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❉!✜♥✐%✐♦♥ ✶

❙♦✐❡♥% a, b, c : I → K ❞❡' ❛♣♣❧✐❝❛%✐♦♥' ❝♦♥%✐♥✉❡' '✉- ✉♥ ✐♥%❡-✈❛❧❧❡ I. ❖♥ ❝♦♥'✐❞0-❡ ❧✬23✉❛%✐♦♥ ❞✐✛2-❡♥%✐❡❧❧❡ ❧✐♥2❛✐-❡ ❞✬♦-❞-❡

1 '✉✐✈❛♥%❡✳

(E) : ay′ + by = c.

❯♥❡ '♦❧✉%✐♦♥ ❞❡ (E) ❡'% ✉♥ ❝♦✉♣❧❡ (J, y) ♦7 J ⊂ I ❡'% ✉♥ ✐♥%❡-✈❛❧❧❡ ❡% y : J → K ❡'% ❞2-✐✈❛❜❧❡ ❡% ✈2-✐✜❡ ✿

∀t ∈ J, a(t)y′(t) + b(t)y(t) = c(t).

❖♥ ❞✐% ❛✉''✐ 3✉❡ y ❡'% ✉♥❡ '♦❧✉%✐♦♥ '✉- J ❞❡ (E)✳ ▲❡' '♦❧✉%✐♦♥' '♦♥% ♣❛-❢♦✐' ✐❞❡♥%✐✜2❡' = ❧❡✉-' ❣-❛♣❤❡' ❡% ❛♣♣❡❧2❡' ❝♦✉-❜❡'
✐♥%2❣-❛❧❡' ❛''♦❝✐2❡' = (E).
❖♥ ❞✐% 3✉❡ (E) ❡'% ❤♦♠♦❣0♥❡ '✐ c = 0 ❡% ♦♥ ♥♦%❡ (E0) ❧✬23✉❛%✐♦♥ ❤♦♠♦❣0♥❡ ❛''♦❝✐2❡ = (E).

(E0) : ay′ + by = 0.

❖♥ ❞✐% 3✉❡ (E) ❡'% = ❝♦❡✣❝✐❡♥%' ❝♦♥'%❛♥%' '✐ a ❡% b '♦♥% ❞❡' ❢♦♥❝%✐♦♥' ❝♦♥'%❛♥%❡'✳

• ❈❛* ♦+ a ♥❡ *✬❛♥♥✉❧❡ ♣❛* *✉1 I ✿ ❖♥ ♣❡✉% ❛❧♦-' ❞✐✈✐'❡- ❧✬23✉❛%✐♦♥ ♣❛- a✳ ▲❡' ❢♦♥❝%✐♦♥' α =
b

a
❡% β =

c

a
'♦♥% ❛❧♦-'

❝♦♥%✐♥✉❡' '✉- I ❡% ♦♥ ❡'% -❛♠❡♥2 ❛✉① 23✉❛%✐♦♥' ❞✐✛2-❡♥%✐❡❧❧❡' '✉✐✈❛♥%❡'✳

(E) : y′ + αy = β ❡% (E0) : y′ + αy = 0.

• 31♦❜❧5♠❡ ❞❡ ❈❛✉❝❤②✳ ❈✬❡'% ✉♥ '②%0♠❡ ❞❡ ❧❛ ❢♦-♠❡

{
y′ + αy = β,

y(t0) = y0,
♦7 t0 ∈ I ❡% y0 ∈ K '♦♥% ❞♦♥♥2'✳

31♦♣♦*✐%✐♦♥ ✶ ✭❚❤!♦15♠❡ ❞❡ ❈❛✉❝❤②✲▲✐♣*❝❤✐%③✮

❙✐ α ❡% β '♦♥% ❝♦♥%✐♥✉❡' '✉- I✱ ❛❧♦-' ♣♦✉- %♦✉% t0 ∈ I ❡% ♣♦✉- %♦✉% y0 ∈ K✱ ❧❡ ♣-♦❜❧0♠❡ ❞❡ ❈❛✉❝❤②

{
y′ + αy = β,

y(t0) = y0,

❛❞♠❡% ✉♥❡ ✉♥✐3✉❡ '♦❧✉%✐♦♥ ❞2✜♥✐❡ '✉- I.

●2♦♠2%-✐3✉❡♠❡♥% ✿ ❧❡' ❝♦✉-❜❡' ✐♥%2❣-❛❧❡' ♥❡ '❡ ❝♦✉♣❡♥% ♣❛'✳

■❧❧✉*%1❛%✐♦♥ ❣1❛♣❤✐D✉❡ ✿

✹✷✸
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• ❘$*♦❧✉"✐♦♥ ❞❡ (E0).
❙♦✐# A ✉♥❡ ♣(✐♠✐#✐✈❡ ❞❡ α ,✉( I ✭❡❧❧❡ ❡①✐,#❡ ❜✐❡♥ ❝❛( α ❡,# ❝♦♥#✐♥✉❡ ,✉( I✮✳ ❖♥ ❛ ❛❧♦(, ❧❡, 67✉✐✈❛❧❡♥❝❡, ,✉✐✈❛♥#❡,✳

∀t ∈ I, y′(t) + α(t)y(t) = 0 ⇐⇒ ∀t ∈ I, eA(t)y′(t) +A′(t)eA(t)y(t) = 0,

⇐⇒ ∀t ∈ I,
(

eA(t)y(t)
)
′

= 0,

⇐⇒ ∃C ∈ K, ∀t ∈ I, eA(t)y(t) = C,

⇐⇒ ∃C ∈ K, ∀t ∈ I, y(t) = Ce−A(t).

▲❡, ,♦❧✉#✐♦♥, ,♦♥# ❞♦♥❝ ❧❡, y : t ∈ I 7→ Ce−A(t)
♦9 C ∈ K ❡,# ✉♥❡ ❝♦♥,#❛♥#❡✳ ▲✬❡♥,❡♠❜❧❡ ❞❡, ,♦❧✉#✐♦♥, ❡,# ❛❧♦(, ❧❛ ❞(♦✐#❡

✈❡❝#♦(✐❡❧❧❡ ❡♥❣❡♥❞(6❡ ♣❛( t 7→ e−A(t).

• ❘$*♦❧✉"✐♦♥ ❞❡ (E).
❙♦✐# y1 ✉♥❡ ,♦❧✉#✐♦♥ ♣❛(#✐❝✉❧✐<(❡ ✭❧❡ #❤6♦(<♠❡ ❞❡ ❈❛✉❝❤②✲▲✐♣,❝❤✐#③ ❡♥ ❞♦♥♥❡ ❧✬❡①✐,#❡♥❝❡✮✳ ❖♥ ❛ ❛❧♦(, ❧❡, 67✉✐✈❛❧❡♥❝❡, ,✉✐✈❛♥#❡,

∀t ∈ I, y′(t) + α(t)y(t) = β(t) ⇐⇒ ∀t ∈ I, y′(t) + α(t)y(t) = β(t) = y′1(t) + α(t)y1(t),
⇐⇒ ∀t ∈ I, (y − y1)′(t) + α(t)(y − y1)(t) = 0.

❆✐♥,✐✱ y ❡,# ✉♥❡ ,♦❧✉#✐♦♥ ❞❡ (E) ,✉( I ,✐ ❡# ,❡✉❧❡♠❡♥# ,✐ y − y1 ❡,# ✉♥❡ ,♦❧✉#✐♦♥ ❞❡ (E0) ,✉( I✳
▲❡, ,♦❧✉#✐♦♥, ,♦♥# ❞♦♥❝ ❧❡, y : t ∈ I 7→ Ce−A(t) + y1(t) ♦9 C ❡,# ✉♥❡ ❝♦♥,#❛♥#❡ ♥✉♠6(✐7✉❡✳ ▲✬❡♥,❡♠❜❧❡ ❞❡, ,♦❧✉#✐♦♥, ❡,# ❛❧♦(,

✉♥❡ ❞(♦✐#❡ ❛✣♥❡ ❞✐(✐❣6❡ ♣❛( t 7→ e−A(t).

❘❡♠❛5'✉❡ ✿ ♣♦✉( #(♦✉✈❡( ✉♥❡ ,♦❧✉#✐♦♥ ♣❛(#✐❝✉❧✐<(❡✱ ♦♥ ♣❡✉# ❢❛✐(❡ ✓ ✈❛(✐❡( ❧❛ ❝♦♥,#❛♥#❡ C ✔ ❡# ❝❤❡(❝❤❡( ✉♥❡ ,♦❧✉#✐♦♥ ,♦✉, ❧❛

❢♦(♠❡ y1(t) = C(t)e−A(t)
♦9 C ❡,# ❞6(✐✈❛❜❧❡ ,✉( I.

• +5♦❜❧8♠❡* ❞❡ 5❛❝❝♦5❞❡♠❡♥"* ✿
❙✐ a ,✬❛♥♥✉❧❡ ✉♥ ♥♦♠❜(❡ ✜♥✐ ❞❡ ❢♦✐, ,✉( I✱ ♦♥ ❞6#❡(♠✐♥❡ ❞❛♥, ✉♥ ♣(❡♠✐❡( #❡♠♣, ❧❡, ,♦❧✉#✐♦♥, ,✉( ❧❡, ✐♥#❡(✈❛❧❧❡, ♦9 a ♥❡ ,✬❛♥♥✉❧❡

♣❛,✳ ❖♥ ❝❤❡(❝❤❡ ❡♥,✉✐#❡ ❧❡, ,♦❧✉#✐♦♥, ❞6✜♥✐❡, ,✉( I #♦✉# ❡♥#✐❡( ✭✐❧ ♥✬❡♥ ❡①✐,#❡ ♣❛, #♦✉❥♦✉(,✮✳ ❖♥ ❝❤❡(❝❤❡ ❛❧♦(, J (❛❝❝♦(❞❡( ❧❡,

❢♦♥❝#✐♦♥, #(♦✉✈6❡, ❡♥ ♣(❡♠✐<(❡ 6#❛♣❡✱ ♣♦✉( ♦❜#❡♥✐( ✉♥❡ ❢♦♥❝#✐♦♥ ❝♦♥"✐♥✉❡✱ ❞$5✐✈❛❜❧❡ *✉5 I. ❖♥ ♣♦✉((❛ ♣♦✉( ❝❡❧❛ ,♦✐# (❡✈❡♥✐(

J ❧❛ ❞6✜♥✐#✐♦♥ ❞❡ ❝♦♥#✐♥✉✐#6 ❡# ❞❡ ❞6(✐✈❛❜✐❧✐#6✱ ,♦✐# ✉#✐❧✐,❡( ✉♥ ❞6✈❡❧♦♣♣❡♠❡♥# ❧✐♠✐#6 J ❧✬♦(❞(❡ 1 ❡♥ ❧❡, ♣♦✐♥#, ♦9 a ,✬❛♥♥✉❧❡✳

❘❡♠❛5'✉❡* ✿ ❙✐ a ,✬❛♥♥✉❧❡ ,✉( I✱

✲ ❧❡ #❤6♦(<♠❡ ❞❡ ❈❛✉❝❤②✲▲✐♣,❝❤✐#③ ♥✬❡,# ♣❛, ✈❛❧❛❜❧❡ ,✉( I ♠❛✐, ,❡✉❧❡♠❡♥# ,✉( ❝❤❛❝✉♥ ❞❡, ✐♥#❡(✈❛❧❧❡, ♦9 a ♥❡ ,✬❛♥♥✉❧❡ ♣❛,✱

✲ ❜✐❡♥ 7✉❡ ❧✬67✉❛#✐♦♥ ❞✐✛6(❡♥#✐❡❧❧❡ ,♦✐# ❞✬♦(❞(❡ 1✱ ❧✬❡,♣❛❝❡ ❛✣♥❡ ✭❡,♣❛❝❡ ✈❡❝#♦(✐❡❧ #(❛♥,❧❛#6 ❞✬✉♥ ✈❡❝#❡✉(✮ ❞❡, ,♦❧✉#✐♦♥, ,✉( I

♣❡✉#✲L#(❡ ❞❡ ♥✬✐♠♣♦(#❡ 7✉❡❧❧❡ ❞✐♠❡♥,✐♦♥✱ ✐❧ ♣❡✉# ♠L♠❡ L#(❡ ✈✐❞❡✳

❊①❡♠♣❧❡ ✶✼✳✶✳ ❘!"♦✉❞&❡ E : ty′ + (1− t)y = 1.

• ❘$*♦❧✉"✐♦♥ ❞❡ ❧✬$'✉❛"✐♦♥ ❤♦♠♦❣8♥❡ ✿
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• ❘$❞❛❝"✐♦♥ ✶ ✿ ❘❡❝❤❡7❝❤❡ ❞✬✉♥❡ *♦❧✉"✐♦♥ ♣❛7"✐❝✉❧✐;7❡ ❡" ❛♣♣❧✐❝❛"✐♦♥ ❞✉ ❝♦✉7*

• ❘$❞❛❝"✐♦♥ ✷ ✿ ❘❛✐*♦♥♥❡♠❡♥" ♣❛7 $'✉✐✈❛❧❡♥❝❡*

✹✷✺
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• ❊"✉❞❡ ❞❡* 4❛❝❝♦4❞* ✿

✶✼✳✷ ❊%✉❛(✐♦♥, ❞✐✛/0❡♥(✐❡❧❧❡, ❧✐♥/❛✐0❡, ,❝❛❧❛✐0❡, ❞✬♦0❞0❡2 5 ❝♦❡✣❝✐❡♥(, ❝♦♥,(❛♥(,

✶✼✳✷✳✶ ❘%&♦❧✉*✐♦♥ ❞❡ ❧✬%0✉❛*✐♦♥ ❤♦♠♦❣5♥❡

❙♦✐❡♥% a, b ∈ K. ❖♥ ❝♦♥(✐❞*+❡ ❧✬./✉❛%✐♦♥ ❞✐✛.+❡♥%✐❡❧❧❡ (✉✐✈❛♥%❡✳

(EK) : y′′ + ay′ + by = 0

❉❛♥( ❧❛ (✉✐%❡✱ ♦♥ ❛♣♣❡❧❧❡ $'✉❛"✐♦♥ ❝❛4❛❝"$4✐*"✐'✉❡ ❛((♦❝✐.❡ 8 (EK)✱ ❧✬./✉❛%✐♦♥ ❞❡ ❞❡❣+. ✷ (✉✐✈❛♥%❡ ✿

(EC) : r2 + ar + b = 0,

❡% ♦♥ ♥♦%❡ ∆ = a2 − 4b (♦♥ ❞✐(❝+✐♠❛♥%✳

❈❛* ♦8 K = C ✿

✲ ❙✐ ∆ = 0 ❛❧♦+( (EC) : r2 + ar + b = (r − r0)
2 = 0 ♣♦((*❞❡ ✉♥❡ (♦❧✉%✐♦♥ ❞♦✉❜❧❡ r0 ∈ C✱ ❡% ❧❡( (♦❧✉%✐♦♥( ✭❝♦♠♣❧❡①❡(✮ ❞❡

(E0) (✉+ R (♦♥% ❧❡( t ∈ R 7−→ (At+B)er0t ❛✈❡❝ (A,B) ∈ C
2
✳

Sol(EC) =
{

t ∈ R 7−→ Ater0t +Ber0t ❛✈❡❝ A,B ∈ C

}

= VectC

{

t ∈ R 7−→ ter0t, t ∈ R 7−→ er0t
}

.

✹✷✻
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✲ ❙✐ ∆ 6= 0 ❛❧♦&' ❧✬)*✉❛,✐♦♥ z2 = ∆ ♣♦''/❞❡ ❞❡✉① '♦❧✉,✐♦♥' ❞✐',✐♥❝,❡' +δ ❡, −δ ❞❛♥' C ✭❝❡ '♦♥, ❧❡'  ❛❝✐♥❡& ❝❛  '❡& ❞❡ ∆✱ ♠❛✐'

❛,,❡♥,✐♦♥ ❧❛ ♥♦,❛,✐♦♥

√
❡', ❡①❝❧✉'✐✈❡♠❡♥, &)'❡&✈)❡ ❛✉① &)❡❧' ♣♦'✐,✐❢'✮✳ ▲✬)*✉❛,✐♦♥ (EC) : r2+ar+ b = (r−r1)(r−r2) = 0

♣♦''/❞❡ ❛❧♦&' ❞❡✉① '♦❧✉,✐♦♥' ✭❝♦♠♣❧❡①❡'✮ ❞✐',✐♥❝,❡' ✿

r1 =
−a+ δ

2
❡, r2 =

−a− δ
2

.

▲❡' '♦❧✉,✐♦♥' ✭❝♦♠♣❧❡①❡'✮ ❞❡ (E0) '✉& R '♦♥, ❧❡' t ∈ R 7−→ Aer1t +Ber2t ❛✈❡❝ (A,B) ∈ C
2
✳

Sol(EC) =
{

t ∈ R 7−→ Aer1t +Ber2t ❛✈❡❝ A,B ∈ C

}

= VectC

{

t ∈ R 7−→ er1t, t ∈ R 7−→ er2t
}

.

❈❛* ♦3 K = R ✿

❖♥ ♣❡✉, ,♦✉❥♦✉&' ),✉❞✐❡& ❧❡' ❢♦♥❝,✐♦♥' ❝♦♠♣❧❡①❡* '♦❧✉,✐♦♥' ❡, ✉,✐❧✐'❡& ❧❡ ♣&❡♠✐❡& ❝❛'✳ ▼❛✐' '✐ ❧✬♦♥ ❝❤❡&❝❤❡ ❧❡' ❢♦♥❝,✐♦♥'

9$❡❧❧❡* '♦❧✉,✐♦♥'✱ ,&♦✐' ❝❛' '❡&♦♥, A ❞✐',✐♥❣✉❡&✳

✲ ❙✐ ∆ = 0 ❛❧♦&' (EC) : r2 + ar+ b = (r− r0)2 = 0 ♣♦''/❞❡ ✉♥❡ '♦❧✉,✐♦♥ ❞♦✉❜❧❡ r0 ∈ R✱ ❡, ❧❡' '♦❧✉,✐♦♥' &)❡❧❧❡' ❞❡ (E0) '✉&

R '♦♥, ❧❡' t ∈ R 7−→ (At+B)er0t ❛✈❡❝ (A,B) ∈ R
2
✳

Sol(ER) =
{

t ∈ R 7−→ Ater0t +Ber0t ❛✈❡❝ A,B ∈ R

}

= VectR

{

t ∈ R 7−→ ter0t, t ∈ R 7−→ er0t
}

.

✲ ❙✐ ∆ > 0 ❛❧♦&' (EC) : r2+ar+ b = (r− r1)(r− r2) = 0 ♣♦''/❞❡ ❛❧♦&' ❞❡✉① '♦❧✉,✐♦♥' ❞✐',✐♥❝,❡' r1, r2 ∈ R ❡, ❧❡' '♦❧✉,✐♦♥'

&)❡❧❧❡' ❞❡ (E0) '✉& R '♦♥, ❧❡' t ∈ R 7−→ Aer1t +Ber2t ❛✈❡❝ (A,B) ∈ R
2
✳

Sol(ER) =
{

t ∈ R 7−→ Aer1t +Ber2t ❛✈❡❝ A,B ∈ R

}

= VectR

{

t ∈ R 7−→ er1t, t ∈ R 7−→ er2t
}

.

✲ ❙✐ ∆ < 0 ❛❧♦&' (EC) : r2 + ar + b = (r − r1)(r − r2) = 0 ♣♦''/❞❡ ❞❡✉① &❛❝✐♥❡' ❝♦♠♣❧❡①❡' ❞✐',✐♥❝,❡' ❡, ❝♦♥❥✉❣✉)❡'

z = α± iθ.
▲❡' '♦❧✉,✐♦♥' ❝♦♠♣❧❡①❡' ❞❡ (EC) '✉& R '♦♥, ❧❡' t ∈ R 7−→ Ae(α+iθ)t +Be(α−iθ)t = eαt(Aeiθt +Be−iθt) ❛✈❡❝ (A,B) ∈ C

2
✳

▲❡' '♦❧✉,✐♦♥' &)❡❧❧❡' ❞❡ (ER) '✉& R '♦♥, ❧❡' t ∈ R 7−→ eαt(C cos(θt) +D sin(θt) ❛✈❡❝ (C,D) ∈ R
2
✳

Sol(ER) =
{

t ∈ R 7−→ Aeαt cos(θt) +Beαt sin(θt) ❛✈❡❝ A,B ∈ R

}

= VectR

{

t ∈ R 7−→ eαt cos(θt), t ∈ R 7−→ eαt sin(θt)
}

❉❛♥' ,♦✉' ❧❡' ❝❛'✱ ♦♥ ❛ ❧❛ ♣&♦♣♦'✐,✐♦♥ '✉✐✈❛♥,❡✳

+9♦♣♦*✐"✐♦♥ ✷

E♦✉& ,♦✉' a, b ∈ K✱ ❧✬❡♥'❡♠❜❧❡ ❞❡' '♦❧✉,✐♦♥' ❞❡ ❧✬)*✉❛,✐♦♥ ❞✐✛)&❡♥,✐❡❧❧❡

(EK) : y′′ + ay′ + by = 0

❡', ✉♥ K−❡'♣❛❝❡ ✈❡❝,♦&✐❡❧ ❞❡ ❞✐♠❡♥'✐♦♥ 2.

❖♥ &❡,✐❡♥❞&❛ ❡♥✜♥ ❧❡ &)'✉❧,❛, ♣❛&,✐❝✉❧✐❡& '✉✐✈❛♥,✱ ✉,✐❧❡ ❞❛♥' ❞✬❛✉,&❡' ❞✐'❝✐♣❧✐♥❡' '❝✐❡♥,✐✜*✉❡'✳

+9♦♣♦*✐"✐♦♥ ✸

❙♦✐, ω ✉♥ &)❡❧ ♥♦♥ ♥✉❧✳ ▲❡' '♦❧✉,✐♦♥' ❞❡ (E) : y′′ + ω2y = 0 '♦♥, ❧❡' ✭,&♦✐' ❢❛H♦♥' ❞✐✛)&❡♥,❡' ❞❡ ❧❡' ❞)❝&✐&❡✮ ✿

• y : t ∈ R 7−→ A cos(ωt) +B sin(ωt) ❛✈❡❝ (A,B) ∈ R
2

• y : t ∈ R 7−→ C cos(ωt+ ϕ) ❛✈❡❝ (C,ϕ) ∈ R
2

• y : t ∈ R 7−→ D sin(ωt+ ψ) ❛✈❡❝ (D,ψ) ∈ R
2

✹✷✼
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+2♦♣♦*✐"✐♦♥ ✹

❙♦✐# ω ✉♥ &'❡❧ ♥♦♥ ♥✉❧✳ ▲❡, ,♦❧✉#✐♦♥, ❞❡ (E) : y′′ − ω2y = 0 ,♦♥# ❧❡, ✭❞❡✉① ❢❛2♦♥, ❞✐✛'&❡♥#❡, ❞❡ ❧❡, ❞'❝&✐&❡✮ ✿

• y : t ∈ R 7−→ A ch(ωt) +B sh(ωt) ❛✈❡❝ (A,B) ∈ R
2

• y : t ∈ R 7−→ Ceωt +De−ωt
❛✈❡❝ (C,D) ∈ R

2

✶✼✳✷✳✷ ❘❡❝❤❡(❝❤❡ ❞❡ *♦❧✉.✐♦♥* ♣❛(.✐❝✉❧✐3(❡*

❖♥ ,✬✐♥#'&❡,,❡ ✐❝✐ : ✉♥❡ ';✉❛#✐♦♥ ❞✐✛'&❡♥#✐❡❧❧❡ ❞✉ #②♣❡ ,✉✐✈❛♥#✳

(E) : y′′ + ay′ + by = P (t)eαt

❛✈❡❝ P ♣♦❧②♥>♠❡ ❡# α ∈ C.

▲✬';✉❛#✐♦♥ ❝❛&❛❝#'&✐,#✐;✉❡ ❛,,♦❝✐'❡ ❡,#

(EC) : r2 + ar + b = 0.

• ❙✐ α ♥✬❡,# ♣❛, ,♦❧✉#✐♦♥ ❞❡ (EC)✱ ♦♥ ♣❡✉# #&♦✉✈❡& ✉♥❡ ,♦❧✉#✐♦♥ ❞❡ (E) ,♦✉, ❧❛ ❢♦&♠❡ yp(t) = Q(t)eαt ♦A Q(t) ❡,# ✉♥
♣♦❧②♥>♠❡ #❡❧ ;✉❡ deg(Q) = deg(P ).

• ❙✐ α ❡,# ,♦❧✉#✐♦♥ ❞❡ (EC)✱ ♦♥ ❛❥♦✉#❡ ❛✉ ❞❡❣&' ❞❡ Q ❛✉#❛♥# ;✉❡ ,❛ ♠✉❧#✐♣❧✐❝✐#'✳

❊①❡♠♣❧❡ ✶✼✳✷✳ ❈❤❡#❝❤❡# ✉♥❡ '♦❧✉*✐♦♥ ♣❛#*✐❝✉❧✐.#❡ ❞❡ (E1) : y′ = 2y + t+ 1.

❊①❡♠♣❧❡ ✶✼✳✸✳ ❈❤❡#❝❤❡# ✉♥❡ '♦❧✉*✐♦♥ ♣❛#*✐❝✉❧✐.#❡ ❞❡ (E1) : y′ + y = 2e−t.

✹✷✽
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❊①❡♠♣❧❡ ✶✼✳✹✳ ❈❤❡#❝❤❡# ✉♥❡ '♦❧✉*✐♦♥ ♣❛#*✐❝✉❧✐.#❡ ❞❡ (E3) : y′′ − 3y′ + 2y = t2 + 1.

❊①❡♠♣❧❡ ✶✼✳✺✳ ❈❤❡#❝❤❡# ✉♥❡ '♦❧✉*✐♦♥ ♣❛#*✐❝✉❧✐.#❡ ❞❡ (E4) : y′′ − 3y′ + 2y = tet.

❘❡♠❛;'✉❡ ✿ ▲♦"#$✉❡ ❧❡ #❡❝♦♥❞ ♠❡♠❜"❡ ❡#- ❞❡ ❧❛ ❢♦"♠❡ α cos(ωt) + β sin(ωt) ❡- $✉❡ iω ♥✬❡#- ♣❛# #♦❧✉-✐♦♥ ❞❡ (EC)✱ ♦♥
❝❤❡"❝❤❡"❛ ✉♥❡ #♦❧✉-✐♦♥ #♦✉# ❧❛ ❢♦"♠❡

yp(t) = A cos(ωt) +B sin(ωt).

❊①❡♠♣❧❡ ✶✼✳✻✳ ❈❤❡#❝❤❡# ✉♥❡ '♦❧✉*✐♦♥ ♣❛#*✐❝✉❧✐.#❡ ❞❡ (E5) : y′′ − y = sin(t).

✹✷✾
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✶✼✳✸ ❊%✉❛(✐♦♥, ❞✐✛/0❡♥(✐❡❧❧❡, ❧✐♥/❛✐0❡, ,❝❛❧❛✐0❡, ❞✬♦0❞0❡ 2 ✭❝❛, ❣/♥/0❛❧✮

✶✼✳✸✳✶ ❙%&✉❝%✉&❡ ❞❡+ +♦❧✉%✐♦♥+

❉$✜♥✐"✐♦♥ ✷

❙♦✐❡♥% a, b, c, d : I → K ❞❡' ❛♣♣❧✐❝❛%✐♦♥' ❝♦♥%✐♥✉❡' '✉- ✉♥ ✐♥%❡-✈❛❧❧❡ I. ❖♥ ❝♦♥'✐❞0-❡ ❧✬23✉❛%✐♦♥ ❞✐✛2-❡♥%✐❡❧❧❡ ❧✐♥2❛✐-❡ ❞✬♦-❞-❡

2 '✉✐✈❛♥%❡✳

(E) : a(t)y′′ + b(t)y′ + c(t)y = d(t).

❯♥❡ '♦❧✉%✐♦♥ ❞❡ (E) ❡'% ✉♥ ❝♦✉♣❧❡ (J, y) ♦7 J ⊂ I ❡'% ✉♥ ✐♥%❡-✈❛❧❧❡ ❡% y : J → K ❡'% ❞❡✉① ❢♦✐' ❞2-✐✈❛❜❧❡ ❡% ✈2-✐✜❡ ✿

∀t ∈ J, a(t)y′′(t) + b(t)y′(t) + c(t)y(t) = d(t).

❖♥ ❞✐% ❛✉''✐ 3✉❡ y ❡'% ✉♥❡ '♦❧✉%✐♦♥ '✉- J ❞❡ (E)✳ ▲❡' '♦❧✉%✐♦♥' '♦♥% ♣❛-❢♦✐' ✐❞❡♥%✐✜2❡' > ❧❡✉-' ❣-❛♣❤❡' ❡% ❛♣♣❡❧2❡' ❝♦✉-❜❡'
✐♥%2❣-❛❧❡' ❛''♦❝✐2❡' > (E).
❖♥ ❞✐% 3✉❡ (E) ❡'% ❤♦♠♦❣0♥❡ '✐ d = 0 ❡% ♦♥ ♥♦%❡ (E0) ❧✬23✉❛%✐♦♥ ❤♦♠♦❣0♥❡ ❛''♦❝✐2❡ > (E).

(E0) : a(t)y′′ + b(t)y′ + c(t)y = 0.

❖♥ ❞✐% 3✉❡ (E) ❡'% > ❝♦❡✣❝✐❡♥%' ❝♦♥'%❛♥%' '✐ a, b ❡% c '♦♥% ❞❡' ❢♦♥❝%✐♦♥' ❝♦♥'%❛♥%❡'✳

+4♦♣♦*✐"✐♦♥ ✺ ✭❚❤$♦49♠❡ ❞❡ ❈❛✉❝❤② ▲✐♣*❝❤✐"③ ❧✐♥$❛✐4❡✮

❙✐ a, b, c, d '♦♥% ❝♦♥"✐♥✉❡* '✉- I ❡% '✐ a ♥❡ *✬❛♥♥✉❧❡ ♣❛* *✉4 I ❛❧♦-' ♣♦✉- %♦✉% t0 ∈ I ❡% ♣♦✉- %♦✉% (y0, y1) ∈ K
2
✱ ❧❡

♣-♦❜❧0♠❡ ❞❡ ❈❛✉❝❤② 





ay′′ + by′ + cy = d,

y(t0) = y0,

y′(t0) = y1.

❛❞♠❡% ✉♥❡ ✉♥✐3✉❡ '♦❧✉%✐♦♥ ❞2✜♥✐❡ '✉- I.

●2♦♠2%-✐3✉❡♠❡♥% ✿ ❧❡' ❝♦✉-❜❡' ✐♥%2❣-❛❧❡' ♥❡ ♣❡✉✈❡♥% ♣❛' '❡ ❝♦✉♣❡- ❛✈❡❝ ✉♥❡ ♠G♠❡ %❛♥❣❡♥%❡✳

❙♦✐% J ⊂ I ✉♥ ✐♥%❡-✈❛❧❧❡✱ ♦♥ ♥♦%❡ S♦❧J(E) ❧✬❡♥'❡♠❜❧❡ ❞❡' '♦❧✉%✐♦♥' ❞❡ (E) '✉- J ❡% S♦❧J(E0) ❧✬❡♥'❡♠❜❧❡ ❞❡' '♦❧✉%✐♦♥' ❞❡ (E0)
'✉- J. ❙♦✉' ❧❡'♠C♠❡* ❤②♣♦"❤9*❡* '✉❡ ❞❛♥* ❧❡ "❤$♦49♠❡ ❞❡ ❈❛✉❝❤②✲▲✐♣*❝❤✐"③ ✱ ♦♥ ❛ ❧❛ ♣-♦♣♦'✐%✐♦♥ '✉✐✈❛♥%❡ 3✉✐ ♣-2❝✐'❡

❧❛ '%-✉❝%✉-❡ ❞❡' ❡♥'❡♠❜❧❡' '♦❧✉%✐♦♥'✳

+4♦♣♦*✐"✐♦♥ ✻ ✭❚❤$♦49♠❡ ❞❡ *"4✉❝"✉4❡ ❞❡* *♦❧✉"✐♦♥*✮

▲✬❡♥'❡♠❜❧❡ S♦❧J(E0) ❡'% ✉♥ K−❡'♣❛❝❡ ✈❡❝%♦-✐❡❧ ❞❡ ❞✐♠❡♥'✐♦♥ 2 ❡% ♣♦✉- %♦✉% t0 ∈ J, ❧✬❛♣♣❧✐❝❛%✐♦♥

θt0 :

{
S♦❧J(E0) −→ K×K

y 7−→ (y(t0), y
′(t0))

❡'% ✉♥ ✐'♦♠♦-♣❤✐'♠❡ ❞✬❡'♣❛❝❡' ✈❡❝%♦-✐❡❧'✳

❊% ❞♦♥❝ S♦❧J(E0) ❡'% ✉♥ ❡'♣❛❝❡ ✈❡❝%♦-✐❡❧ ❞❡ ❞✐♠❡♥'✐♦♥ 2✳

▲❛ '♦❧✉%✐♦♥ ❣2♥2-❛❧❡ ❞❡ (E) ❡'% '♦♠♠❡ ❞✬✉♥❡ '♦❧✉%✐♦♥ ♣❛-%✐❝✉❧✐0-❡ ❡% ❞❡ ❧❛ '♦❧✉%✐♦♥ ❣2♥2-❛❧❡ ❞❡ (E0).

+4❡✉✈❡✳ ❖♥ ♠♦♥%-❡ ❞✬❛❜♦-❞ 3✉❡ S♦❧J(E0) ❡'% ✉♥ '♦✉'✲❡'♣❛❝❡ ✈❡❝%♦-✐❡❧ ❞❡ F(J,K)✳

✹✸✵
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✷

❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❚!♦✉✈❡! ❧❡' ❢♦♥❝+✐♦♥' ♣✉✐''❛♥❝❡' '♦❧✉+✐♦♥' ❞❡ (E0) : x2y′′ + xy′ − y = 0.
❊♥ ❞1❞✉✐!❡ ❧✬❡♥'❡♠❜❧❡ ❞❡' '♦❧✉+✐♦♥' ❞❡ (E) : x2y′′ + xy′ − y = x2 '✉! R∗+ ❡+ '✉! R

∗

−
.

✹✸✶
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✶✼✳✸✳✷ ❘❡❝❤❡)❝❤❡ ❞❡ +♦❧✉/✐♦♥+ ❞2✈❡❧♦♣♣❛❜❧❡+ ❡♥ +2)✐❡ ❡♥/✐7)❡

❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✷✮

❙♦✐# (E) ❧✬&'✉❛#✐♦♥ ❞✐✛&-❡♥#✐❡❧❧❡ xy′′ + 2y′ − xy = 0✳
❚-♦✉✈❡- ❧❡2 2♦❧✉#✐♦♥2 f ❞❡ (E) ❞&✈❡❧♦♣♣❛❜❧❡2 ❡♥ 2&-✐❡ ❡♥#✐5-❡ ❛✉ ✈♦✐2✐♥❛❣❡ ❞❡ ✵ ❡# #❡❧❧❡2 '✉❡ f(0) = 1✱ ♣✉✐2 ❡①♣-✐♠❡- f ;

❧✬❛✐❞❡ ❞❡2 ❢♦♥❝#✐♦♥2 ✉2✉❡❧❧❡2✳

✹✸✷
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✶✼✳✸✳✸ ❘%&♦❧✉*✐♦♥ ♣❛/ ❧❛ ♠%*❤♦❞❡ ❞❡ ▲❛❣/❛♥❣❡ ✭✈❛/✐❛*✐♦♥ ❞❡ ❧❛ ❝♦♥&*❛♥*❡✮

❊♥ ❞❡❤♦&' ❞✉ ❝❛' ♦+ a, b, c '♦♥, ❝♦♥',❛♥,❡'✱ ✐❧ ♥✬❡①✐',❡ ♣❛' ❞❡ ♠4,❤♦❞❡ ❣4♥4&❛❧❡ ♣♦✉& &4'♦✉❞&❡ ❧❡' 46✉❛,✐♦♥' ❞✐✛4&❡♥,✐❡❧❧❡'

❧✐♥4❛✐&❡' ❞✬♦&❞&❡ 2.

❈❡♣❡♥❞❛♥,✱ ❞❛♥' ❧❡ ❝❛' ♣❛&,✐❝✉❧✐❡& '✉✐✈❛♥,✱ ♦♥ ♣❡✉, '❡ &❛♠❡♥❡& : ✉♥❡ 46✉❛,✐♦♥ ❞✐✛4&❡♥,✐❡❧❧❡ ❧✐♥4❛✐&❡ ❞✬♦&❞&❡ 1, 6✉❡ ❧✬♦♥ '❛✐,
&4'♦✉❞&❡✳

❙♦✐, (E) : ay′′ + by′ + cy = d ♦+ a, b, c, d : I → K '♦♥, ❝♦♥,✐♥✉❡' ❡, ♦+ a ♥❡ '✬❛♥♥✉❧❡ ♣❛' '✉& I.

❖♥ '✉♣♣♦'❡ 6✉❡ ✿

♦♥ ❞✐'♣♦'❡ ❞✬✉♥❡ '♦❧✉,✐♦♥ ♣❛&,✐❝✉❧✐?&❡ y1 ❞❡ (E0) : ay′′ + by′ + cy = 0, 6✉✐ ♥❡ *✬❛♥♥✉❧❡ ♣❛* *✉5 I✳

❖♥ ❛ ❞♦♥❝ ✿

∀t ∈ I : ∗ y1(t) 6= 0,
∗ a(t)y′′1 (t) + b(t)y′1(t) + c(t)y1(t) = 0.

❉❡ ♣❧✉'✱ ♣♦✉& ,♦✉,❡ ❝♦♥',❛♥,❡ c ∈ R, ❧✬❛♣♣❧✐❝❛,✐♦♥ t 7−→ cy1(t) ❡', ❛✉''✐ '♦❧✉,✐♦♥ ❞❡ (E0) '✉& I. A♦✉& &4'♦✉❞&❡ (E)✱ ♦♥ ✓ ❢❛✐,
✈❛&✐❡& ❝❡,,❡ ❝♦♥',❛♥,❡ ✔✳ ❙♦✐, y : I → R ❞❡✉① ❢♦✐' ❞4&✐✈❛❜❧❡ '✉& I. ❖♥ ♣♦'❡ z =

y

y1
, ❝✬❡',✲:✲❞✐&❡

∀t ∈ I, y(t) = z(t)y1(t).

❆❧♦&' z ❡', ❛✉''✐ ❞❡✉① ❢♦✐' ❞4&✐✈❛❜❧❡ '✉& I ❡, ♦♥ ❛ ❧❡' 4❣❛❧✐,4' '✉✐✈❛♥,❡'✳ y = zy1,

y′ = z′y1 + zy′1,

y′′ = z′′y1 + 2z′y′1 + zy′′1 .

❆✐♥'✐ ✿ y '♦❧✉,✐♦♥ ❞❡ (E) '✉& I ⇐⇒ a(z′′y1 + 2z′y′1 + zy′′1 ) + b(z′y1 + zy′1) + c(zy1) = d,

⇐⇒ ay1z
′′ + (2ay′1 + by1)z

′ + (ay′′1 + by′1 + cy1
︸ ︷︷ ︸

=0

)z = d,

⇐⇒ ay1(z
′)′ + (2ay′1 + by1)z

′ = d.

❊♥ ♣♦'❛♥, Z = z′✱ ♦♥ ❡', ❞♦♥❝ ❛♠❡♥4 : &4'♦✉❞&❡ ❧✬46✉❛,✐♦♥ ❞✐✛4&❡♥,✐❡❧❧❡ ❧✐♥4❛✐&❡ ❞✬♦&❞&❡ 1 '✉✐✈❛♥,❡✳

(E1) : ay1Z
′ + (2ay′1 + by1)Z = d.

❊①❡♠♣❧❡ ✶✼✳✼✳ ❘!"♦✉❞&❡ "✉& I =]0,+∞[ ♦✉ ]−∞, 0[ ❧✬!*✉❛,✐♦♥ ❞✐✛!&❡♥,✐❡❧❧❡ ✿

(E) : ty′′ − y′ + (1− t)y = 2e−t.

❖♥ ♣♦✉&&❛ ❞✬❛❜♦&❞ ,&♦✉✈❡& ✉♥❡ "♦❧✉,✐♦♥ ♣❛&,✐❝✉❧✐6&❡ "✐♠♣❧❡✳

✹✸✸
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