛❧ ❡♥ a.

• ❙✐ −Hf (a) ∈ S
++
p (R) ✭❛✉+%❡♠❡♥+ ❞✐+ .✐ ❧❡. ✈❛❧❡✉%. ♣%♦♣%❡. ❞❡ f .♦♥+ .+%✐❝+❡♠❡♥+ ♥5❣❛+✐✈❡.✮ ❛❧♦%. f ❛❞♠❡+ ✉♥

♠❛①✐♠✉♠ ❧♦❝❛❧ .+%✐❝+ ❡♥ a.

• ❙✐ −Hf (a) /∈ S+
p (R) ✭❛✉+%❡♠❡♥+ ❞✐+ .✐ ❛✉ ♠♦✐♥. ✉♥❡ ✈❛❧❡✉% ♣%♦♣%❡ ❞❡ f ❡.+ .+%✐❝+❡♠❡♥+ ♣♦.✐+✐✈❡✮ ❛❧♦%. f ♥✬❛❞♠❡+

♣❛. ❞❡ ♠❛①✐♠✉♠ ❧♦❝❛❧ ❡♥ a.

▲❡ 2❛✐*♦♥♥❡♠❡♥" *✉✐✈❛♥" ❡*" 8 ♠❛9"2✐*❡2 ✿

❖♥ %❡♣%❡♥❞ ❧✬❡①❡♠♣❧❡ ♣%5❝5❞❡♥+✳ ▲❛ ❢♦♥❝+✐♦♥ f ❡.+ ❞❡ ❝❧❛..❡ C2 .✉% R2
2✉✐ ❡.+ ♦✉✈❡%+✳

▲❛ ♠❛+%✐❝❡ ❤❡..✐❡♥♥❡ ❞❡ f ❡♥ (x, y) ❡.+ Hf (x, y) =






∂f

∂x2
(x, y)

∂f

∂x∂y
(x, y)

∂f

∂y∂x
(x, y)

∂f

∂y2
(x, y)




 =

(
2 1
1 2

)

✭✐♥❞5♣❡♥❞❛♥+❡ ❞❡ x, y✮✳

❊♥ ♣❛%+✐❝✉❧✐❡% Hf (−2, 2) =

(
2 1
1 2

)

✳

❊❧❧❡ ❡.+ .②♠5+%✐2✉❡ %5❡❧❧❡ ❞♦♥❝ ❞✐❛❣♦♥❛❧✐.❛❜❧❡ ❞❛♥. M2(R). ❖♥ ♥♦+❡ α, β .❡. ✈❛❧❡✉%. ♣%♦♣%❡. ✿

• αβ = det(Hf (−2, 2)) = 3 > 0 ❞♦♥❝ α, β .♦♥+ ♥♦♥ ♥✉❧❧❡. ❡+ ❞❡ ♠@♠❡ .✐❣♥❡✳

• α+ β = tr(Hf (−2, 2)) = 4 > 0 ❞♦♥❝ α > 0 ❡+ β > 0.

❖♥ ❡♥ ❞5❞✉✐+ 2✉❡ Hf (−2, 2) ∈ S
++
2 (R).

❊♥ ❡✛❡+✱ ♣❛% ❧❡ +❤5♦%C♠❡ .♣❡❝+%❛❧✱ ✐❧ ❡①✐.+❡ P ∈ O2(R) +❡❧❧❡ 2✉❡ P
−1Hf (−2, 2)P = PTHf (−2, 2)P = D =

(
α 0
0 β

)

✳

❙♦✐+ h ∈M2,1(R)✱ ♦♥ ❛ ✿

hTHf (a)h = hTPDPTh =
(
k1 k2

)
(

α 0
0 β

)(
k1
k2

)

❛✈❡❝ PTh =

(
k1
k2

)

❊+ ❞♦♥❝ hTHf (a)h = αk21 + βk22 > 0. ❆✐♥.✐✱ Hf (−2, 2) ∈ S
+
2 (R).

✹✼✽
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❉❡ ♣❧✉%✱ %✐ hTHf (a)h = αk21 + βk22 = 0 ❛❧♦*% αk21 = βk22 = 0 ❡+ ❝♦♠♠❡ α > 0 ❡+ β > 0✱ ♦♥ ♦❜+✐❡♥+ PTh =

(
k1
k2

)

= 0✳

❖* PT
❡%+ ✐♥✈❡*%✐❜❧❡ ❞♦♥❝ h = 0. ❋✐♥❛❧❡♠❡♥+ Hf (−2, 2) ∈ S

++
2 (R).

5✉✐%6✉❡ f ❡%+ ❞❡ ❝❧❛%%❡ C2 %✉* ❧✬♦✉✈❡*+ R2
✱ ❡+ ♣✉✐%6✉❡ a = (−2, 2) ❡%+ ✉♥ ♣♦✐♥+ ❝*✐+✐6✉❡ ❞❡ f ✱ ❧❛ ♣*♦♣♦%✐+✐♦♥ ✶✺ ❞♦♥♥❡

f ❛❞♠❡+ ✉♥ %❡✉❧ ❡①+*❡♠✉♠ ❧♦❝❛❧✱ ❝✬❡%+ ✉♥ ♠✐♥✐♠✉♠ ❧♦❝❛❧ ❡+ ❝✬❡%+ ❡♥ (−2, 2).

❘❡♠❛3'✉❡ ✿ ❛✈❡❝ ❝❡++❡ *;❞❛❝+✐♦♥✱ ♦♥ +*❛✈❛✐❧❧❡ ❛✉ ✈♦✐*✐♥❛❣❡ ❞✉ ♣♦✐♥+ ❝*✐+✐6✉❡✱ ❡+ ❞♦♥❝ ♦♥ ♥❡ ❞;♠♦♥+*❡ ♣❛% 6✉✬✐❧ %✬❛❣✐+ ❞✬✉♥

❡①+*❡♠✉♠ ❣❧♦❜❛❧✳

❊①❡3❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✷✮

❉;+❡*♠✐♥❡* ❧❡% ❡①+*❡♠❛ ❧♦❝❛✉① ❞❡ ❧❛ ❢♦♥❝+✐♦♥ f ❞;✜♥✐❡ %✉* R2
♣❛* f(x, y) = x3 + y3 − 9xy + 27.

f ❛❞♠❡+✲❡❧❧❡ ❞❡% ❡①+*❡♠❛ ❧♦❝❛✉① ♦✉ ❣❧♦❜❛✉① ❄

✹✼✾
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❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❉!"❡$♠✐♥❡$ ❧❡) ❡①"$❡♠❛ ❧♦❝❛✉① ❡" ❣❧♦❜❛✉① )✉$ [0, π]× [0, π] ❞❡ ❧❛ ❢♦♥❝"✐♦♥ f ❞!✜♥✐❡ ♣❛$ f(x, y) = sin(x)+sin(y)+sin(x+y)

✹✽✵


