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✶✻✳✶✳✶ ❉$✜♥✐(✐♦♥*

❉!✜♥✐%✐♦♥ ✶

❖♥ ❛♣♣❡❧❧❡ ♥♦,♠❡ #✉, E✱ $♦✉$❡ ❛♣♣❧✐❝❛$✐♦♥ N : E −→ R ✈/,✐✜❛♥$ ✿

✭✶✮ ♣♦#✐$✐✈✐$/ ✿ ∀x ∈ E, N(x) > 0,

✭✷✮ ❝❛,❛❝$=,❡ ❞/✜♥✐ ✿ ∀x ∈ E, N(x) = 0 =⇒ x = 0,

✭✸✮ ❤♦♠♦❣/♥/✐$/ ✿ ∀x ∈ E, ∀λ ∈ R, N(λx) = |λ|N(x),

✭✹✮ ✐♥/❣❛❧✐$/ $,✐❛♥❣✉❧❛✐,❡ ✿ ∀x ∈ E, ∀y ∈ E, N(x+ y) 6 N(x) +N(y).

❘❡♠❛,-✉❡/ ✿

✲ ❉❛♥# ❧❛ $,♦✐#✐=♠❡ ❛##❡,$✐♦♥✱ #✐ ❧✬♦♥ ❝❤♦✐#✐$ λ = 0, ♦♥ ♦❜$✐❡♥$ N(0) = 0.

✲ B♦✉, ♠♦♥$,❡, C✉✬✉♥ ✈❡❝$❡✉, ❞❡ E ❡#$ ♥✉❧✱ ✐❧ ❢❛✉$ ❡$ ✐❧ #✉✣$ ❞❡ ❞/♠♦♥$,❡, C✉❡ #❛ ♥♦,♠❡ ❡#$ ♥✉❧❧❡✳

❉!✜♥✐%✐♦♥ ✷

❖♥ ❛♣♣❡❧❧❡ ❡#♣❛❝❡ ✈❡❝$♦,✐❡❧ ♥♦,♠/ $♦✉$ ❡#♣❛❝❡ ✈❡❝$♦,✐❡❧ ♠✉♥✐ ❞✬✉♥❡ ♥♦,♠❡ N ✳
❖♥ ♥♦$❡ ♣❛,❢♦✐# N(x) = ||x||.

❊①❡♠♣❧❡ ✶✻✳✶✳ ❙✐ E = R, ♦♥ ♣❡✉' ❝♦♥)✐❞+,❡, ❧✬❛♣♣❧✐❝❛'✐♦♥ N )✉✐✈❛♥'❡✳

N : x ∈ R 7−→ N(x) = |x|

❖♥ ✈+,✐✜❡ ❛✐)+♠❡♥' 5✉✬✐❧ )✬❛❣✐' ❜✐❡♥ ❞✬✉♥❡ ♥♦,♠❡✳ ❆✐♥)✐✱ R✱ ♠✉♥✐ ❞❡ ❧❛ ✈❛❧❡✉, ❛❜)♦❧✉❡✱ ❡)' ✉♥ ❡)♣❛❝❡ ✈❡❝'♦,✐❡❧ ♥♦,♠+✳

❉!✜♥✐%✐♦♥ ✸

❖♥ ❛♣♣❡❧❧❡ ❞✐#$❛♥❝❡ #✉, E✱ $♦✉$❡ ❛♣♣❧✐❝❛$✐♦♥ d : E × E −→ R ✈/,✐✜❛♥$ ✿

✭✶✮ ∀(x, y) ∈ E × E, d(x, y) > 0,

✭✷✮ ∀(x, y) ∈ E × E, d(x, y) = 0 =⇒ x = y,

✭✸✮ ∀(x, y) ∈ E × E, d(x, y) = d(y, x),

✭✹✮ ∀(x, y, z) ∈ E × E × E, d(x, z) 6 d(x, y) + d(y, z).

✸✾✷
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+2♦♣♦*✐"✐♦♥ ✶

❖♥ "✉♣♣♦"❡ '✉❡ E ❡"( ✉♥ ❡"♣❛❝❡ ✈❡❝(♦,✐❡❧ ♥♦,♠0 ❡( ♦♥ ♥♦(❡ N(x) = ||x||.
▲✬❛♣♣❧✐❝❛(✐♦♥ "✉✐✈❛♥(❡ ❡"( ✉♥❡ ❞✐"(❛♥❝❡ "✉, E.

d :

{
E × E −→ R

(x, y) 7−→ ||x− y||

❖♥ ❧✬❛♣♣❡❧❧❡ ❞✐*"❛♥❝❡ ❛**♦❝✐$❡ 7 N *✉2 E.

+2❡✉✈❡✳ ❖♥ ✈0,✐✜❡ ❧❡" '✉❛(,❡ ❛""❡,(✐♦♥" '✉✐ ❞0✜♥✐""❡♥( ✉♥❡ ❞✐"(❛♥❝❡✳

❙♦✐❡♥( x, y ❡( z ❞❡" 0❧0♠❡♥(" ❞❡ E. ❖♥ ❛ ✿

✭✶✮ d(x, y) = ||x− y|| > 0,

✭✷✮ d(x, y) = 0 =⇒ ||x− y|| = 0 =⇒ x− y = 0 =⇒ x = y,

✭✸✮ d(x, y) = ||x− y|| = ||(−1).(y − x)|| = | − 1|.||y − x|| = d(y, x),

✭✹✮ d(x, z) = ||x− z|| = ||(x− y) + (y − z)|| 6 ||x− y||+ ||y − z|| = d(x, y) + d(y, z).

✷

❊①❡♠♣❧❡ ✶✻✳✷✳ ❙♦✐# (E, ‖.‖) ✉♥ ❡'♣❛❝❡ ✈❡❝#♦,✐❡❧ ♥♦,♠/✳ ❉/♠♦♥#,❡, 2✉❡ ∀(x, y) ∈ E,
∣
∣
∣‖x‖ − ‖y‖

∣
∣
∣ 6 ‖x− y‖.

✶✻✳✶✳✷ ◆♦&♠❡ ❛**♦❝✐-❡ . ✉♥ ♣&♦❞✉✐3 *❝❛❧❛✐&❡

❉❛♥" ❝❡ ♣❛,❛❣,❛♣❤❡✱ E ❡"( ✉♥ R✲❡"♣❛❝❡ ✈❡❝(♦,✐❡❧ ❞✬✉♥ ♣,♦❞✉✐( "❝❛❧❛✐,❡ ♥♦(0 〈 , 〉. ❖♥ ,❛♣♣❡❧❧❡ '✉❡❧'✉❡" 0♥♦♥❝0" ✈✉" ❞❛♥" ❧❡"
❝❤❛♣✐(,❡" ♣,0❝0❞❡♥("✳

❉$✜♥✐"✐♦♥ ✹ ✭+2♦❞✉✐" *❝❛❧❛✐2❡✮

❙♦✐( E ✉♥ R✲❡"♣❛❝❡ ✈❡❝(♦,✐❡❧✳ ❖♥ ❛♣♣❡❧❧❡ ♣,♦❞✉✐( "❝❛❧❛✐,❡ "✉, E (♦✉(❡ ❛♣♣❧✐❝❛(✐♦♥

ϕ :

{
E × E −→ R

(x, y) 7−→ ϕ(x, y) = 〈x, y〉

✈0,✐✜❛♥( ❧❡" ♣,♦♣,✐0(0" "✉✐✈❛♥(❡"✳

✭✶✮ ϕ ❡"( ❜✐❧✐♥0❛✐,❡✱

✭✷✮ ϕ ❡"( "②♠0(,✐'✉❡✱

✭✸✮ ϕ ❡"( ❞0✜♥✐❡ ♣♦"✐(✐✈❡✱ ❝✬❡"(✲E✲❞✐,❡ '✉❡ ♣♦✉, (♦✉( x ∈ E,ϕ(x, x) > 0 ❡( ϕ(x, x) = 0 "✐ ❡( "❡✉❧❡♠❡♥( "✐ x = 0.

+2♦♣♦*✐"✐♦♥ ✷

❙♦✐( (E, 〈 , 〉) ✉♥ ❡"♣❛❝❡ ♣,0❤✐❧❜❡,(✐❡♥ ,0❡❧✳ ▲✬❛♣♣❧✐❝❛(✐♦♥ x ∈ E 7−→
√

〈x, x〉 ❡"( ✉♥❡ ♥♦,♠❡ "✉, E, ❛♣♣❡❧0❡ ♥♦2♠❡
❡✉❝❧✐❞✐❡♥♥❡ ❛**♦❝✐$❡ ❛✉ ♣2♦❞✉✐" *❝❛❧❛✐2❡ 〈 , 〉.

❊①❡♠♣❧❡ ✶✻✳✸✳ • ❙✉, Rp
♠✉♥✐ ❞✉ ♣,♦❞✉✐# '❝❛❧❛✐,❡ ✉'✉❡❧✱ ❧✬❛♣♣❧✐❝❛#✐♦♥ '✉✐✈❛♥#❡ ❡'# ✉♥❡ ♥♦,♠❡ ✿

N : x = (x1, . . . , xp) 7−→
√

〈x, x〉 =
√

x2
1 + · · ·+ x2

p.

• ❙✉, Mp(R) ♠✉♥✐ ❞✉ ♣,♦❞✉✐# '❝❛❧❛✐,❡ ✉'✉❡❧✱ ❧✬❛♣♣❧✐❝❛#✐♦♥ '✉✐✈❛♥#❡ ❡'# ✉♥❡ ♥♦,♠❡ ✿

N : M 7−→
√

〈M,M〉 =
√

tr(MTM).

• ❙✉, C([a, b],R) ♠✉♥✐ ❞✉ ♣,♦❞✉✐# '❝❛❧❛✐,❡ ✉'✉❡❧✱ ❧✬❛♣♣❧✐❝❛#✐♦♥ '✉✐✈❛♥#❡ ❡'# ✉♥❡ ♥♦,♠❡ ✿

N : f 7−→
√

〈f, f〉 =
√

∫ b

a

f2(t)dt.

✸✾✸
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✶✻✳✶✳✸ ◆♦&♠❡) ✉)✉❡❧❧❡) )✉& Kp.

+2♦♣♦*✐"✐♦♥ ✸

 ♦✉# $♦✉$ x = (x1, . . . , xp) ∈ Kp, ♦♥ ♣♦'❡ N1(x) =

p
∑

i=1

|xi|.

❆❧♦#'✱ ❧✬❛♣♣❧✐❝❛$✐♦♥ N1 ❡'$ ✉♥❡ ♥♦#♠❡ '✉# K
p.

+2❡✉✈❡✳ ✭❉✶✮

✷

+2♦♣♦*✐"✐♦♥ ✹

 ♦✉# $♦✉$ x = (x1, . . . , xp) ∈ Kp, ♦♥ ♣♦'❡ N2(x) =

√
√
√
√

p
∑

i=1

|xi|2.

❆❧♦#'✱ ❧✬❛♣♣❧✐❝❛$✐♦♥ N2 ❡'$ ✉♥❡ ♥♦#♠❡ '✉# K
p.

+2❡✉✈❡✳ ❙✐ K = R✱ ♦♥ #❡❝♦♥♥❛2$ ❧❛ ♥♦#♠❡ ❡✉❝❧✐❞✐❡♥♥❡ ❛''♦❝✐4❡ ❛✉ ♣#♦❞✉✐$ '❝❛❧❛✐#❡ ✉'✉❡❧ '✉# Rp
✳

❙✐ K = C✱ ♦♥ ❛❞❛♣$❡ ❧❛ ♣#❡✉✈❡ ✿

✭✶✮ ❡" ✭✷✮ ✿  ♦✉# $♦✉$ z = (z1, . . . , zp) ∈ Cp
✱ ♦♥ ❛ N2(z) =

√
√
√
√

p
∑

i=1

|zi|2 > 0. ❊$ '✐ N2(z) =

√
√
√
√

p
∑

i=1

|zi|2 = 0 ✭'♦♠♠❡ ♥✉❧❧❡ ❞❡

♥♦♠❜#❡' ♣♦'✐$✐❢'✮ ❛❧♦#' ♣♦✉# $♦✉$ i ∈ {1, . . . , p}, |zi| = 0 ❡$ ❞♦♥❝ zi = 0. ❖♥ ❛ ❜✐❡♥ z = 0.

✭✸✮ ✿  ♦✉# $♦✉$ z = (z1, . . . , zp) ∈ Cp
❡$ ♣♦✉# $♦✉$ λ ∈ C, ♦♥ ❛ ✿

N2(λz) =

√
√
√
√

p
∑

i=1

|λzi|2 =

√
√
√
√

p
∑

i=1

|λ|2.|zi|2 =
√

|λ|2N2(λz) = |λ|N2(λz).

✭✹✮ ✿ ❙♦✐❡♥$ z = (z1, . . . , zp) ∈ Cp
❡$ z′ = (z′1, . . . , z

′
p) ∈ Cp

✳ ❖♥ ♠♦♥$#❡ >✉❡ N2(z + z′)2 6 (N2(z) +N2(z
′))2.

❉✬✉♥❡ ♣❛#$✱ ♦♥ ❛ ❧❡' 4❣❛❧✐$4' '✉✐✈❛♥$❡'✳

N2(z + z′)2 =

p
∑

i=1

|zi + z′i|2 =

p
∑

i=1

(zi + z′i)(z̄i + z̄′i) =

p
∑

i=1

|zi|2

︸ ︷︷ ︸

=N2(z)2

+

p
∑

i=1

|z′i|2

︸ ︷︷ ︸

=N2(z′)2

+

p
∑

i=1

(ziz̄′i + z̄iz
′
i)

︸ ︷︷ ︸

=A(z,z′)∈R

❉✬❛✉$#❡ ♣❛#$✱ ♣♦✉# $♦✉$ λ ∈ R, P (λ) = N2(z + λz′)2 = N2(z)
2 + λA(z, z′) + λ2N2(z

′)2 > 0✳ ❈✬❡'$ ✉♥ ♣♦❧②♥C♠❡ D ❝♦❡✣❝✐❡♥$'
#4❡❧'✱ ❞❡ ❞❡❣#4 2 ✭'❛✉❢ '✐ z′ = 0, ♠❛✐' ❞❛♥' ❝❡ ❝❛'✱ ✐❧ ♥✬② ❛ ♣❧✉' #✐❡♥ D ❞4♠♦♥$#❡#✮ ❡$ ❞❡ '✐❣♥❡ ❝♦♥'$❛♥$ '✉# R✳ ❊$ ❞♦♥❝ '♦♥

❞✐'❝#✐♠✐♥❛♥$ ❡'$ ♥4❣❛$✐❢ ♦✉ ♥✉❧ ✿

∆ = A(z, z′)2 − 4N2(z)
2N2(z

′)2 6 0.

❖♥ ❛ A(z, z′) 6 |A(z, z′)| 6 2N2(z)N2(z
′) ❞♦♥❝ N2(z+z′)2 6 N2(z)

2+2N2(z)N2(z
′)+N2(z

′)2 = (N2(z)+N2(z
′))2✱ ❝❡ >✉✬♦♥

✈♦✉❧❛✐$ ❞4♠♦♥$#❡#✳ ✷

✸✾✹
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 ♦✉# $♦✉$ x = (x1, . . . , xp) ∈ Kp, ♦♥ ♣♦'❡ N∞(x) = max
i∈{1,...,p}

|xi|.
❆❧♦#'✱ ❧✬❛♣♣❧✐❝❛$✐♦♥ N∞ ❡'$ ✉♥❡ ♥♦#♠❡ '✉# Kp.

+2❡✉✈❡✳ ✭❉✶✮

✷

✶✻✳✶✳✹ ◆♦&♠❡) ✉)✉❡❧❧❡) )✉& C([a, b],R)

+2♦♣♦*✐"✐♦♥ ✻

 ♦✉# $♦✉$ f ∈ C([a, b],K), ♦♥ ♣♦'❡ N1(f) = ‖f‖1 ==

∫ b

a

|f(t)|dt.
❆❧♦#'✱ ❧✬❛♣♣❧✐❝❛$✐♦♥ N1 ❡'$ ✉♥❡ ♥♦#♠❡ '✉# C([a, b],K) ❛♣♣❡❧1❡ ♥♦2♠❡ ❞❡ ❧❛ ❝♦♥✈❡2❣❡♥❝❡ ❡♥ ♠♦②❡♥♥❡✳

+2❡✉✈❡✳ ✭❉✷✮

✷

✸✾✺
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❘❛♣♣❡❧* *✉5 ❧❛ ❜♦5♥❡ *✉♣$5✐❡✉5❡

+5♦♣♦*✐"✐♦♥ ✼ ✭❜♦5♥❡ *✉♣$5✐❡✉5❡✮

❙♦✐# A ✉♥❡ ♣❛)#✐❡ ❞❡ R✳

• ❖♥ ❛♣♣❡❧❧❡✱ /✐ ❡❧❧❡ ❡①✐/#❡✱ ❜♦)♥❡ /✉♣2)✐❡✉)❡ ❞❡ A✱ ❧❡ ♣❧✉/ ♣❡#✐# ❞❡ /❡/ ♠❛❥♦)❛♥#/✳ ❖♥ ❧❛ ♥♦#❡ sup(A)✳
• ❙✐ A ❡/# ✉♥❡ ♣❛)#✐❡ ♥♦♥ ✈✐❞❡ ❡# ♠❛❥♦5$❡ ❞❡ R✱ ❛❧♦)/ A ♣♦//5❞❡ ✉♥❡ ❜♦)♥❡ /✉♣2)✐❡✉)❡✳

+5♦♣♦*✐"✐♦♥ ✽

❙♦✐# A ✉♥❡ ♥♦♥ ✈✐❞❡ ❡# ♠❛❥♦)2❡ ❞❡ R✳ ▲❛ ❜♦)♥❡ /✉♣2)✐❡✉)❡ M ❞❡ A ❡/# ❝♦♠♣❧5#❡♠❡♥# ❞2✜♥✐❡ ♣❛) ❧✬✉♥❡ ❞❡/ ❛//❡)#✐♦♥/

/✉✐✈❛♥#❡/ ✭2<✉✐✈❛❧❡♥#❡/ ❡♥#)❡ ❡❧❧❡/✮ ✿

✭✶✮ ?♦✉) #♦✉# a ∈ A, ♦♥ ❛ a 6 M, ❡# ✐❧ ❡①✐/#❡ ✉♥❡ /✉✐#❡ (an)n∈N ❞✬2❧2♠❡♥#/ ❞❡ A #❡❧❧❡ <✉❡ lim
n→+∞

an = M.

✭✷✮ ?♦✉) #♦✉# a ∈ A, ♦♥ ❛ a 6 M, ❡# ♣♦✉) #♦✉# ε > 0, ✐❧ ❡①✐/#❡ a ∈ A #❡❧ <✉❡ M − ε 6 a.

❖♥ ♣♦✉))❛ ✉#✐❧✐/❡) ❧❡ ❧❡♠♠❡ /✉✐✈❛♥# /❛♥/ ❧❡ ❞2♠♦♥#)❡) ✭❧❛ ♣)❡✉✈❡ ❡/# ❞❛♥/ ❧❡ ❝❤❛♣✐#)❡ ❙✉✐#❡% ❡# %&'✐❡% ❞❡ ❢♦♥❝#✐♦♥%✮

▲❡♠♠❡

❙✐ A ❡/# ✉♥❡ ♣❛)#✐❡ ♥♦♥ ✈✐❞❡ ❞❡ R ❡# ♠❛❥♦)2❡ ❞❡ R✱ ❡# /✐ λ ❡/# ✉♥ )2❡❧ ♣♦*✐"✐❢ ❛❧♦)/ ✿

sup(λ.A) = sup
a∈A

(λa) = λ sup(A).

+5♦♣♦*✐"✐♦♥ ✾

?♦✉) #♦✉# f ∈ C([a, b],K), ♦♥ ♣♦/❡ N∞(f) = ‖f‖∞ = sup
t∈[a,b]

|f(t)|.

❆❧♦)/✱ ❧✬❛♣♣❧✐❝❛#✐♦♥ N∞ ❡/# ✉♥❡ ♥♦)♠❡ /✉) C([a, b],K) ❛♣♣❡❧2❡ ♥♦5♠❡ ✉♥✐❢♦5♠❡✳

+5❡✉✈❡✳ ✭❉✷✮

✸✾✻
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✷

✶✻✳✶✳✺ ❈♦♠♣❛)❛✐+♦♥ ❞❡ ♥♦)♠❡+

❉$✜♥✐"✐♦♥ ✺

❙♦✐# E ✉♥ K✲❡(♣❛❝❡ ✈❡❝#♦-✐❡❧ ♠✉♥✐ ❞❡ ❞❡✉① ♥♦-♠❡( N ❡# N ′. ❖♥ ❞✐# 3✉❡

• ▲❛ ♥♦-♠❡ N ❞♦♠✐♥❡ ❧❛ ♥♦-♠❡ N ′
✱ (✬✐❧ ❡①✐(#❡ k > 0 #❡❧ 3✉❡

∀x ∈ E, N ′(x) 6 kN(x).

• ▲❡( ♥♦-♠❡( N ❡# N ′
(♦♥# $'✉✐✈❛❧❡♥"❡* (✐ N ❞♦♠✐♥❡ N ′

❡# (✐ N ′
❞♦♠✐♥❡ N ✱ ❛✉#-❡♠❡♥# ❞✐#✱ (✬✐❧ ❡①✐(#❡ k1 > 0 ❡#

k2 > 0 #❡❧( 3✉❡

∀x ∈ E, k1N(x) 6 N ′(x) 6 k2N(x).

❊①❡9❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❙♦✐# E = Kn
✱ ♦♥ ♥♦#❡ ❧❡( ♥♦-♠❡( N1, N2 ❡# N∞ ❧❡( ♥♦-♠❡( ✉(✉❡❧❧❡(✳ ▼♦♥#-❡- 3✉❡ ✿

∀x ∈ E, N∞(x) 6 N2(x) 6 N1(x) 6 nN∞(x).

✸✾✼
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❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✸✮

❙♦✐# E = C([a, b],R)✱ ♦♥ ♥♦#❡ ❧❡( ♥♦)♠❡( N1,N2 ❡# N∞ ❧❡( ♥♦)♠❡( ✉(✉❡❧❧❡(✳ ▼♦♥#)❡) .✉❡ N2 ❞♦♠✐♥❡ N1✱ .✉❡ N∞ ❞♦♠✐♥❡

N2✱ ♠❛✐( .✉❡ N∞ ♥✬❡(# ♣❛( ❞♦♠✐♥3❡ ♣❛) N1✳

• N2 ❞♦♠✐♥❡ N1 ❡# ♣❧✉( ♣)3❝✐(3♠❡♥#✱ ♦♥ ❛ ✿

∀f ∈ E, N1(f) 6
√
b− a N2(f).

❊♥ ❡✛❡# ✿ (✐ f ∈ E ❛❧♦)(

• N∞ ❞♦♠✐♥❡ N2 ❡# ♣❧✉( ♣)3❝✐(3♠❡♥#✱ ♦♥ ❛ ✿

∀f ∈ E, N2(f) 6
√
b− a N∞(f).

❊♥ ❡✛❡# ✿

❈❡♣❡♥❞❛♥#✱ ♦♥ ♣❡✉# ✈♦✐) .✉✬✐❧ ♥✬② ❛ ❛✉❝✉♥❡ 3.✉✐✈❛❧❡♥❝❡ ❡♥#)❡ ❧❡( ♥♦)♠❡( N1✱ N2 ❡# N∞✳
;❛) ❡①❡♠♣❧❡✱ ♦♥ ♠♦♥#)❡ ♣❛) ❧✬❛❜(✉)❞❡ .✉❡ N∞ ♥✬❡(# ♣❛( ❞♦♠✐♥3❡ ♣❛) N1✳

❙✉♣♣♦(♦♥( ❛✉ ❝♦♥#)❛✐)❡ .✉✬✐❧ ❡①✐(#❡ k > 0 #❡❧ .✉❡ N∞ 6 kN1.
;♦✉) n ∈ N, ♦♥ ❝♦♥(✐❞>)❡ ❧❛ ❢♦♥❝#✐♦♥ fn ❞3✜♥✐❡ ♣❛) fn(t) = (t− a)n.

❈❛❧❝✉❧♦♥( N1(fn) ✿

❈❛❧❝✉❧♦♥( N∞(fn) ✿

❖❜#❡♥♦♥( ✉♥❡ ❝♦♥#)❛❞✐❝#✐♦♥ ✿

▲✬❡①❡♠♣❧❡ ♣)3❝3❞❡♥# ♠♦♥#)❡ .✉❡ #♦✉#❡( ❧❡( ♥♦)♠❡( ❞✬✉♥ ❡(♣❛❝❡ ✈❡❝#♦)✐❡❧ ♥❡ (♦♥# ♣❛( 3.✉✐✈❛❧❡♥#❡(✳ ❖♥ ❛❞♠❡##)❛ ❝❡♣❡♥❞❛♥# ❧❛

♣)♦♣♦(✐#✐♦♥ (✉✐✈❛♥#❡✳

+4♦♣♦*✐"✐♦♥ ✶✵

❙✉) ✉♥ ❡(♣❛❝❡ ✈❡❝#♦)✐❡❧ E ❞❡ ❞✐♠❡♥*✐♦♥ ✜♥✐❡ #♦✉#❡( ❧❡( ♥♦)♠❡( (♦♥# 3.✉✐✈❛❧❡♥#❡(✳

✸✾✽
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✶✻✳✶✳✻ ◆♦%♠❡( (✉❜♦%❞♦♥♥-❡( ✭❤♦%(✲♣%♦❣%❛♠♠❡✮

❉❛♥# ❝❡ ♣❛'❛❣'❛♣❤❡✱ ♦♥ #❡ ❞♦♥♥❡ ✉♥❡ ♥♦'♠❡ ‖ ‖ #✉' E =Mn,1(R)✱ ❡/ 0 ♣❛'/✐' ❞❡ ❝❡//❡ ♥♦'♠❡✱ ♦♥ ❡♥ ❝♦♥#/'✉✐/ ✉♥❡ #✉'Mn(R)
❛♣♣❡❧3❡ ♥♦'♠❡ #✉❜♦'❞♦♥♥3❡ 0 ‖ ‖✳

❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✸✮

❖♥ ❝♦♥#✐❞7'❡ ❧✬❛♣♣❧✐❝❛/✐♦♥ N :Mn(R) −→ R ❞3✜♥✐❡ ♣❛' ✿ ∀A ∈Mn(R), N (A) = sup
‖X‖61

‖AX‖.

✶✳ ❏✉#/✐✜❡' ❧✬❡①✐#/❡♥❝❡ ❞❡ N (A) ♣♦✉' A ∈Mn(R)✳

✷✳ ▼♦♥/'❡' @✉❡ N ❡#/ ✉♥❡ ♥♦'♠❡ #✉'Mn(R)

✸✳ ▼♦♥/'❡' @✉❡ ∀A,B ∈Mn(R), N (AB) 6 N (A)N (B).

❖♥ ❞✐/ ❛❧♦'# @✉❡ N ❡#/ ✉♥❡ ♥♦'♠❡ ❞✬❛❧❣7❜'❡✳

✸✾✾
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✶✻✳✷ $%❡♠✐)%❡* ♥♦-✐♦♥* ❞❡ -♦♣♦❧♦❣✐❡

❉❛♥# $♦✉$ ❝❡ ♣❛*❛❣*❛♣❤❡✱ E ❞/#✐❣♥❡ ✉♥ ❡#♣❛❝❡ ✈❡❝$♦*✐❡❧ ♥♦*♠/✳ ❖♥ ♥♦$❡*❛ ‖x‖ ❧❛ ♥♦*♠❡ ❞✬✉♥ ✈❡❝$❡✉* x ❞❡ E.

✶✻✳✷✳✶ ❇♦✉❧❡)✱ )♣❤-.❡)

❉$✜♥✐"✐♦♥ ✻

❙♦✐$ a ∈ E ❡$ r > 0. ❖♥ ❞/✜♥✐$ ✿

✲ ❇♦✉❧❡ ♦✉✈❡*$❡ ❞❡ ❝❡♥$*❡ a ❡$ ❞❡ *❛②♦♥ r :

B(a, r) = {x ∈ E, d(a, x) < r} = {x ∈ E, ||x− a|| < r}.

✲ ❇♦✉❧❡ ❢❡*♠/❡ ❞❡ ❝❡♥$*❡ a ❡$ ❞❡ *❛②♦♥ r :

B(a, r) = Bf (a, r) = {x ∈ E, d(a, x) 6 r} = {x ∈ E, ||x− a|| 6 r}.

✲ ❙♣❤>*❡ ❞❡ ❝❡♥$*❡ a ❡$ ❞❡ *❛②♦♥ r :

S(a, r) = {x ∈ E, d(a, x) = r} = {x ∈ E, ||x− a|| = r}.

❊①❡♠♣❧❡ ✶✻✳✹✳ ❉❛♥# E = R2
♠✉♥✐ #✉❝❝❡##✐✈❡♠❡♥* ❞❡# ♥♦-♠❡# N1, N2, N∞✱ ♦♥ ♣♦#❡ a = (0, 0) = 0✳

❈❛# ♦2 N = N1 ✿

♦♥ ❛ (x, y) ∈ B̄(0, r)⇐⇒ |x|+ |y| 6 r.

❈❛# ♦2 N = N2 ✿

♦♥ ❛ (x, y) ∈ B̄(0, r)⇐⇒ x2 + y2 6 r2.

❈❛# ♦2 N = N∞ ✿

♦♥ ❛ (x, y) ∈ B̄(0, r)⇐⇒ max{|x|, |y|} 6 r.

✹✵✵
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✶✻✳✷✳✷ $❛&'✐❡* ❜♦&♥.❡*

❉$✜♥✐"✐♦♥ ✼

❙♦✐# E ✉♥ ❡'♣❛❝❡ ✈❡❝#♦,✐❡❧ ♥♦,♠/ ❡# A ✉♥❡ ♣❛,#✐❡ ❞❡ E. ❖♥ ❞✐# 2✉❡ A ❡'# ❜♦5♥$❡✱ '✬✐❧ ❡①✐'#❡ ✉♥ ,/❡❧ M > 0 #❡❧ 2✉❡

∀x ∈ A, ||x|| 6 M,

❛✉#,❡♠❡♥# ❞✐# #❡❧ 2✉❡ A ⊂ B(0,M).

■❧❧✉*"5❛"✐♦♥ ❣5❛♣❤✐'✉❡ ✿

❘❡♠❛5'✉❡ ✐♠♣♦5"❛♥"❡ ✿

▲❛ ❞$✜♥✐"✐♦♥ ❞❡ ♣❛5"✐❡ ❜♦5♥$❡ ❞$♣❡♥❞ ❞✉ ❝❤♦✐① ❞❡ ❧❛ ♥♦5♠❡ *✉5 E. ❆✐♥*✐✱ ✉♥❡ ♣❛5"✐❡ A ♣❡✉" A"5❡ ❜♦5♥$❡
♣♦✉5 ✉♥❡ ♥♦5♠❡ N ❡" ♣❛* ❜♦5♥$❡ ♣♦✉5 ✉♥❡ ❛✉"5❡ ♥♦5♠❡ N ′.

❖♥ ❛ ❝❡♣❡♥❞❛♥# ❞❡ ♠❛♥✐6,❡ ✐♠♠/❞✐❛#❡ ❧❛ ♣,♦♣♦'✐#✐♦♥ '✉✐✈❛♥#❡✳

+5♦♣♦*✐"✐♦♥ ✶✶

• ❙♦✐❡♥# N ❡# N ′
'♦♥# ❞❡✉① ♥♦,♠❡' $'✉✐✈❛❧❡♥"❡* ❞✬✉♥ ❡'♣❛❝❡ ✈❡❝#♦,✐❡❧ E ❡# A ✉♥❡ ♣❛,#✐❡ ❞❡ E ❛❧♦,' ✿

A ❡'# ✉♥❡ ♣❛,#✐❡ ❜♦,♥/❡ ❞❡ (E,N) ⇐⇒ A ❡'# ✉♥❡ ♣❛,#✐❡ ❜♦,♥/❡ ❞❡ (E,N ′)

• ❙✐ E ❡'# ❞❡ ❞✐♠❡♥'✐♦♥ ✜♥✐❡✱ ❧❡ ❝❛,❛❝#6,❡ ❜♦,♥/ ❞✬✉♥❡ ♣❛,#✐❡ ♥❡ ❞/♣❡♥❞ ♣❛' ❞❡ ❧❛ ♥♦,♠❡ ❝❤♦✐'✐❡ '✉, E.

❊①❡5❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❙♦✐❡♥# (E, ‖ ‖) ✉♥ ❡'♣❛❝❡ ✈❡❝#♦,✐❡❧ ♥♦,♠/✱ a ∈ E ❡# r > 0. ▼♦♥#,❡, 2✉❡ ❧❛ ❜♦✉❧❡ B(a, r) ❡'# ✉♥❡ ♣❛,#✐❡ ❜♦,♥/❡ ❞❡ E.

❙♦✐# x ∈ B(a, r)✱ ♦♥ ❛ ❞♦♥❝ ||a− x|| < r. ❆✐♥'✐✱ ♦♥ ❛ ❧❡' ♠❛❥♦,❛#✐♦♥' '✉✐✈❛♥#❡'✳

||x|| = ||(x− a) + a||,
6 ||x− a||+ ||a||,
6 r + ||a||.

❆✐♥'✐✱ '✐ ❧✬♦♥ ♣♦'❡ M = r + ||a||, ♦♥ ❛ ❜✐❡♥ ✿

∀x ∈ B(a, r), ||x|| 6 M.

❉♦♥❝ B(a, r) ❡'# ✉♥❡ ♣❛,#✐❡ ❜♦,♥/❡ ❞❡ E.

❉$✜♥✐"✐♦♥ ✽

❙♦✐❡♥# E ✉♥ ❡'♣❛❝❡ ✈❡❝#♦,✐❡❧ ♥♦,♠/ ❞❡ ❞✐♠❡♥'✐♦♥ ✜♥✐❡ ❡# (un)n∈N ✉♥❡ '✉✐#❡ ❞✬/❧/♠❡♥#' ❞❡ E✳
❖♥ ❞✐# 2✉❡ ❧❛ '✉✐#❡ ✈❡❝#♦,✐❡❧❧❡ (un)n∈N ❜♦,♥/❡ '✐ ❧✬❡♥'❡♠❜❧❡ ❞❡ '❡' ✈❛❧❡✉,' ❡'# ✉♥❡ ♣❛,#✐❡ ❜♦,♥/❡ ❞❡ E, ❛✉#,❡♠❡♥# ❞✐# '✐ ✿

∃M > 0, ∀n ∈ N, ‖un‖ 6 M.

❉$✜♥✐"✐♦♥ ✾

❙♦✐❡♥# A ✉♥ ❡♥'❡♠❜❧❡✱ E ✉♥ ❡'♣❛❝❡ ✈❡❝#♦,✐❡❧ ♥♦,♠/ ❞❡ ❞✐♠❡♥'✐♦♥ ✜♥✐❡ ❡# f ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❞❡ A ❞❛♥' E✳ ❖♥ ❞✐# 2✉❡ f
❜♦,♥/❡ '✐ ❧✬❡♥'❡♠❜❧❡ ❞❡ '❡' ✈❛❧❡✉,' ❡'# ✉♥❡ ♣❛,#✐❡ ❜♦,♥/❡ ❞❡ E, ❛✉#,❡♠❡♥# ❞✐# '✐ ✿

∃M > 0, ∀x ∈ A, ‖f(x)‖ 6 M.

✹✵✶
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❊①❡♠♣❧❡ ✶✻✳✺✳ ❖♥ ♠✉♥✐% R2
❞❡ ❧❛ ♥♦+♠❡ 1.

▼♦♥%+❡+ -✉❡ ❧❛ ❢♦♥❝%✐♦♥ f : (x, y) ∈ R2 7−→ (e−x2

+ sin(y),Arctan(x+ y)) ❡0% ❜♦+♥2❡✳

❘❡♠❛:'✉❡ ✿ ❖♥ ♥♦#❡ B(A,E) ❧✬❡♥'❡♠❜❧❡ ❞❡' ❛♣♣❧✐❝❛#✐♦♥' f : A −→ E /✉✐ '♦♥# ❜♦1♥2❡' ❡# ♣♦✉1 #♦✉# f ∈ B(A,E), ♦♥ ♣♦'❡ ✿

‖f‖∞ = sup
x∈A

‖f(x)‖.

▼♦♥#1♦♥' /✉✬✐❧ '✬❛❣✐# ❞✬✉♥❡ ♥♦1♠❡✳

✶✻✳✷✳✸ %❛'(✐❡+ ❝♦♥✈❡①❡+

❉$✜♥✐"✐♦♥ ✶✵

❙♦✐❡♥# A ✉♥❡ ♣❛1#✐❡ ❞❡ E✳ ❖♥ ❞✐# /✉❡ A ❡'# ❝♦♥✈❡①❡ '✐ ✿

∀(a, b) ∈ A2, [a, b] ⊂ A

❝✬❡'#✲9✲❞✐1❡ ✿ ∀(a, b) ∈ A2, ∀λ ∈ [0, 1], λa+ (1− λ)b ∈ A.

✹✵✷
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■❧❧✉*"3❛"✐♦♥ ❣3❛♣❤✐'✉❡ ✿

x ∈ (a, b) ⇐⇒ ∃λ ∈ R,
−→
bx = λ

−→
ba

⇐⇒ ∃λ ∈ R, x− b = λ(a− b)
⇐⇒ ∃λ ∈ R, x = λa+ b(1− λ)

x ∈ [a, b] ⇐⇒ ∃λ ∈ [0, 1], x = λa+ b(1− λ)

❊①❡3❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✷✮

❯♥❡ ❜♦✉❧❡ ❢❡(♠*❡ ✭♦✉ ♦✉✈❡(-❡✮ ❡/- ✉♥❡ ♣❛(-✐❡ ❝♦♥✈❡①❡✳

✶✻✳✸ ❙✉✐'❡) ❞✬✉♥ ❡)♣❛❝❡ ✈❡❝'♦2✐❡❧ ♥♦2♠5

✶✻✳✸✳✶ ❉%✜♥✐)✐♦♥+

❉$✜♥✐"✐♦♥ ✶✶

❙♦✐# (E, ‖ ‖) ✉♥ ❡'♣❛❝❡ ✈❡❝#♦,✐❡❧ ♥♦,♠/ ❡# (un)n∈N ✉♥❡ '✉✐#❡ ❞✬/❧/♠❡♥#' ❞❡ E. ❖♥ ❞✐# 3✉❡ (un)n∈N ❡'# ❝♦♥✈❡%❣❡♥'❡ '✬✐❧

❡①✐'#❡ ✉♥ ✈❡❝#❡✉, ℓ ∈ E #❡❧ 3✉❡ ✿

∀ε > 0, ∃N ∈ N, ∀n ∈ N : n > N =⇒ ||un − ℓ|| 6 ε.

▲❡ ✈❡❝#❡✉, ℓ ❡'# ❛♣♣❡❧/ ✈❡❝'❡✉% ❧✐♠✐'❡ ❞❡ (un)n∈N✱ ❡# ♦♥ ♥♦#❡ lim
n→+∞

un = ℓ.

❯♥❡ '✉✐#❡ 3✉✐ ♥✬❡'# ♣❛' ❝♦♥✈❡,❣❡♥#❡ ❡'# ❞✐#❡ ❞✐✈❡%❣❡♥'❡✳

❊①❡♠♣❧❡ ✶✻✳✻✳ ❖♥ "❡ ♣❧❛❝❡ ❞❛♥" E = R2
♠✉♥✐ ❞❡ "❛ ♥♦-♠❡ ❡✉❝❧✐❞✐❡♥♥❡ ✉"✉❡❧❧❡ ❡. ♦♥ ❝♦♥"✐❞/-❡ ❧❛ "✉✐.❡ (un)n∈N ❞0✜♥✐❡

♣❛- ✿

∀n ∈ N, un =

(
1

n
,
1

2n

)

.

❖♥ ❛ ❛❧♦-" ||un||2 =

(
1

n

)2

+

(
1

2n

)2

=
1

n2
+

1

4n
6

2

n2
❞/" 3✉❡ n > 2.

❆✐♥"✐ ||un − (0, 0)|| 6
√
2

n
. ❖- lim

n→+∞

√
2

n
= 0. 5❛- ❞0✜♥✐.✐♦♥ ❞❡ ❝❡..❡ ❧✐♠✐.❡✱ ♦♥ ❛ ❞♦♥❝ ✿

∀ε > 0, ∃N ∈ N, ∀n ∈ N : n > N =⇒
√
2

n
6 ε.

▲❡" ♠❛❥♦-❛.✐♦♥" ♣-0❝0❞❡♥.❡" ❞♦♥♥❡♥. ❜✐❡♥ ∀ε > 0, ∃N ∈ N, ∀n ∈ N : n > N =⇒ ||un − (0, 0)|| 6 ε.
❈✬❡". ❧❛ ❞0✜♥✐.✐♦♥ ❞❡ lim

n→+∞
un = (0, 0).

✹✵✸
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❖♥ "❡♠❛"&✉❡ &✉❡✱ ♣❛" ❞+✜♥✐.✐♦♥ ❞❡ ❧❛ ❧✐♠✐.❡✱ ♦♥ ❛ ❧✬+&✉✐✈❛❧❡♥❝❡ 4✉✐✈❛♥.❡✳

lim
n→+∞

un = ℓ ⇐⇒ lim
n→+∞

||un − ℓ|| = 0

❘❡♠❛3'✉❡ ✐♠♣♦3"❛♥"❡ ✿

▲❛ ♥♦"✐♦♥ ❞❡ ❝♦♥✈❡3❣❡♥❝❡ ❞$♣❡♥❞ ❞✉ ❝❤♦✐① ❞❡ ❧❛ ♥♦3♠❡ *✉3 E. ❆✐♥*✐✱ ✉♥❡ *✉✐"❡ ♣❡✉" ?"3❡ ❝♦♥✈❡3❣❡♥"❡ ♣♦✉3
✉♥❡ ♥♦3♠❡ N ❡" ❞✐✈❡3❣❡♥"❡ ♣♦✉3 ✉♥❡ ❛✉"3❡ ♥♦3♠❡ N ′.

❖♥ ❛ ❝❡♣❡♥❞❛♥. ❞❡ ♠❛♥✐6"❡ ✐♠♠+❞✐❛.❡ ❧❛ ♣"♦♣♦4✐.✐♦♥ 4✉✐✈❛♥.❡✳

+3♦♣♦*✐"✐♦♥ ✶✷

• ❙♦✐❡♥. N ❡. N ′
4♦♥. ❞❡✉① ♥♦"♠❡4 $'✉✐✈❛❧❡♥"❡* ❞✬✉♥ ❡4♣❛❝❡ ✈❡❝.♦"✐❡❧ E ❡. (un)n∈N ✉♥❡ 4✉✐.❡ ❞✬+❧+♠❡♥.4 ❞❡ E✳ ❆❧♦"4 ✿

(un)n∈N ❝♦♥✈❡"❣❡ ✈❡"4 ℓ ❞❛♥4 (E,N) ⇐⇒ (un)n∈N ❝♦♥✈❡"❣❡ ✈❡"4 ℓ ❞❛♥4 (E,N ′)

• ❙✐ E ❡4. ❞❡ ❞✐♠❡♥4✐♦♥ ✜♥✐❡✱ ❧❛ ♥❛.✉"❡ ❞✬✉♥❡ 4✉✐.❡ ❞✬+❧+♠❡♥.4 ❞❡ E ♥❡ ❞+♣❡♥❞ ♣❛4 ❞❡ ❧❛ ♥♦"♠❡ ❝❤♦✐4✐❡ 4✉" E.

+3♦♣♦*✐"✐♦♥ ✶✸

❙♦✐. E ✉♥ ❡4♣❛❝❡ ✈❡❝.♦"✐❡❧ ♥♦"♠+ ❡. (un)n∈N ✉♥❡ 4✉✐.❡ ❞✬+❧+♠❡♥.4 ❞❡ E.
❙✐ ❧❛ 4✉✐.❡ (un)n∈N ❝♦♥✈❡"❣❡✱ ❛❧♦"4 4❛ ❧✐♠✐.❡ ❡4. ✉♥✐&✉❡✳

+3❡✉✈❡✳

✷

+3♦♣♦*✐"✐♦♥ ✶✹

❙♦✐. E ✉♥ ❡4♣❛❝❡ ✈❡❝.♦"✐❡❧ ♥♦"♠+ ❡. (un)n∈N ✉♥❡ 4✉✐.❡ ❞✬+❧+♠❡♥.4 ❞❡ E.
❙✐ ❧❛ 4✉✐.❡ (un)n∈N ❝♦♥✈❡"❣❡✱ ❛❧♦"4 ❡❧❧❡ ❡4. ❜♦"♥+❡✳

+3❡✉✈❡✳

✷

✹✵✹



▼❛"❤$♠❛"✐'✉❡* +❙■ ❙✳ ❉✐♦♥

❖♥ ♣♦✉%%❛✐( )❣❛❧❡♠❡♥( ❞)♠♦♥(%❡% ❧❡/ ♣%♦♣♦/✐(✐♦♥/ /✉✐✈❛♥(❡/✳

+2♦♣♦*✐"✐♦♥ ✶✺

❙♦✐( E ✉♥ ❡/♣❛❝❡ ✈❡❝(♦%✐❡❧ ♥♦%♠) ❡( (un)n∈N ✉♥❡ /✉✐(❡ ❞✬)❧)♠❡♥(/ ❞❡ E.
❙✐ ❧❛ /✉✐(❡ (un)n∈N ❝♦♥✈❡%❣❡ ❛❧♦%/ /❡/ /✉✐(❡/ ❡①(%❛✐(❡/ ❛✉//✐ ❡( ❡❧❧❡/ ♦♥( ♠6♠❡ ❧✐♠✐(❡✳

+2♦♣♦*✐"✐♦♥ ✶✻

❙♦✐( E ✉♥ ❡/♣❛❝❡ ✈❡❝(♦%✐❡❧ ♥♦%♠) ❡( (un)n∈N, (vn)n∈N ❞❡✉① /✉✐(❡/ ❞✬)❧)♠❡♥(/ ❞❡ E.
❙✐ ❧❡/ /✉✐(❡/ (un)n∈N ❡( (vn)n∈N ❝♦♥✈❡%❣❡♥( %❡/♣❡❝(✐✈❡♠❡♥( ✈❡%/ ℓ ❡( ℓ

′
✱ ❛❧♦%/ ♣♦✉% (♦✉( (λ, µ) ∈ K2, ❧❛ /✉✐(❡ (λun+µvn)n∈N

❝♦♥✈❡%❣❡ ❡( /❛ ❧✐♠✐(❡ ❡/( λℓ+ µℓ′.
❆✉(%❡♠❡♥( ❞✐(✱ ❧✬❡♥/❡♠❜❧❡ ❞❡/ /✉✐(❡/ ❝♦♥✈❡%❣❡♥(❡/ ❡/( ✉♥ /♦✉/✲❡/♣❛❝❡ ✈❡❝(♦%✐❡❧ ❞❡ ❧✬❡/♣❛❝❡ ❞❡/ /✉✐(❡/✳

;❧✉/ ❣)♥)%❛❧❡♠❡♥(✱ ♦♥ ❛❞♠❡( ❛✉//✐ ❧❛ ♣%♦♣♦/✐(✐♦♥ /✉✐✈❛♥(❡✳

+2♦♣♦*✐"✐♦♥ ✶✼

❙♦✐( E ✉♥ ❡/♣❛❝❡ ✈❡❝(♦%✐❡❧ ♥♦%♠) ❡( (un)n∈N, (vn)n∈N ❞❡✉① /✉✐(❡/ ❞✬)❧)♠❡♥(/ ❞❡ E ❝♦♥✈❡%❣❡❛♥( %❡/♣❡❝(✐✈❡♠❡♥( ✈❡%/ ℓ ❡(
ℓ′. ❙♦✐❡♥( ❛✉//✐ (αn)n∈N ❡( (βn)n∈N ❞❡✉① /✉✐(❡/ ♥✉♠)%✐<✉❡/ ❝♦♥✈❡%❣❡❛♥( %❡/♣❡❝(✐✈❡♠❡♥( ✈❡%/ a ❡( b.
❆❧♦%/ ❧❛ /✉✐(❡ ✈❡❝(♦%✐❡❧❧❡ (αnun + βnvn)n∈N ❝♦♥✈❡%❣❡ ❡( /❛ ❧✐♠✐(❡ ❡/( aℓ+ bℓ′.

❊①❡♠♣❧❡ ✶✻✳✼✳ ✭❊✷✮ ▼$"❤♦❞❡ ✶ ✲ ❖♥ ❝♦♥$✐❞'(❡ ✭❡+ ♦♥ ❧❛ (❡+(♦✉✈❡(❛ ❡♥$✉✐+❡ ✦✮ ❧❛ ♠❛+(✐❝❡ A =

(
2 1/2

−3 −1/2

)

.

❈❛❧❝✉❧❡( ❧❡ ♣♦❧②♥6♠❡ ❝❛(❛❝+7(✐$+✐8✉❡ ❞❡ A✳

χA(λ) =

❊♥ ❞7❞✉✐(❡✱ ♣♦✉( n ∈ N, ❧✬❡①♣(❡$$✐♦♥ ❞❡ An
❝♦♠♠❡ ❝♦♠❜✐♥❛✐$♦♥ ❧✐♥7❛✐(❡ ❞❡ A ❡+ ❞❡ I2.

❉7+❡(♠✐♥❡( ❛❧♦($ $✐ ❡❧❧❡ ❡①✐$+❡ lim
n→+∞

An.

✹✵✺
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❊①❡♠♣❧❡ ✶✻✳✽✳ ❯♥ ❡①❡♠♣❧❡ ❡♥ ❞✐♠❡♥*✐♦♥ ✐♥✜♥✐❡

❖♥ ❝♦♥$✐❞'(❡ ❧✬❡♥$❡♠❜❧❡ E = C([0, 1]) ♠✉♥✐ ❞❡$ ♥♦(♠❡$ N1 ❡/ N∞.
❖♥ ❞0✜♥✐/ ❧❛ $✉✐/❡ (fn)n∈N ❞✬0❧0♠❡♥/$ ❞❡ E ♣❛( ✿ ∀t ∈ [0, 1], fn(t) = tn.

• ❈♦♥✈❡(❣❡♥❝❡ ♣♦✉( ❧❛ ♥♦(♠❡ N1 ✿

❖♥ ❛ ♣♦✉( /♦✉/ n ∈ N ✿

N1(fn − 0) =

∫ 1

0

|fn(t)− 0|dt =
∫ 1

0

tndt =
1

n+ 1
−→

n→+∞
0.

❉♦♥❝✱ (fn)n∈N ❝♦♥✈❡(❣❡ ✈❡($ ❧❛ ❢♦♥❝/✐♦♥ ♥✉❧❧❡ ❞❛♥$ (E,N1).

• ❈♦♥✈❡(❣❡♥❝❡ ♣♦✉( ❧❛ ♥♦(♠❡ N∞ ✿

❖♥ (❡♠❛(;✉❡ /♦✉/ ❞✬❛❜♦(❞ ;✉❡ ❧❛ ❝♦♥✈❡(❣❡♥❝❡ ♣♦✉( ❧❛ ♥♦(♠❡ N∞ $✉( E = C([a, b],R) ❡$/ ❡①❛❝/❡♠❡♥/ ❧❛ ❝♦♥✈❡(❣❡♥❝❡ ✉♥✐❢♦=♠❡
✈✉❡ ❞❛♥$ ❧❡ ❝❤❛♣✐/(❡ ❙0(✐❡$ ❞❡ ❢♦♥❝/✐♦♥$✳

(fn)n∈N ❝♦♥✈❡(❣❡ ✈❡($ f ❞❛♥$ (E,N∞) ⇐⇒ N∞(fn − f) = ‖fn − f‖∞ −→
n→+∞

0

⇐⇒ (fn)n∈N ❝♦♥✈❡(❣❡ ✉♥✐❢♦(♠0♠❡♥/ ✈❡($ f $✉( [a, b]

■❝✐✱ [a, b] = [0, 1]✱ ❡/ (fn)n∈N ❝♦♥✈❡(❣❡ $✐♠♣❧❡♠❡♥/ ✈❡($ g ❞0✜♥✐❡ ♣❛( g(1) = 1 ❡/ g(t) = 0 $✐ t ∈ [0, 1[.
❙✐ ❧❛ $✉✐/❡ (fn)n∈N ❝♦♥✈❡(❣❡❛✐/ ✉♥✐❢♦(♠0♠❡♥/✱ ❝❡ $❡(❛✐/ ✈❡($ $❛ ❧✐♠✐/❡ $✐♠♣❧❡ g✳ ❊/ ❝♦♠♠❡ ❧❡$ ❢♦♥❝/✐♦♥$ fn $♦♥/ ❝♦♥/✐♥✉❡$ $✉(
[0, 1], ❧❛ ❧✐♠✐/❡ ✉♥✐❢♦(♠❡ g ❧❡ $❡(❛✐/ ❛✉$$✐✳ ❈❡ ;✉✐ ♥✬❡$/ 0✈✐❞❡♠♠❡♥/ ♣❛$ ❧❡ ❝❛$✳

❆✐♥$✐✱ ❧❛ $✉✐/❡ (fn)n∈N ❞✐✈❡(❣❡ ❞❛♥$ (E,N∞).

✶✻✳✸✳✷ ❊♥ ❞✐♠❡♥+✐♦♥ ✜♥✐❡✱ ❝❛1❛❝231✐+❛2✐♦♥ 4 ❧✬❛✐❞❡ ❞❡+ +✉✐2❡+ ❝♦♦1❞♦♥♥3❡+

❙♦✐# E ✉♥ K✲❡(♣❛❝❡ ✈❡❝#♦-✐❡❧ ❞❡ ❞✐♠❡♥(✐♦♥ ✜♥✐❡ p ❡# B = (e1, . . . , ep) ✉♥❡ ❜❛(❡ ❞❡ E.

3♦✉- x =

p
∑

i=1

xiei, ♦♥ ♣♦(❡ NB(x) = max
i∈{1,...,p}

|xi| ❡# N ′
B(x) =

p
∑

i=1

|xi|.

❖♥ ❞5♠♦♥#-❡-❛✐# ❢❛❝✐❧❡♠❡♥# 7✉✬✐❧ (✬❛❣✐# ❞❡ ❞❡✉① ♥♦-♠❡( (✉- E.

❙✐ (un)n∈N ❡(# ✉♥❡ (✉✐#❡ ❞✬5❧5♠❡♥#( ❞❡ E✱ ♦♥ ♣❡✉# 5❝-✐-❡ ❝❤❛❝✉♥ ❞❡( un ❞❛♥( ❧❛ ❜❛(❡ B.

∀n ∈ N, un =

p
∑

i=1

un,iei.

▲❡( p (✉✐#❡( ♥✉♠5-✐7✉❡( (un,i)n∈N (♦♥# ❛♣♣❡❧5❡( *✉✐"❡* ❝♦♦=❞♦♥♥$❡* ❞❡ (un)n∈N ❞❛♥( ❧❛ ❜❛(❡ B. ❆✈❡❝ ❝❡( ♥♦#❛#✐♦♥(✱ ♦♥

♠♦♥#-❡ ❧❛ ♣-♦♣♦(✐#✐♦♥ (✉✐✈❛♥#❡✳

+=♦♣♦*✐"✐♦♥ ✶✽

❖♥ ❛ ❧✬57✉✐✈❛❧❡♥❝❡ (✉✐✈❛♥#❡✳

(un)n∈N ❝♦♥✈❡-❣❡ ⇐⇒ ∀i ∈ {1, . . . , p}, (un,i)n∈N ❝♦♥✈❡-❣❡ .

❊# ❞❛♥( ❝❡ ❝❛(✱ ♦♥ ❛ lim
n→+∞

un =

p
∑

i=1

ℓiei ❛✈❡❝ ℓi = lim
n→+∞

un,i.

+=❡✉✈❡✳ 3✉✐(7✉❡ E ❡(# ❞❡ ❞✐♠❡♥(✐♦♥ ✜♥✐❡✱ ❧❛ ♥❛#✉-❡ ❞❡ ❧❛ (✉✐#❡ ♥❡ ❞5♣❡♥❞ ♣❛( ❞✉ ❝❤♦✐① ❞❡ ❧❛ ♥♦-♠❡✳

• ❙✉♣♣♦(♦♥( 7✉❡ ❧❛ (✉✐#❡ (un)n∈N ❝♦♥✈❡-❣❡✳ ❖♥ ❝❤♦✐(✐# ❧❛ ♥♦-♠❡ NB ❞5✜♥✐❡ ♣-5❝5❞❡♠♠❡♥#✳

✹✵✻



▼❛"❤$♠❛"✐'✉❡* +❙■ ❙✳ ❉✐♦♥

• ❙✉♣♣♦$♦♥$ &✉❡ (♦✉(❡$ ❧❡$ $✉✐(❡$ ❝♦♦,❞♦♥♥.❡$ (un,i)n∈N ❝♦♥✈❡,❣❡♥(✳ ❖♥ ❝❤♦✐$✐( ❧❛ ♥♦,♠❡ N ′
B ❞.✜♥✐❡ ♣,.❝.❞❡♠♠❡♥(✳

✷

❊①❡♠♣❧❡ ✶✻✳✾✳ ✭❊✷✮ ▼$"❤♦❞❡ ✷ ✲ ❖♥ "❡♣"❡♥❞ ❧❛ ♠❛)"✐❝❡ A =

(
2 1/2

−3 −1/2

)

.

❉-)❡"♠✐♥❡" ✉♥❡ ♠❛)"✐❝❡ ✐♥✈❡"0✐❜❧❡ P ❞❡ ❧❛ ❢♦"♠❡ P

(
1 1
⋆ ⋆

)

)❡❧❧❡ 4✉❡ P−1AP = D =

(
1 0
0 1/2

)

.

❈❛❧❝✉❧❡" An
✭❡①♣"✐♠❡" 0❡0 ❝♦❡✣❝✐❡♥)0✮ ❡) "❡)"♦✉✈❡" ❧❛ ✈❛❧❡✉" ❞❡ lim

n→+∞
An.

✹✵✼
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✶✻✳✹ $❛&'✐❡* ♦✉✈❡&'❡*✱ ♣❛&'✐❡* ❢❡&♠2❡*✱ ♣❛&'✐❡* ❞❡♥*❡*

✶✻✳✹✳✶ $♦✐♥() ✐♥(*+✐❡✉+)✱ ♣❛+(✐❡) ♦✉✈❡+(❡)

❉$✜♥✐"✐♦♥ ✶✷

❙♦✐# A ✉♥❡ ♣❛)#✐❡ ❞❡ E ❡# a ✉♥ ✈❡❝#❡✉) ❞❡ A.
❖♥ ❞✐# .✉❡ a ❡/# ✉♥ ♣♦✐♥# ✐♥#0)✐❡✉) 1 A /✐ ✿

∃r > 0, B(a, r) ⊂ A

♦✉ ❡♥❝♦)❡ /✐

∃r > 0, ∀x ∈ E, ‖x− a‖ < r =⇒ x ∈ A.

■❧❧✉*"6❛"✐♦♥ ❣6❛♣❤✐'✉❡ ✿

❊①❡♠♣❧❡ ✶✻✳✶✵✳ ❙♦✐# a ∈ A ✉♥ ♣♦✐♥# ✐♥#'(✐❡✉( * A ❡# (un)n∈N ✉♥❡ +✉✐#❡ ❞✬'❧'♠❡♥#+ ❞❡ E 0✉✐ ❝♦♥✈❡(❣❡ ✈❡(+ a.
▼♦♥#(❡( 0✉✬* ♣❛(#✐( ❞✬✉♥ ❝❡(#❛✐♥ (❛♥❣✱ un ❡+# ❞❛♥+ A.

❉$✜♥✐"✐♦♥ ✶✸

❙♦✐# A ✉♥❡ ♣❛)#✐❡ ❞❡ E✳
❖♥ ❛♣♣❡❧❧❡ ✐♥#0)✐❡✉) ❞❡ A ❧✬❡♥/❡♠❜❧❡ ❞❡ /❡/ ♣♦✐♥#/ ✐♥#0)✐❡✉)/✳

❖♥ ❧❡ ♥♦#❡

◦

A ❧✬✐♥#0)✐❡✉) ❞❡ A.

❘❡♠❛6'✉❡ ✿ ❖♥ ❛ #♦✉❥♦✉)/

◦

A ⊂ A.

❉$✜♥✐"✐♦♥ ✶✹

❙♦✐# U ✉♥❡ ♣❛)#✐❡ ❞❡ E✳
❖♥ ❞✐# .✉❡ U ❡/# ✉♥❡ ♣❛)#✐❡ ♦✉✈❡)#❡ ❞❡ E /✐ ❝❤❛❝✉♥ ❞❡ /❡/ ♣♦✐♥#/ ❧✉✐ ❡/# ✐♥#0)✐❡✉)✱ ❛✉#)❡♠❡♥# ❞✐# /✐ ✿

∀a ∈ U, ∃r > 0, B(a, r) ⊂ U

♦✉ ❡♥❝♦)❡ /✐

◦

U = U.

❊①❡♠♣❧❡ ✶✻✳✶✶✳ ▲❡+ ✐♥#❡(✈❛❧❧❡+ ♦✉✈❡(#+ ❞❡ R +♦♥# ❞❡+ ♣❛(#✐❡+ ♦✉✈❡(#❡+ ❞❡ R.

✹✵✽
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❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✷✮

❙♦✐# (E, ‖ ‖) ✉♥ ❡'♣❛❝❡ ♥♦+♠- ❡# a ∈ E. ▼♦♥#+❡+ /✉❡ ♣♦✉+ #♦✉# r > 0, ❧❛ ❜♦✉❧❡ B(a, r) ❡'# ✉♥❡ ♣❛+#✐❡ ♦✉✈❡+#❡ ❞❡ E.

+4♦♣♦*✐"✐♦♥ ✶✾

• E ❡# ∅ '♦♥# ❞❡' ♣❛+#✐❡' ♦✉✈❡+#❡' ❞❡ E.

• ❯♥❡ +-✉♥✐♦♥ /✉❡❧❝♦♥/✉❡ ❞✬♦✉✈❡+#' ❡'# ✉♥ ♦✉✈❡+#✳

• ❯♥❡ ✐♥#❡+'❡❝#✐♦♥ ✜♥✐❡ ❞✬♦✉✈❡+#' ❡'# ✉♥ ♦✉✈❡+#✳

+4❡✉✈❡✳

✷

❆""❡♥"✐♦♥ ✿ ❯♥❡ ✐♥#❡+'❡❝#✐♦♥ /✉❡❧❝♦♥/✉❡ ❞✬♦✉✈❡+#' ♥✬❡'# ♣❛' ♥-❝❡''❛✐+❡♠❡♥# ✉♥ ♦✉✈❡+#✳ ❆✐♥'✐✱ ♣❛+ ❡①❡♠♣❧❡

⋂

n∈N∗

]

− 1

n
,
1

n

[

= {0} /✉✐ ♥✬❡'# ♣❛' ♦✉✈❡+#✳

✹✵✾
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✶✻✳✹✳✷ %♦✐♥)* ❛❞❤./❡♥)*✱ ♣❛/)✐❡* ❢❡/♠.❡*

❉$✜♥✐"✐♦♥ ✶✺

❙♦✐# A ✉♥❡ ♣❛)#✐❡ ❞❡ E ❡# a ✉♥ ✈❡❝#❡✉) ❞❡ E. ❖♥ ❞✐# .✉❡ a ❡/# ✉♥ ♣♦✐♥# ❛❞❤1)❡♥# 2 A /✐ ✿

∀r > 0, B(a, r) ∩A 6= ∅

♦✉ ❡♥❝♦)❡ /✐ ∀r > 0, ∃x ∈ A, ‖x− a‖ < r.

■❧❧✉*"6❛"✐♦♥ ❣6❛♣❤✐'✉❡ ✿

+6♦♣♦*✐"✐♦♥ ✷✵ ✭❈❛6❛❝"$6✐*❛"✐♦♥ *$'✉❡♥"✐❡❧❧❡✮

❙♦✐# A ✉♥❡ ♣❛)#✐❡ ❞❡ E ❡# a ✉♥ ✈❡❝#❡✉) ❞❡ E. ❆❧♦)/ a ❡/# ✉♥ ♣♦✐♥# ❛❞❤1)❡♥# 2 A /✐ ❡# /❡✉❧❡♠❡♥# /✐ ✐❧ ❡①✐/#❡ ✉♥❡ /✉✐#❡

❞✬1❧1♠❡♥#/ ❞❡ A .✉✐ ❝♦♥✈❡)❣❡ ✈❡)/ a.

+6❡✉✈❡✳

✷

✹✶✵
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❉$✜♥✐"✐♦♥ ✶✻

❙♦✐# A ✉♥❡ ♣❛)#✐❡ ❞❡ E✳
❖♥ ❛♣♣❡❧❧❡ ❛❞❤/)❡♥❝❡ ❞❡ A ❧✬❡♥2❡♠❜❧❡ ❞❡ 2❡2 ♣♦✐♥#2 ❛❞❤/)❡♥#2✳

❖♥ ❧❛ ♥♦#❡ A.

❘❡♠❛6'✉❡ ✿ ❖♥ ❛ #♦✉❥♦✉)2 A ⊂ A.

❉$✜♥✐"✐♦♥ ✶✼

❙♦✐# F ✉♥❡ ♣❛)#✐❡ ❞❡ E✳
❖♥ ❞✐# 6✉❡ F ❡2# ✉♥❡ ♣❛)#✐❡ ❢❡)♠/❡ ❞❡ E 2✐ #♦✉2 ❧❡2 ♣♦✐♥#2 ❞❡ E ❛❞❤/)❡♥#2 8 F 2♦♥# ❞❛♥2 F ✱ ❛✉#)❡♠❡♥# ❞✐# 2✐ ✿

∀a ∈ E,
(

∀r > 0, B(a, r) ∩ F 6= ∅
)

=⇒ a ∈ F,

♦✉ ❡♥❝♦)❡ 2✐ F = F .

❊①❡♠♣❧❡ ✶✻✳✶✷✳ ▲❡" ✐♥%❡&✈❛❧❧❡" ❢❡&♠," "♦♥% ❞❡" ♣❛&%✐❡" ❢❡&♠,❡"✳ ❖♥ ❛❞♠❡% ❛✉""✐ 3✉❡ ❧❡" ♣&♦❞✉✐%" ❞❡ ♣❛&%✐❡" ❢❡&♠,❡" "♦♥%

❞❡" ♣❛&%✐❡" ❢❡&♠,❡"✳ ❆✐♥"✐✱ ♣❛& ❡①❡♠♣❧❡✱ [a, b]× [c, d] ❡"% ✉♥❡ ♣❛&%✐❡ ❢❡&♠,❡ ❞❡ R2.

❊①❡♠♣❧❡ ✶✻✳✶✸✳ ❖♥ ♣♦✉&&❛✐% ❛✉""✐ ♠♦♥%&❡& 3✉❡ ❧❡" ❜♦✉❧❡" ❢❡&♠,❡" ❡% ❧❡" "♣❤9&❡" "♦♥% ❞❡" ♣❛&%✐❡" ❢❡&♠,❡"✳

▲❛ ❝❛)❛❝#/)✐2❛#✐♦♥ 2/6✉❡♥#✐❡❧❧❡ ❞❡2 ♣♦✐♥#2 ❛❞❤/)❡♥#2 2✬/❝)✐# ❛✉22✐ ♣♦✉) ❧❡2 ♣❛)#✐❡2 ❢❡)♠/❡2✳

+6♦♣♦*✐"✐♦♥ ✷✶

❙♦✐# F ✉♥❡ ♣❛)#✐❡ ❞❡ E✳ ❆❧♦)2
F ❡2# ✉♥❡ ♣❛)#✐❡ ❢❡)♠/❡

❞/✜♥✐#✐♦♥⇐⇒ F ❝♦♥#✐❡♥# #♦✉2 2❡2 ♣♦✐♥#2 ❛❞❤/)❡♥#2

⇐⇒ #♦✉#❡ 2✉✐#❡ ❞✬/❧/♠❡♥#2 ❞❡ F 6✉✐ ❝♦♥✈❡)❣❡ ❞❛♥2 E ❛ 2❛ ❧✐♠✐#❡ ❞❛♥2 F

+6♦♣♦*✐"✐♦♥ ✷✷

• E ❡# ∅ 2♦♥# ❞❡2 ♣❛)#✐❡2 ❢❡)♠/2 ❞❡ E.

• ❯♥❡ )/✉♥✐♦♥ ✜♥✐❡ ❞❡ ❢❡)♠/2 ❡2# ✉♥ ❢❡)♠/✳

• ❯♥❡ ✐♥#❡)2❡❝#✐♦♥ 6✉❡❧❝♦♥6✉❡ ❞❡ ❢❡)♠/2 ❡2# ✉♥ ❢❡)♠/✳

+6❡✉✈❡✳ • E ❡# ∅ 2♦♥# ❞❡2 ♣❛)#✐❡2 ❢❡)♠/2 ❞❡ E, ✐❧ ♥✬② ❛ )✐❡♥ 8 ❞/♠♦♥#)❡)✳

• ❙♦✐❡♥# F1, . . . , Fp ❞❡2 ♣❛)#✐❡2 ❢❡)♠/❡2 ❞❡ E. ▼♦♥#)♦♥2 6✉❡ F =
p⋃

i=1

Fi ❡2# ✉♥❡ ♣❛)#✐❡ ❢❡)♠/❡ ❞❡ E.

❙♦✐# a ∈ E ✉♥ ♣♦✐♥# ❛❞❤/)❡♥# 8 F ✱ ♠♦♥#)♦♥2 6✉❡ a ∈ F. C❛) ❝❛)❛❝#/)✐2❛#✐♦♥ 2/6✉❡♥#✐❡❧❧❡✱ ✐❧ ❡①✐2#❡ ✉♥❡ 2✉✐#❡ (an)n∈N ❞✬/❧/♠❡♥#2

❞❡ F 6✉✐ ❝♦♥✈❡)❣❡ ✈❡)2 a.
∀n ∈ N, ∃in ∈ {1, . . . , p}, an ∈ Fin .

❊# ❝♦♠♠❡ ✐❧ ② ❛ ✉♥ ♥♦♠❜)❡ ✜♥✐ ❞❡ ♣❛)#✐❡2 Fi✱ ❧✬✉♥❡ ❞✬❡♥#)❡ ❡❧❧❡2 ❛✉ ♠♦✐♥2 ❝♦♥#✐❡♥# ✉♥❡ ✐♥✜♥✐#/ ❞❡2 #❡)♠❡2 ❞❡ ❧❛ 2✉✐#❡ (an)n∈N✳
❖✉ ❡♥❝♦)❡ ✿

∃i ∈ {1, . . . , p}, ∃ϕ : N −→ N 2#)✐❝#❡♠❡♥# ❝)♦✐22❛♥#❡✱ #❡❧2 6✉❡ ∀n ∈ N, aϕ(n) ∈ Fi.

❆✐♥2✐✱ ❧❛ 2✉✐#❡ (aϕ(n))n∈N ❡2# ✉♥❡ 2✉✐#❡ ❞✬/❧/♠❡♥#2 ❞❡ Fi✱ ❡# ❡❧❧❡ ❝♦♥✈❡)❣❡ ✈❡)2 a ❝❛) ❝✬❡2# ✉♥❡ 2✉✐#❡ ❡①#)❛✐#❡ ❞❡ ❧❛ 2✉✐#❡ (an)n∈N✳
❈♦♠♠❡ Fi ❡2# ✉♥❡ ♣❛)#✐❡ ❢❡)♠/❡✱ a ∈ Fi ⊂ F, ❝❡ 6✉✬♦♥ ✈♦✉❧❛✐#✳

• ❙♦✐❡♥# (Fi)i∈I ✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ♣❛)#✐❡2 ❢❡)♠/❡2 ❞❡ E. ▼♦♥#)♦♥2 6✉❡ G =
⋂

i∈I

Fi ❡2# ✉♥❡ ♣❛)#✐❡ ❢❡)♠/❡ ❞❡ E.

❙♦✐# a ∈ E ✉♥ ♣♦✐♥# ❛❞❤/)❡♥# 8 G✱ ♠♦♥#)♦♥2 6✉❡ a ∈ G. C❛) ❝❛)❛❝#/)✐2❛#✐♦♥ 2/6✉❡♥#✐❡❧❧❡✱ ✐❧ ❡①✐2#❡ ✉♥❡ 2✉✐#❡ (an)n∈N ❞✬/❧/♠❡♥#2

❞❡ G 6✉✐ ❝♦♥✈❡)❣❡ ✈❡)2 a.
∀n ∈ N, ∀i ∈ I, an ∈ Fi.

❊# ❝♦♠♠❡ Fi ❡2# ❢❡)♠/❡✱ lim
n→+∞

an = a ∈ Fi. ❈❡❝✐ ❡2# ✈❛❧❛❜❧❡ ♣♦✉) #♦✉# i ∈ I, ❞♦♥❝ a ∈ G =
⋂

i∈I

Fi✱ ❝❡ 6✉✬♦♥ ✈♦✉❧❛✐#✳ ✷

✹✶✶
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❖♥ "❡$♠✐♥❡ ❝❡ ♣❛$❛❣$❛♣❤❡ ♣❛$ ❧❛ ♣$♦♣♦.✐"✐♦♥ .✉✐✈❛♥"❡✱ 2✉✐ ❞♦♥♥❡ ❧❡ ❧✐❡♥ ❡♥"$❡ ❧❡. ♣❛$"✐❡. ♦✉✈❡$"❡. ❡" ❧❡. ♣❛$"✐❡. ❢❡$♠5❡.✳

+2♦♣♦*✐"✐♦♥ ✷✸

❙♦✐" A ✉♥❡ ♣❛$"✐❡ ❞❡ E✳ ❖♥ ♥♦"❡ ∁(A) ❧❡ ❝♦♠♣❧5♠❡♥"❛✐$❡ ❞❡ A ❞❛♥. E, ❝✬❡."✲:✲❞✐$❡ ✿

∁(A) = E rA = {x ∈ E, x /∈ A}.

❆❧♦$.✱ ♦♥ ❛ ❧✬52✉✐✈❛❧❡♥❝❡ .✉✐✈❛♥"❡✳

A ❡." ✉♥❡ ♣❛$"✐❡ ❢❡$♠5❡ ❞❡ E ⇐⇒ ∁(A) ❡." ✉♥❡ ♣❛$"✐❡ ♦✉✈❡$"❡ ❞❡ E

+2❡✉✈❡✳

=⇒

⇐=

✷

✶✻✳✹✳✸ ❋&♦♥)✐+&❡ ❞✬✉♥❡ ♣❛&)✐❡

❉$✜♥✐"✐♦♥ ✶✽

❙♦✐" A ✉♥❡ ♣❛$"✐❡ ❞❡ E✳
❖♥ ❛♣♣❡❧❧❡ ❢$♦♥"✐=$❡ ❞❡ A ❧✬❡♥.❡♠❜❧❡ ❞❡ .❡. ♣♦✐♥". 2✉✐ ❧✉✐ .♦♥" ❛❞❤5$❡♥". ♠❛✐. ♣❛. ✐♥"5$✐❡✉$.✱ ❝✬❡."✲:✲❞✐$❡ ✿

Fr(A) = Ar
◦

A .

❊①❡♠♣❧❡ ✶✻✳✶✹✳ ▲❛ ❢#♦♥&✐(#❡ ❞❡ [0, 1[ ❡+& {0; 1}, ❧❛ ❢#♦♥&✐(#❡ ❞✬✉♥❡ ❜♦✉❧❡ ❢❡#♠1❡ B(a,R) ❡+& ❧❛ +♣❤(#❡ S(a,R).

✹✶✷
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■♥"✉✐"✐✈❡♠❡♥" ✿ ◆♦✉# ❝♦♥#✐❞()❡)♦♥# ❧❡ ♣❧✉# #♦✉✈❡♥. ❞❡# ❡♥#❡♠❜❧❡# #✐♠♣❧❡#✳ ❆✐♥#✐✱ ♦♥ ♣♦✉))❛ #♦✉✈❡♥. ✐♠❛❣✐♥❡) 6✉❡ ✿

• ▲✬❛❞❤;)❡♥❝❡ ❞✬✉♥❡ ♣❛).✐❡ A ❡#. A ❛✉6✉❡❧ ♦♥ ❛❥♦✉.❡ #♦♥ ✓ ❜♦)❞ ✔✭❝✬❡#.✲A✲❞✐)❡ ❧❛ ❢)♦♥.✐()❡✮✳

• ▲✬✐♥.;)✐❡✉) ❞✬✉♥❡ ♣❛).✐❡ A ❡#. A ❛✉6✉❡❧ ♦♥ ❡♥❧(✈❡ ❧❡ ✓ ❜♦)❞ ✔✳

• ❯♥❡ ♣❛).✐❡ A ❡#. ♦✉✈❡).❡✱ #✐ ❡❧❧❡ ♥❡ ❝♦♥.✐❡♥. ❛✉❝✉♥ ♣♦✐♥. ❞❡ #♦♥ ✓ ❜♦)❞ ✔✱ ❝✬❡#.✲A✲❞✐)❡ #✐ A =
◦

A .

• ❯♥❡ ♣❛).✐❡ A ❡#. ❢❡)♠;❡✱ #✐ ❡❧❧❡ ❝♦♥.✐❡♥. .♦✉# ❧❡# ♣♦✐♥.# ❞❡ #♦♥ ❜♦)❞✱ ❝✬❡#.✲A✲❞✐)❡ #✐ A = A.

• ■❧ ❡①✐#.❡ ❞❡# ♣❛).✐❡# 6✉✐ ♥❡ #♦♥. ♥✐ ♦✉✈❡).❡# ♥✐ ❢❡)♠;❡#✳
■❧❧✉*"5❛"✐♦♥ ❣5❛♣❤✐'✉❡ ✿

◆;❛♥♠♦✐♥#✱ ❧❛ ❢)♦♥.✐()❡ ❞✬✉♥❡ ♣❛).✐❡ ♥✬❡#. ❛♣# .♦✉❥♦✉)# ❛✉##✐ ✐♥.✉✐.✐✈❡✳ ❊♥ .;♠♦✐❣♥❡ ❧❡ ♣❛)❛❣)❛♣❤❡ #✉✐✈❛♥.✳

✶✻✳✹✳✹ $❛&'✐❡ ❞❡♥,❡

❉$✜♥✐"✐♦♥ ✶✾

❙♦✐. (E, ‖ ‖) ✉♥ ❡#♣❛❝❡ ✈❡❝.♦)✐❡❧ ♥♦)♠; ❡. A ✉♥❡ ♣❛).✐❡ ❞❡ E. ❖♥ ❞✐. 6✉❡ A ❡#. ❞❡♥#❡ ❞❛♥# E #✐ ❧✬✉♥❡ ❞❡# .)♦✐# ♣)♦♣♦#✐.✐♦♥#

;6✉✐✈❛❧❡♥.❡# #✉✐✈❛♥.❡# ❡#. ✈;)✐✜;❡✳

✭✶✮ ∀x ∈ E, ∀ε > 0, ∃a ∈ A, ‖x− a‖ < ε

✭✷✮ ∀x ∈ E, ∀ε > 0, A ∩B(x, ε) 6= ∅
✭✸✮ ❚♦✉. ;❧;♠❡♥. x ❞❡ E ❡#. ❧✐♠✐.❡ ❞✬✉♥❡ #✉✐.❡ (an)n∈N ❞✬;❧;♠❡♥.# ❞❡ A

✭✹✮ A = E

▲✬;6✉✐✈❛❧❡♥❝❡ ❡♥.)❡ ❝❡# ✹ ♣)♦♣♦#✐.✐♦♥# ❡#. ❛##❡③ ♥❛.✉)❡❧❧❡ 6✉❛♥❞ ♦♥ ❝♦♥♥❛Q. ❧❛ ❞;✜♥✐.✐♦♥ ❡. ❧❡# ❝❛)❛❝.;)✐#❛.✐♦♥# ❞❡ ✈❛❧❡✉)

❞✬❛❞❤;)❡♥❝❡✳

❊①❡5❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✷✮

❖♥ ♠✉♥✐. R ❞❡ #❛ ♥♦)♠❡ ✉#✉❡❧❧❡ ✭❧❛ ✈❛❧❡✉) ❛❜#♦❧✉❡✮✳ ▼♦♥.)❡) 6✉❡ ❧✬❡♥#❡♠❜❧❡ ❞❡# )❛.✐♦♥♥❡❧# Q ❡#. ❞❡♥#❡ ❞❛♥# R.

✹✶✸
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❊①❡4❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✸✮

❖♥ ♠✉♥✐%Mn(R) ❞✬✉♥❡ ♥♦*♠❡✳ ▼♦♥%*❡* -✉❡ GLn(R) ❡.% ❞❡♥.❡ ❞❛♥.Mn(R)

✶✻✳✹✳✺ ■♥✈❛)✐❛♥❝❡ ♣❛) ♥♦)♠❡0 12✉✐✈❛❧❡♥5❡0

❖♥ ❛❞♠❡%%*❛ ❧❛ ♣*♦♣♦.✐%✐♦♥ .✉✐✈❛♥%❡✳

+4♦♣♦*✐"✐♦♥ ✷✹

• ❙♦✐❡♥% N ❡% N ′
.♦♥% ❞❡✉① ♥♦*♠❡. $'✉✐✈❛❧❡♥"❡* ❞✬✉♥ ❡.♣❛❝❡ ✈❡❝%♦*✐❡❧ E ❡% A ✉♥❡ ♣❛*%✐❡ ❞❡ A. ❖♥ ❛ ✿

A ❡.% ✉♥❡ ♣❛*%✐❡ ♦✉✈❡*%❡ ❞❡ (E,N) ⇐⇒ A ❡.% ✉♥❡ ♣❛*%✐❡ ♦✉✈❡*%❡ ❞❡ (E,N ′)

A ❡.% ✉♥❡ ♣❛*%✐❡ ❢❡*♠8❡ ❞❡ (E,N) ⇐⇒ A ❡.% ✉♥❡ ♣❛*%✐❡ ❢❡*♠8❡ ❞❡ (E,N ′)

A ❡.% ✉♥❡ ♣❛*%✐❡ ❞❡♥.❡ ❞❛♥. (E,N) ⇐⇒ A ❡.% ✉♥❡ ♣❛*%✐❡ ❞❡♥.❡ ❞❛♥. (E,N ′)

• ❙✐ E ❡.% ❞❡ ❞✐♠❡♥.✐♦♥ ✜♥✐❡✱ ❧❛ ♥♦%✐♦♥ ❞❡ ♣❛*%✐❡ ♦✉✈❡*%❡✱ ❢❡*♠8❡ ♦✉ ❞❡♥.❡ ♥❡ ❞8♣❡♥❞ ♣❛. ❞❡ ❧❛ ♥♦*♠❡ ❝❤♦✐.✐❡ .✉* E.

✶✻✳✺ ❊%✉❞❡ ❧♦❝❛❧❡ ❞✬✉♥❡ ❛♣♣❧✐❝❛%✐♦♥

❉❛♥. ❧❡. ♣❛*❛❣*❛♣❤❡. .✉✐✈❛♥%.✱ E ❡% F ❞8.✐❣♥❡♥% ❞❡. K✲❡.♣❛❝❡. ✈❡❝%♦*✐❡❧. ♠✉♥✐. ❞❡ ♥♦*♠❡. ♥♦%8❡. %♦✉%❡. ❞❡✉① ||.||✳

✶✻✳✺✳✶ ❉1✜♥✐5✐♦♥0

❉$✜♥✐"✐♦♥ ✷✵

❙♦✐% A ✉♥❡ ♣❛*%✐❡ ❞❡ E ❡% f : A −→ F. ❖♥ .❡ ❞♦♥♥❡ a ∈ E ✉♥ ♣♦✐♥% ❛❞❤$4❡♥" ? A. ❖♥ ❞✐% -✉❡ f ❛❞♠❡% ✉♥❡ ❧✐♠✐%❡ b ∈ F
❡♥ a .✐

∀ε > 0, ∃δ > 0, ∀x ∈ A, ||x− a||E 6 δ =⇒ ||f(x)− b||F 6 ε.

❖♥ ♥♦%❡ lim
x→a

f(x) = b.

❘❡♠❛4'✉❡ ✐♠♣♦4"❛♥"❡ ✿ ▲D ❡♥❝♦4❡✱ ❝❡""❡ ❞$✜♥✐"✐♦♥ ❞$♣❡♥❞ ❞✉ ❝❤♦✐① ❞❡* ♥♦4♠❡* *✉4 E ❡" F.

■❧❧✉*"4❛"✐♦♥ ❣4❛♣❤✐'✉❡ ✿

✹✶✹
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❘❡♠❛3'✉❡ ✿ ❈♦♠♠❡ ♣♦✉& ❧❡( ❢♦♥❝,✐♦♥( ♥✉♠.&✐/✉❡(✱ ♦♥ ♣❡✉, ❞.♠♦♥,&❡& /✉❡ (✐ f ❛❞♠❡, ✉♥❡ ❧✐♠✐,❡ ❡♥ a✱ ❛❧♦&( ❝❡,,❡ ❧✐♠✐,❡
❡(, ✉♥✐'✉❡✳

◗✉❛♥❞ E = R, ♦♥ ♣❡✉, ❛✉((✐ (✬✐♥,.&❡((❡& ❛✉ ❝♦♠♣♦&,❡♠❡♥, ❞✬✉♥❡ ❢♦♥❝,✐♦♥ ❛✉ ✈♦✐(✐♥❛❣❡ ❞❡ ±∞.

❉$✜♥✐"✐♦♥ ✷✶

✲ ❙♦✐, f :]α,+∞[−→ F ✉♥❡ ❢♦♥❝,✐♦♥ ❡, (♦✐, b ∈ F. ❖♥ ❞✐, /✉❡ f ,❡♥❞ ✈❡&( b ❡♥ +∞ (✐ ♦♥ ❛

∀ε > 0, ∃M ∈ R, ∀x ∈]α,+∞[, x > M =⇒ ||f(x)− b||F < ε.

❖♥ ♥♦,❡ ❛❧♦&( lim
x→+∞

f(x) = b.

✲ ❙♦✐, f :]−∞, α[−→ F ✉♥❡ ❢♦♥❝,✐♦♥ ❢♦♥❝,✐♦♥ ❡, (♦✐, b ∈ F. ❖♥ ❞✐, /✉❡ f ,❡♥❞ ✈❡&( b ❡♥ −∞ (✐ ♦♥ ❛

∀ε > 0, ∃M ∈ R, ∀x ∈]−∞, α[, x < M =⇒ ||f(x)− b||F < ε.

❖♥ ♥♦,❡ ❛❧♦&( lim
x→−∞

f(x) = b.

◗✉❛♥❞ F = R, ♦♥ ♣❡✉, ❛✉((✐ ❞.✜♥✐& ❧❛ ♥♦,✐♦♥ ❞❡ ❧✐♠✐,❡ ✐♥✜♥✐❡✳

❉$✜♥✐"✐♦♥ ✷✷

❙♦✐, f : A ⊂ E −→ R ✉♥❡ ❢♦♥❝,✐♦♥ ❡, (♦✐, a ∈ E ✉♥ ♣♦✐♥, ❛❞❤.&❡♥, = A.

✲ ❖♥ ❞✐, /✉❡ f ,❡♥❞ ✈❡&( +∞ ❡♥ a (✐ ♦♥ ❛

∀M ∈ R, ∃δ > 0, ∀x ∈ A, ||x− a||E 6 δ =⇒ f(x) > M.

❖♥ ♥♦,❡ ❛❧♦&( lim
x→a

f(x) = +∞.

✲ ❖♥ ❞✐, /✉❡ f ,❡♥❞ ✈❡&( −∞ ❡♥ a (✐ ♦♥ ❛

∀M ∈ R, ∃δ > 0, ∀x ∈ A, ||x− a||E 6 δ =⇒ f(x) 6 M.

❖♥ ♥♦,❡ ❛❧♦&( lim
x→a

f(x) = −∞.

✶✻✳✺✳✷ %&♦♣&✐*+*,

❈♦♠♠❡ ♣♦✉& ❧❡( ❢♦♥❝,✐♦♥( ♥✉♠.&✐/✉❡(✱ ♦♥ ♣❡✉, ❞.♠♦♥,&❡& ❧❡( ♣&♦♣&✐.,.( (✉✐✈❛♥,❡(✳

+3♦♣♦*✐"✐♦♥ ✷✺

✲ ❙♦✐❡♥, f, g : A ⊂ E −→ F ❡! a ∈ E ✉♥ ♣♦✐♥! ❛❞❤*+❡♥! , A. ❖♥ .✉♣♣♦.❡ /✉❡ lim
x→a

f(x) = b ∈ F ❡! lim
x→a

g(x) = c ∈ F.

❆❧♦+. ♣♦✉+ !♦✉! λ, µ ∈ K, ❧❛ ❢♦♥❝!✐♦♥ λf + µg ❛❞♠❡! ✉♥❡ ❧✐♠✐!❡ ❡♥ a ❡!

lim
x→a

(λf + µg)(x) = λb+ µc.

✲ ❙♦✐❡♥! f : A ⊂ E −→ F ✱ λ : A ⊂ E −→ K ❡! a ∈ E ✉♥ ♣♦✐♥! ❛❞❤*+❡♥! , A. ❖♥ .✉♣♣♦.❡ /✉❡ lim
x→a

f(x) = b ∈ F ❡!

lim
x→a

λ(x) = α ∈ K. ❆❧♦+. ❧❛ ❢♦♥❝!✐♦♥ λf ❛❞♠❡! ✉♥❡ ❧✐♠✐!❡ ❡♥ a ❡!

lim
x→a

(λf)(x) = αb.

✲ ❙♦✐❡♥! f : A ⊂ E −→ B ⊂ F ❡! g : B ⊂ F −→ G✳

❙♦✐! a ∈ E ✉♥ ♣♦✐♥! ❛❞❤*+❡♥! , A. ❖♥ .✉♣♣♦.❡ /✉❡ lim
x→a

f(x) = b ∈ F ✳ ❆❧♦+.

→֒ b ❡.! ✉♥ ♣♦✐♥! ❛❞❤*+❡♥! , B

→֒ .✐ lim
x→b

g(x) = c ∈ G ❛❧♦+. lim
x→a

g ◦ f(x) = c.

✹✶✺
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❙✐ F ❡#$ ❞❡ ❞✐♠❡♥#✐♦♥ ✜♥✐❡ ❡$ #✐ B = (e1, . . . , en) ❡#$ ✉♥❡ ❜❛#❡ ❞❡ F. ❙✐ f : A ⊂ E −→ F ✱ ♦♥ ♣❡✉$ ❞/✜♥✐0 #❡# ❛♣♣❧✐❝❛$✐♦♥#

❝♦♦0❞♦♥♥/❡# (f1, . . . , fn) ♣❛0

∀x ∈ A, f(x) = f1(x)e1 + · · ·+ fn(x)en.

❆✈❡❝ ❝❡# ♥♦$❛$✐♦♥#✱ ♦♥ ❛ ❧❛ ♣0♦♣♦#✐$✐♦♥ #✉✐✈❛♥$❡✳

+2♦♣♦*✐"✐♦♥ ✷✻

❙✐ a ∈ E ❡#$ ✉♥ ♣♦✐♥$ ❛❞❤/0❡♥$ 7 A ❡$ #✐ b =

n∑

i=1

biei ♦♥ ❛ ❧✬/9✉✐✈❛❧❡♥❝❡ #✉✐✈❛♥$❡✳

lim
x→a

f(x) = b ⇐⇒ ∀i ∈ {1, . . . , n}, lim
x→a

fi(x) = bi.

❊$ ❞♦♥❝ ❞✬✉♥❡ ❧✐♠✐$❡ ❞❛♥# F ✱ ♦♥ ♣❡✉$ #❡ 0❛♠❡♥❡0 7 n ❧✐♠✐$❡# ❞❛♥# K.

❊①❡♠♣❧❡ ✶✻✳✶✺✳ ❙♦✐# f $ ✈❛❧❡✉*+ ❞❛♥+ R3
❞.✜♥✐❡ ♣❛* f(x) =

(
sin(x)

x
,
√
1− x, ex ln(x) − 1

)

.

❉♦♥♥❡* ❧✬❡♥+❡♠❜❧❡ ❞❡ ❞.✜♥✐#✐♦♥ ❞❡ f ❡# ♣*.❝✐+❡* +❡+ ❢♦♥❝#✐♦♥+ ❝♦♦*❞♦♥♥.❡+✳

❉.#❡*♠✐♥❡* ❧❛ ❧✐♠✐#❡ .✈❡♥#✉❡❧❧❡ ❞❡ f ❡♥ 0.

✶✻✳✻ ❈♦♥&✐♥✉✐&)

✶✻✳✻✳✶ ❉$✜♥✐(✐♦♥*

❉$✜♥✐"✐♦♥ ✷✸

❙♦✐$ A ✉♥❡ ♣❛0$✐❡ ❞❡ E ❡$ f : A ⊂ E −→ F. ❖♥ #❡ ❞♦♥♥❡ a ∈ E ✉♥ ♣♦✐♥$ ❛❞❤$2❡♥" 7 A✳

• ❙✐ a ∈ A, ♦♥ ❞✐$ 9✉❡ f ❡#$ ❝♦♥$✐♥✉❡ ❡♥ a #✐ lim
x→a

f(x) = f(a).

• ❙✐ a /∈ A ❡$ #✐ lim
x→a

f(x) = b, ♦♥ ♣❡✉$ ♣0♦❧♦♥❣❡0 ❧❛ ❢♦♥❝$✐♦♥ f ♣❛0 ❝♦♥$✐♥✉✐$/ ❡♥ a ❡♥ ♣♦#❛♥$ f(a) = b.

❖♥ ❞✐0❛ 9✉❡ f ❡#$ ❝♦♥$✐♥✉❡ #✉0 A #✐ ❡❧❧❡ ❧✬❡#$ ✉♥ $♦✉$ ♣♦✐♥$ ❞❡ A.

❊①❡♠♣❧❡ ✶✻✳✶✻✳ 8*♦❧♦♥❣❡* ❧❛ ❢♦♥❝#✐♦♥ f ♣❛* ❝♦♥#✐♥✉✐#. ❡♥ 0.

❉$✜♥✐"✐♦♥ ✷✹

❙✐ A ⊂ E, ♦♥ ♥♦$❡ C(A,F ) ❧✬❡♥#❡♠❜❧❡ ❞❡# ❢♦♥❝$✐♦♥# f : A −→ F ❝♦♥$✐♥✉❡# #✉0 A.

✹✶✻
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✶✻✳✻✳✷ $%♦♣%✐)*)+

❚♦✉#❡% ❧❡% ♣(♦♣(✐*#*% ❞♦♥♥*❡% ♣♦✉( ❧❡% ❧✐♠✐#❡% %✬❛❞❛♣#❡♥# 0 ❧❛ ❝♦♥#✐♥✉✐#*✳

+2♦♣♦*✐"✐♦♥ ✷✼

• ❙♦✐❡♥# f, g : A ⊂ E −→ F ❡# a ∈ A✳ ❖♥ %✉♣♣♦%❡ 5✉❡ f ❡# g %♦♥# ❝♦♥#✐♥✉❡% ❡♥ a.
❆❧♦(% ♣♦✉( #♦✉# λ, µ ∈ K, ❧❛ ❢♦♥❝#✐♦♥ λf + µg ❡%# ❝♦♥#✐♥✉❡ ❡♥ a✳

• ❙♦✐❡♥# f : A ⊂ E −→ F ✱ λ : A ⊂ E −→ K ❡# a ∈ A ✳ ❖♥ %✉♣♣♦%❡ 5✉❡ λ ❡# f %♦♥# ❝♦♥#✐♥✉❡% ❡♥ a.
❆❧♦(% ❧❛ ❢♦♥❝#✐♦♥ λ.f ❡%# ❝♦♥#✐♥✉❡ ❡♥ a.

• ❙♦✐❡♥# f : A ⊂ E −→ B ⊂ F ❡# g : B ⊂ F −→ G✳ ❙♦✐# a ∈ A ❡# b = f(a) ∈ B.
❙✐ f ❡%# ❝♦♥#✐♥✉❡ ❡♥ a ❡# %✐ g ❡%# ❝♦♥#✐♥✉❡ ❡♥ b ❛❧♦(% g ◦ f ❡%# ❝♦♥#✐♥✉❡ ❡♥ a.

❊♥ ❝♦♥%*5✉❡♥❝❡✱ ♦♥ ❛ ❧❛ ♣(♦♣♦%✐#✐♦♥ %✉✐✈❛♥#❡✳

+2♦♣♦*✐"✐♦♥ ✷✽

▲✬❡♥%❡♠❜❧❡ C(A,F ) ♠✉♥✐ ❞❡% ❧♦✐% (+, .) ❡%# ✉♥ K−❡%♣❛❝❡ ✈❡❝#♦(✐❡❧✳

❙✐ F ❡%# ❞❡ ❞✐♠❡♥%✐♦♥ ✜♥✐❡ ❡# %✐ B = (e1, . . . , en) ❡%# ✉♥❡ ❜❛%❡ ❞❡ F ✱ ♦♥ ♣❡✉# ❡♥❝♦(❡ ❝❛(❛❝#*(✐%❡( ❧❛ ❝♦♥#✐♥✉✐#* ❞✬✉♥❡ ❛♣♣❧✐❝❛#✐♦♥
f : A ⊂ E → F 0 ❧✬❛✐❞❡ ❞❡ %❡% ❢♦♥❝#✐♦♥% ❝♦♦(❞♦♥♥*❡% (f1, . . . , fn).

+2♦♣♦*✐"✐♦♥ ✷✾

❙♦✐# a ∈ A✳ ❖♥ ❛ ❧✬*5✉✐✈❛❧❡♥❝❡ %✉✐✈❛♥#❡✳

f ❡%# ❝♦♥#✐♥✉❡ ❡♥ a ⇐⇒ ∀i ∈ {1, . . . , n}, fi ❡%# ❝♦♥#✐♥✉❡ ❡♥ a.

✶✻✳✻✳✸ ❈❛%❛❝*)%✐+❛*✐♦♥ +)1✉❡♥*✐❡❧❧❡

❖♥ ❣*♥*(❛❧✐%❡ ✐❝✐ ✉♥ *♥♦♥❝* ❞*❥0 ❞*♠♦♥#(* ❡♥ ♣(❡♠✐@(❡ ❛♥♥*❡ ✭▼C❙■✮✳

+2♦♣♦*✐"✐♦♥ ✸✵

❙♦✐# f : A ⊂ E −→ F ❡# a ∈ E ✉♥ ♣♦✐♥# ❛❞❤*(❡♥# 0 A✳

• ❖♥ ❛ ❧✬*5✉✐✈❛❧❡♥❝❡ %✉✐✈❛♥#❡✳
lim
x→a

f(x) = b ⇐⇒
{

C♦✉( #♦✉#❡ %✉✐#❡ (xn)n∈N ❞✬ *❧*♠❡♥#% ❞❡ A,
lim

n→+∞
xn = a =⇒ lim

n→+∞
f(xn) = b.

• ❙✐ a ∈ A, ♦♥ ❛ ❧✬*5✉✐✈❛❧❡♥❝❡ %✉✐✈❛♥#❡ ✭✐❧ %✉✣# ❞❡ ♣(❡♥❞(❡ b = f(a)✮✳

f ❡%# ❝♦♥#✐♥✉❡ ❡♥ a ⇐⇒
{

C♦✉( #♦✉#❡ %✉✐#❡ (xn)n∈N ❞✬ *❧*♠❡♥#% ❞❡ A,
lim

n→+∞
xn = a =⇒ lim

n→+∞
f(xn) = f(a).

+2❡✉✈❡✳ ❖♥ ♠♦♥#(❡ ❧❡ ♣(❡♠✐❡( ♣♦✐♥# %❡✉❧❡♠❡♥#✳

=⇒ ❙✉♣♣♦%♦♥% 5✉❡ lim
x→a

f(x) = b.

✹✶✼
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⇐= ❙✉♣♣♦$♦♥$ &✉❡ f(x) ♥❡ (❡♥❞❡ ♣❛$ ✈❡,$ b ❧♦,$&✉❡ x (❡♥❞ ✈❡,$ a.
❖♥ ❝♦♥$(,✉✐( ✉♥❡ $✉✐(❡ (xn)n∈N ❞✬ 2❧2♠❡♥($ ❞❡ A✱ (❡❧❧❡ &✉❡ lim

n→+∞
xn = a ❡( (❡❧❧❡ &✉❡ f(xn) ♥❡ (❡♥❞❡ ♣❛$ ✈❡,$ b✳

✷

✶✻✳✻✳✹ $%♦♣%✐)*)+ *♦♣♦❧♦❣✐.✉❡+

❖♥ ❛❞♠❡( ❧❛ ♣,♦♣♦$✐(✐♦♥ $✉✐✈❛♥(❡✳

+2♦♣♦*✐"✐♦♥ ✸✶

❙♦✐( f : E −→ F ✳

• ❙✐ f ❡$( ❝♦♥(✐♥✉❡✱ ❛❧♦,$ ❧✬✐♠❛❣❡ ,2❝✐♣,♦&✉❡ ❞❡ (♦✉( ♦✉✈❡,( ❞❡ F ❡$( ✉♥ ♦✉✈❡,( ❞❡ E.

• ❙✐ f ❡$( ❝♦♥(✐♥✉❡✱ ❛❧♦,$ ❧✬✐♠❛❣❡ ,2❝✐♣,♦&✉❡ ❞❡ (♦✉( ❢❡,♠2 ❞❡ F ❡$( ✉♥ ❢❡,♠2 ❞❡ E.

❘❡♠❛2'✉❡ ✿ ▲❛ ,2❝✐♣,♦&✉❡ ❡$( ✈,❛✐❡ ❛✉$$✐ ♠❛✐$ ❡❧❧❡ ♥✬❡$( ♣❛$ ❛✉ ♣,♦❣,❛♠♠❡ ❞❡ 9❙■✳

❈♦♥*$'✉❡♥❝❡ ✿ ▲✬✐♥(2,;( ❞❡ ❝❡((❡ ♣,♦♣♦$✐(✐♦♥ ❡$( ❞❡ ❞2♠♦♥(,❡,✱ ❞❡ ♠❛♥✐<,❡ ❛$$❡③ $✐♠♣❧❡✱ &✉❡ ❝❡,(❛✐♥❡$ ♣❛,(✐❡$ ❞❡ E $♦♥(

♦✉✈❡,(❡$ ♦✉ ❢❡,♠2❡$✳ ❆✐♥$✐✱ $✐ ♣❛, ❡①❡♠♣❧❡✱ F = R, ♦♥ $❛✐( &✉❡

]−∞, α[ ❡( ]α,+∞[ $♦♥( ❞❡$ ♦✉✈❡,($ ❞❡ R.

]−∞, α], {α} ❡( [α,+∞[ $♦♥( ❞❡$ ❢❡,♠2$ ❞❡ R.

❙✐ f : E → R, ♦♥ ❛ ❞♦♥❝

f−1(]−∞, α[) = {x ∈ E, f(x) < α}

f−1(]α,+∞[) = {x ∈ E, f(x) > α}






$♦♥( ❞❡$ ♦✉✈❡,($ ❞❡ E.

f−1(]−∞, α]) = {x ∈ E, f(x) 6 α}

f−1({α}) = {x ∈ E, f(x) = α}

f−1([α,+∞[) = {x ∈ E, f(x) > α}







$♦♥( ❞❡$ ❢❡,♠2$ ❞❡ E.

✹✶✽
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❊①❡♠♣❧❡ ✶✻✳✶✼✳ ❙♦✐# U = {(x, y) ∈ R2, x2 + y > 0}.
❘❡♣'()❡♥#❡' U ❡# ♠♦♥#'❡' ,✉❡ ❝✬❡)# ✉♥❡ ♣❛'#✐❡ ❢❡'♠(❡ ❞❡ R2.

▲❛ ♣#♦♣♦%✐'✐♦♥ ❞✉ '❤,♦#-♠❡ %✉✐✈❛♥' ❡%' ❤♦#%✲♣#♦❣#❛♠♠❡✳

+9♦♣♦*✐"✐♦♥ ✸✷ ✭❚❤$♦9>♠❡ ❞❡* ❜♦9♥❡* ❛""❡✐♥"❡* ✭E ❞❡ ❞✐♠❡♥*✐♦♥ ✜♥✐❡✮✮

❙♦✐' f : A ⊂ E −→ R ♦5 E ❡%' ✉♥ ❡%♣❛❝❡ ✈❡❝'♦#✐❡❧ ♥♦#♠, ❞❡ ❞✐♠❡♥%✐♦♥ ✜♥✐❡✳

❙✐ A ∈ E ✉♥❡ ♣❛#'✐❡ ♥♦♥ ✈✐❞❡✱ ❢❡#♠,❡ ❡' ❜♦#♥,❡ ❞❡ E ✭♦♥ ❞✐' ❛❧♦#% =✉❡ A ❡%' ✉♥❡ ✓ ♣❛#'✐❡ ❝♦♠♣❛❝'❡ ✔✮ ❡' %✐ f ❡%' ❝♦♥'✐♥✉❡
%✉# A ❛❧♦#% f ❡%' ❜♦#♥,❡ ❡' ❡❧❧❡ ❛''❡✐♥' %❡% ❜♦#♥❡%✳

❘❡♠❛9'✉❡ ✿ ❝❡' ,♥♦♥❝, %❡#❛ ✉'✐❧✐%, ❡%%❡♥'✐❡❧❧❡♠❡♥' ❞❛♥% ❧❡ ❝❤❛♣✐'#❡ ✓ ❋♦♥❝'✐♦♥% ❞❡ ♣❧✉%✐❡✉#% ✈❛#✐❛❜❧❡% ✔✳

❊①❡♠♣❧❡ ✶✻✳✶✽✳ ❙♦✐# f : B(0, R) ⊂ R2 −→ R ❞(✜♥✐❡ ♣❛' f(x, y) = 4x2 + 3xy.
❉(♠♦♥#'❡' ,✉❡ f ❡)# ❜♦'♥(❡ ❡# ,✉✬✐❧ ❡①✐)#❡ (x1, y1), (x2, y2) ∈ B(0, R) #❡❧) ,✉❡

f(x1, y1) = max{f(x, y), (x, y) ∈ B(0, R)} ❡# f(x2, y2) = min{f(x, y), (x, y) ∈ B(0, R)}.

✹✶✾
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✶✻✳✻✳✺ ❆♣♣❧✐❝❛*✐♦♥- ❧✐♣-❝❤✐*③✐❡♥♥❡-

❉$✜♥✐"✐♦♥ ✷✺

❙♦✐❡♥% E ❡% F ❞❡' ❡'♣❛❝❡' ✈❡❝%♦,✐❡❧' ♥♦,♠/'✱ f : A ⊂ E −→ F ✉♥❡ ❛♣♣❧✐❝❛%✐♦♥ ❡% k > 0 ✉♥ ,/❡❧✳

❖♥ ❞✐% 4✉❡ f ❡'% k✲❧✐♣'❝❤✐%③✐❡♥♥❡ '✐ ♣♦✉, %♦✉% (x, y) ∈ A2
♦♥ ❛

||f(x)− f(y)||F 6 k||x− y||F .

❊①❡♠♣❧❡ ✶✻✳✶✾✳ ❙♦✐# E ✉♥ ❡'♣❛❝❡ ✈❡❝#♦,✐❡❧ ♥♦,♠/ ❞♦♥# ♦♥ ♥♦#❡ N ❧❛ ♥♦,♠❡✳

▲✬❛♣♣❧✐❝❛#✐♦♥ x 7−→ N(x) ❡'# 1✲❧✐♣'❝❤✐#③✐❡♥♥❡✳

❊♥ ❡✛❡#✱ ♣♦✉, #♦✉# x, y ∈ E, ❧✬✐♥/❣❛❧✐#/ #,✐❛♥❣✉❧❛✐,❡ ❞♦♥♥❡

N(x) = N(x− y + y) 6 N(x− y) +N(y) ❡# ❞♦♥❝ N(x)−N(y) 6 N(x− y).

❉❡ ♠<♠❡ N(y) − N(x) 6 N(x − y) ❡# ♣❛, ❝♦♥'/=✉❡♥# |N(x) − N(y)| 6 N(x − y) = 1.N(x − y) ❝❡ =✉✐ ♠♦♥#,❡ ❧❡ ,/'✉❧#❛#

❛♥♥♦♥❝/✳

❊①❡♠♣❧❡ ✶✻✳✷✵✳ ▲✬❛♣♣❧✐❝❛#✐♦♥ ln ❡'#

1

2
−❧✐♣'❝❤✐#③✐❡♥♥❡ '✉, [2,+∞[.

+=♦♣♦*✐"✐♦♥ ✸✸

▲❛ ❝♦♠♣♦'/❡ ❞❡ ❞❡✉① ❛♣♣❧✐❝❛%✐♦♥' ,❡'♣❡❝%✐✈❡♠❡♥% k✲❧✐♣'❝❤✐%③✐❡♥♥❡ ❡% k′✲❧✐♣'❝❤✐%③✐❡♥♥❡✱ ❡'% ✉♥❡ ❛♣♣❧✐❝❛%✐♦♥ kk′✲
❧✐♣'❝❤✐%③✐❡♥♥❡✳

+=❡✉✈❡✳

✷

+=♦♣♦*✐"✐♦♥ ✸✹

❙♦✐% f : A ⊂ E −→ F ✳ ❙✐ f ❡'% ❧✐♣'❝❤✐%③✐❡♥♥❡ '✉, A ❛❧♦,' ❡❧❧❡ ❡'% ❝♦♥%✐♥✉❡ '✉, A.
▼❛✐' ❧❛ ,/❝✐♣,♦4✉❡ ❡'% ❢❛✉''❡✳

+=❡✉✈❡✳

✷

✹✷✵
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❊①❡♠♣❧❡ ✶✻✳✷✶✳ ▲✬❛♣♣❧✐❝❛'✐♦♥ x 7−→ √
x ❡+' ❝♦♥'✐♥✉❡ +✉- [0, 1]✳ ▼♦♥'-❡- 0✉❡ ♣♦✉-'❛♥'✱ ❡❧❧❡ ♥✬❡+' ♣❛+ ❧✐♣+❝❤✐'③✐❡♥♥❡✳

✶✻✳✻✳✻ ❆♣♣❧✐❝❛)✐♦♥, ❧✐♥-❛✐.❡,

+9♦♣♦*✐"✐♦♥ ✸✺

❙♦✐❡♥% E ❡% F ❞❡✉① ❡)♣❛❝❡) ✈❡❝%♦.✐❡❧) ♥♦.♠1) ❛✈❡❝ E ❞❡ ❞✐♠❡♥*✐♦♥ ✜♥✐❡✳ ❙♦✐% f : E −→ F ✉♥❡ ❛♣♣❧✐❝❛%✐♦♥ ❧✐♥$❛✐9❡✳

❆❧♦.) f ❡)% ❧✐♣)❝❤✐%③✐❡♥♥❡ ❡% ❞♦♥❝ ❡❧❧❡ ❡)% ❝♦♥%✐♥✉❡✳

+9❡✉✈❡✳

✷

❊①❡♠♣❧❡ ✶✻✳✷✷✳ ✭❊✷✮ ▼$"❤♦❞❡ ✸ ✲ ❖♥ -❡♣-❡♥❞ ❧❛ ♠❛'-✐❝❡ A =

(
2 1/2

−3 −1/2

)

.

❖♥ ❛ ✈✉ 0✉❡ P−1AP = D =

(
1 0
0 1/2

)

❛✈❡❝ P =

(
1 1

−2 −3

)

✳

❏✉+'✐✜❡- 0✉❡ ❧✬❛♣♣❧✐❝❛'✐♦♥ ϕ : M ∈Mn(R) 7−→ PMP−1
❡+' ❝♦♥'✐♥✉❡✳

✹✷✶
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❉!"❡$♠✐♥❡$ lim
n→+∞

Dn
❡" $❡"$♦✉✈❡$ ❧❛ ✈❛❧❡✉$ ❞❡ lim

n→+∞
An.

✶✻✳✻✳✼ ❆♣♣❧✐❝❛*✐♦♥- ♠✉❧*✐❧✐♥0❛✐1❡- ❡* ♣♦❧②♥♦♠✐❛❧❡- -✉1 Kn

+2♦♣♦*✐"✐♦♥ ✸✻

❙♦✐# f : Kn −→ K ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ♣♦❧②♥♦♠✐❛❧❡✳ ❊❧❧❡ /✬1❝2✐# ✿

∀x = (x1, . . . , xn) ∈ Kn, f(x) =
∑

06i1,...,in6N

ai1...inx
i1
1 . . . xin

n .

❆❧♦2/✱ ♣❛2 ♦♣12❛#✐♦♥/ /✉2 ❧❡/ ❢♦♥❝#✐♦♥/ ❝♦♥#✐♥✉❡/✱ f ❡/# ❝♦♥#✐♥✉❡ /✉2 Kn
✳

❖♥ ♠♦♥#2❡2❛✐# ❡♥✜♥ ❧❛ ♣2♦♣♦/✐#✐♦♥ /✉✐✈❛♥#❡✳

+2♦♣♦*✐"✐♦♥ ✸✼

❙♦✐❡♥# E ❡# F ❞❡✉① ❡/♣❛❝❡/ ✈❡❝#♦2✐❡❧/ ♥♦2♠1/ ❛✈❡❝ E ❞❡ ❞✐♠❡♥*✐♦♥ ✜♥✐❡✳ ❙♦✐# f : (E)p −→ F ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ p✲❧✐♥1❛✐2❡✱
❝✬❡/#✲=✲❞✐2❡ ❧✐♥1❛✐2❡ ♣❛2 2❛♣♣♦2# = ❝❤❛❝✉♥❡ ❞❡ /❡/ ✈❛2✐❛❜❧❡/✳

❆❧♦2/ f ❡/# ❝♦♥#✐♥✉❡✳

❊①❡♠♣❧❡ ✶✻✳✷✸✳ ■❧ ❢❛✉" 0❛✈♦✐$ ❥✉0"✐✜❡$ $❛♣✐❞❡♠❡♥" 4✉❡ ❧✬❛♣♣❧✐❝❛"✐♦♥ M ∈Mn(R) 7−→ det(M) ❡0" ❝♦♥"✐♥✉❡✳

• ❙♦✐" ♣❛$ ✿ ▲✬❛♣♣❧✐❝❛"✐♦♥ det ❡0" ♣♦❧②♥♦♠✐❛❧❡ ❡♥ ❧❡0 ❝♦❡✣❝✐❡♥"0 ❞❡ M ✭❝✬❡0"✲?✲❞✐$❡ 0❡0 ❝♦♦$❞♦♥♥!❡0 ❞❛♥0 ❧❛ ❜❛0❡ ❝❛♥♦♥✐4✉❡✮

❞♦♥❝ ❡❧❧❡ ❡0" ❝♦♥"✐♥✉❡✳

• ❖✉ ❜✐❡♥ ♣❛$ ✿ ❙✐ M ∈Mn(R)✱ ♦♥ ♥♦"❡ C1(M), . . . , Cn(M) 0❡0 ❝♦❧♦♥♥❡0✳

▲✬❛♣♣❧✐❝❛"✐♦♥ M ∈Mn(R) 7−→ (C1(M), . . . , Cn(M)) ∈Mn,1(R)
n
❡0" ❧✐♥!❛✐$❡ ❞♦♥❝ ❝♦♥"✐♥✉❡ ✭Mn(R) ❞❡ ❞✐♠❡♥0✐♦♥ ✜♥✐❡✮✳

▲✬❛♣♣❧✐❝❛"✐♦♥ (C1, . . . , Cn) ∈ Mn,1(R)
n 7−→ detB(C1, . . . , Cn) ❡0" n✲❧✐♥!❛✐$❡ ❞♦♥❝ ❝♦♥"✐♥✉❡ ✭Mn,1(R)

n
❞❡ ❞✐♠❡♥0✐♦♥ ✜♥✐❡✮✱

♦D B ❡0" ❧❛ ❜❛0❡ ❝❛♥♦♥✐4✉❡ ❞❡ Mn,1(R)✳

❊♥ ❝♦♠♣♦0❛♥" ❧❡0 ❞❡✉①✱ ♦♥ ♦❜"✐❡♥" ❜✐❡♥ 4✉❡ ❧✬❛♣♣❧✐❝❛"✐♦♥ M ∈Mn(R) 7−→ det(M) ❡0" ❝♦♥"✐♥✉❡✳

❊①❡♠♣❧❡ ✶✻✳✷✹✳ ❙♦✐" (E, 〈 , 〉) ✉♥ ❡0♣❛❝❡ ❡✉❝❧✐❞✐❡♥✱ ❧✬❛♣♣❧✐❝❛"✐♦♥ (u, v) ∈ E2 7−→ 〈u, v〉 ❡0" ❜✐❧✐♥!❛✐$❡ ❞♦♥❝ ❝♦♥"✐♥✉❡ 0✉$ E2.

❊①❡♠♣❧❡ ✶✻✳✷✺✳ ▲✬❛♣♣❧✐❝❛"✐♦♥ ϕ1 :Mn(R)×Mn(R) −→Mn(R) ❞!✜♥✐❡ ♣❛$ ϕ(A,B) = AB ❡0" ❜✐❧✐♥!❛✐$❡ ❞♦♥❝ ❝♦♥"✐♥✉❡✳

▲✬❛♣♣❧✐❝❛"✐♦♥ A 7−→ (A,A) ❡0" ❧✐♥!❛✐$❡ ❞♦♥❝ ❝♦♥"✐♥✉❡ ✭❞✐♠❡♥0✐♦♥ ✜♥✐❡✮✱ ❡" ♣❛$ ❝♦♠♣♦0✐"✐♦♥✱ ❧✬❛♣♣❧✐❝❛"✐♦♥ ✿

A 7−→ (A,A)
ϕ7−→A2

❡0" ❛✉00✐ ❝♦♥"✐♥✉❡✳

G❛$ ✉♥❡ $!❝✉$$❡♥❝❡ 0✐♠♣❧❡✱ A 7−→ An
❡0" ❝♦♥"✐♥✉❡✱ ❡" ♣❛$ ❧✐♥!❛$✐"!✱ ♣♦✉$ "♦✉" ♣♦❧②♥H♠❡ P ∈ R[X]✱ ❧✬❛♣♣❧✐❝❛"✐♦♥ A 7−→ P (A)

❡0" ❛✉00✐ ❝♦♥"✐♥✉❡✳

✹✷✷


