
❈❤❛♣✐%&❡ ✶✷

 !♦❜❛❜✐❧✐'()

❉❛♥# ❝❡ ❝❤❛♣✐)*❡✱ #✐ p, q ∈ N ❛✈❡❝ p 6 q✱ ♦♥ ♥♦)❡*❛ [[p, q]] ❧✬❡♥#❡♠❜❧❡ {p, p+ 1, . . . , q}.

✶✷✳✶ #$%❛♠❜✉❧❡

✶✷✳✶✳✶ ❊♥%❡♠❜❧❡% ✜♥✐%

❯♥ ❡♥#❡♠❜❧❡ ❞✬♦❜❥❡)# ❡#) ✜♥✐

#✐ ♦♥ ♣❡✉) ✓ ❝♦♠♣)❡* ✔ #❡# 9❧9♠❡♥)#✳

❉!✜♥✐%✐♦♥ ✶

❙♦✐) E ✉♥ ❡♥#❡♠❜❧❡✳

• ❙✐ E 6= ∅ ✿ ♦♥ ❞✐) =✉❡ E ❡#) ✜♥✐ #✬✐❧ ❡①✐#)❡ n ∈ N∗ ❡) ✉♥❡ ❜✐❥❡❝)✐♦♥ ϕ : [[1, n]] −→ E✳
❖♥ ♣❡✉) ❞9♠♦♥)*❡* =✉❡ ❞❛♥# ❝❡ ❝❛#✱ n ❡#) ✉♥✐=✉❡✱ ♦♥ ❧✬❛♣♣❡❧❧❡ ❝❛*❞✐♥❛❧ ❞❡ E ✿ card(E) = n.
• ❙✐ E = ∅ ✿ ♣❛* ❝♦♥✈❡♥)✐♦♥✱ E ❡#) ✜♥✐ ❡) card(E) = 0.

• (❛*%✐%✐♦♥+ ✿ ❖♥ ❛❞♠❡) ❧❛ ♣*♦♣♦#✐)✐♦♥ #✉✐✈❛♥)❡✳

(*♦♣♦+✐%✐♦♥ ✶

❙♦✐) E ✉♥ ❡♥#❡♠❜❧❡ ✜♥✐✳

• ❙✐ F ⊂ E✱ ❛❧♦*# F ❡#) ✜♥✐ ❡) card(F ) 6 card(E).
• ❙✐ F,G #♦♥) ❞❡# #♦✉#✲❡♥#❡♠❜❧❡# ❞❡ E )❡❧# =✉❡ F ∩G = ∅ ❡) F ∪G = E ❛❧♦*#✱ ♦♥ ❞✐) =✉❡ F,G ❡#) ✉♥❡ ♣❛*)✐)✐♦♥ ❞❡ E ❡)

♦♥ ❛ card(E) = card(F ) + card(G).

• A❧✉# ❣9♥9*❛❧❡♠❡♥)✱ #✐ F1, . . . , Fp #♦♥) ❞❡# #♦✉#✲❡♥#❡♠❜❧❡# ❞❡ E ❞❡✉①✲C✲❞❡✉① ❞✐#❥♦✐♥)# )❡❧# =✉❡

p
⋃

i=1

Fi = E ❛❧♦*#✱ ♦♥ ❞✐)

=✉❡ F1, . . . , Fp ❡#) ✉♥❡ ♣❛*)✐)✐♦♥ ❞❡ E ❡) ♦♥ ❛ card(E) = card(F1) + · · ·+ card(Fp).

• (*♦♣*✐!%!+ ♦♣!*❛%♦✐*❡+ ✿

❙✐ A,B #♦♥) ❞❡✉① ♣❛*)✐❡# ❞❡ E✱ ♦♥ ❞9✜♥✐) ✿

ArB = {x ∈ A, x /∈ B}.

✷✼✻



▼❛"❤$♠❛"✐'✉❡* +❙■ ❙✳ ❉✐♦♥

❉✬❛♣$%& ❧❛ ♣$♦♣♦&✐*✐♦♥ ♣$,❝,❞❡♥*❡✱ ♦♥ ❛ card(A) = card(ArB) + card(A ∩B) ❡* ❞♦♥❝

card(ArB) = card(A)− card(A ∩B).

❊* ❞❡ ♠3♠❡✱ card(A ∪B) = card(ArB) + card(A ∩B) + card(B rA) = card(A) + card(B)− card(A ∩B).

+2♦♣♦*✐"✐♦♥ ✷

• ❙✐ E ❡&* ✉♥ ❡♥&❡♠❜❧❡ ✜♥✐ ❡* &✐ A,B ⊂ E ♦♥ ❛

card(ArB) = card(A)− card(A ∩B).

• ❊♥ ♣❛$*✐❝✉❧✐❡$✱ ♣✉✐&8✉❡ Ā = E rA ♦♥ ❛

card(Ā) = card(E)− card(A).

• ❋♦$♠✉❧❡ ❞❡ ●$❛&&♠❛♥♥ ✿ card(A ∪B) = card(A) + card(B)− card(A ∩B).

• +2♦❞✉✐" ❞✬❡♥*❡♠❜❧❡* ✜♥✐* ✿ ❖♥ ❛❞♠❡* ❧❛ ♣$♦♣♦&✐*✐♦♥ &✉✐✈❛♥*❡✳

+2♦♣♦*✐"✐♦♥ ✸

• ❙♦✐❡♥* A,B ❞❡✉① ❡♥&❡♠❜❧❡& ✜♥✐&✱ ❛❧♦$& A×B = {(a, b), a ∈ A, b ∈ B} ❡&* ✜♥✐ ❡*

card(A×B) = card(A)× card(B).

• ❙♦✐❡♥* A1, . . . Ap ❞❡& ❡♥&❡♠❜❧❡& ✜♥✐&✱ ❛❧♦$& A1 × · · · ×Ap = {(a1, . . . , ap), ∀i ∈ [[1, p]], ai ∈ Ai} ❡&* ✜♥✐ ❡*

card(A1 × · · · ×Ap) = card(A1)× · · · × card(Ap).

✶✷✳✶✳✷ ❊♥%❡♠❜❧❡% ❞+♥♦♠❜-❛❜❧❡%

❯♥ ❡♥&❡♠❜❧❡ 8✉✐ ♥✬❡&* ♣❛& ✜♥✐ ✭❝✬❡&*✲C✲❞✐$❡ *❡❧ 8✉❡ ♣♦✉$ *♦✉* n ∈ N✱ ♦♥ ♣❡✉* ② *$♦✉✈❡$ n ,❧,♠❡♥*& ❞✐&*✐♥❝*&✮ ❡&* ❞✐* ✐♥✜♥✐✳ F❛$
❡①❡♠♣❧❡✱ N,Z,Q,R,C &♦♥* ❞❡& ❡♥&❡♠❜❧❡& ✐♥✜♥✐&✳ ❈❡♣❡♥❞❛♥*✱ ❝❡& ❡♥&❡♠❜❧❡& ♥✬♦♥* ♣❛& ❧❛ ♠3♠❡ ✓ ❢❛J♦♥ ✔ ❞✬3*$❡ ✐♥✜♥✐&✳ F❧✉&

♣$,❝✐&,♠❡♥*✱ ♦♥ ♣❡✉* ✓ ,♥✉♠,$❡$ ❧❡& ,❧,♠❡♥*& ❞❡ N,Z ❡* Q C ❧✬✐♥✜♥✐ ✔✱ ♣♦✉$ R ♦✉ C✱ ❝❡ ♥✬❡&* ♣❛& ♣♦&&✐❜❧❡✳

❉$✜♥✐"✐♦♥ ✷

❙♦✐* E ✉♥ ❡♥&❡♠❜❧❡✳ ❖♥ ❞✐* 8✉❡ E ❡&* ❞$♥♦♠❜2❛❜❧❡ &✬✐❧ ❡①✐&*❡ ✉♥❡ ❜✐❥❡❝*✐♦♥

ϕ :

{
N −→ E
n 7−→ ϕ(n) = xn

❛✉*$❡♠❡♥* ❞✐* &✐ ❧✬♦♥ ♣❡✉* ❝♦♠♣*❡$ C ❧✬✐♥✜♥✐ ❧❡& ,❧,♠❡♥*& ❞❡ E.

E = {xn, n ∈ N} = {ϕ(n), n ∈ N}.

❖♥ $❡♠❛$8✉❡ ❡♥ ♣❛$*✐❝✉❧✐❡$✱ 8✉✬✉♥ ❡♥&❡♠❜❧❡ ❞,♥♦♠❜$❛❜❧❡ ❡&* ♥,❝❡&&❛✐$❡♠❡♥* ✐♥✜♥✐✳

❊①❡♠♣❧❡ ✶✷✳✶✳ N∗ ❡!" ❞$♥♦♠❜)❛❜❧❡ ✿

✷✼✼



P I

E

E = {xi, i ∈ I}

xi I N I = N.

E F E.
F

Z

N2

N2.

ψ :

{
N2 −→ N

(p, q) 7−→
(p+ q)(p+ q + 1)

2
+ q

N2 N

∀n ∈ N, ∃!pn ∈ N, ∃!qn ∈ N, n = (2qn + 1)× 2pn .

(q, p) ∈ N2 7−→ (2q + 1)2p ∈ N
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+2♦♣♦*✐"✐♦♥ ✺

▲❡ ♣#♦❞✉✐( ❞✬❡♥+❡♠❜❧❡+ ❞/♥♦♠❜#❛❜❧❡+ ❡+( ❞/♥♦♠❜#❛❜❧❡✳

+2❡✉✈❡✳ ❖♥ ❧❡ ♠♦♥(#❡ ♣♦✉# ❧❡ ♣#♦❞✉✐( ❞❡ ❞❡✉① ❡♥+❡♠❜❧❡+ ❞/♥♦♠❜#❛❜❧❡+✳

4❛# #/❝✉##❡♥❝❡✱ ♦♥ ❛✉#❛ ❧❡ #/+✉❧(❛( ❣/♥/#❛❧✳

❙♦✐❡♥( E ❡( F ❞❡✉① ❡♥+❡♠❜❧❡+ ❞/♥♦♠❜#❛❜❧❡+✳ 4❛# ❞/✜♥✐(✐♦♥✱ ✐❧ ❡①✐+(❡ ❞❡✉① ❛♣♣❧✐❝❛(✐♦♥+ α ❡( β ❜✐❥❡❝(✐✈❡+ ✿

α : E −→ N ❡( β : F −→ N.

❆❧♦#+✱ ❧✬❛♣♣❧✐❝❛(✐♦♥ (x, y) ∈ E × F 7−→ (α(x), β(y)) ❡+( ✉♥❡ ❜✐❥❡❝(✐♦♥ ❞❡ E × F +✉# N× N✱ ❞❡ ❜✐❥❡❝(✐♦♥ #/❝✐♣#♦>✉❡

(p, q) ∈ N2 7−→ (α−1(p), β−1(q)).

❖♥ #❡♣#❡♥❞ ❧✬❛♣♣❧✐❝❛(✐♦♥ ψ ❞/✜♥✐❡ ♣#/❝/❞❡♠♠❡♥( ❡( ♦♥ ❝♦♥+✐❞?#❡ ❧❛ ❢♦♥❝(✐♦♥ f ❞/✜♥✐❡ ♣❛# ✿

f :

{
E × F −→ N× N −→ N

(x, y) 7−→ (α(x), β(y)) 7−→ ψ((α(x), β(y)))

❆❧♦#+✱ f ❡+( ❧❛ ❝♦♠♣♦+/❡ ❞❡ ❜✐❥❡❝(✐♦♥+✱ ❝✬❡+( ❞♦♥❝ ✉♥❡ ❜✐❥❡❝(✐♦♥ ❞❡ E×F +✉# N✱ ❛✐♥+✐ E×F ❡+( ❜✐❡♥ ✉♥ ❡♥+❡♠❜❧❡ ❞/♥♦♠❜#❛❜❧❡✳

✷

❈♦♥*$'✉❡♥❝❡ ✿ N3 = N× N2
❡+( ❞/♥♦♠❜#❛❜❧❡ ❡(✱ ♣❛# #/❝✉##❡♥❝❡✱ Np

❡+( ❞/♥♦♠❜#❛❜❧❡✳

❊♥ ♣❛#(✐❝✉❧✐❡#✱ ♦♥ ♣❡✉( ❝♦♥+(#✉✐#❡ ✉♥❡ ✐♥❥❡❝(✐♦♥ ❞❡ Q ❞❛♥+ N2
❡( ❞♦♥❝ Q ✭>✉✐ ♥✬❡+( ♣❛+ ✜♥✐✮ ❡+( ❞/♥♦♠❜#❛❜❧❡✳

❖♥ (❡#♠✐♥❡ ♣❛# ❧❛ ♣#♦♣♦+✐(✐♦♥ +✉✐✈❛♥(❡✱ >✉✐ ❛ ♣♦✉# ❝♦♥+/>✉❡♥❝❡ ❞✐#❡❝(❡ >✉❡ R ♥✬❡+( ♣❛+ ❞/♥♦♠❜#❛❜❧❡✳

❊①❡2❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✸✮

▲✬❡♥+❡♠❜❧❡ [0, 1[ ♥✬❡+( ♣❛+ ❞/♥♦♠❜#❛❜❧❡✳

❖♥ ❛❞♠❡( ✐❝✐ >✉❡ (♦✉( /❧/♠❡♥( x ❞❡ [0, 1[ ❛❞♠❡( ✉♥❡ ✉♥✐>✉❡ /❝#✐(✉#❡ ❞/❝✐♠❛❧❡ ♣#♦♣#❡✳ ❈✬❡+(✲F✲❞✐#❡ >✉❡ ♣♦✉# ❝❡ x✱ ✐❧ ❡①✐+(❡
✉♥❡ ✉♥✐>✉❡ +✉✐(❡ (an)n∈N∗ ❞❡ ❝❤✐✛#❡+ ❝♦♠♣#✐+ ❡♥(#❡ 0 ❡( 9 (❡❧❧❡ >✉❡

x = 0, a1a2 · · · an · · · =
+∞∑

n=1

an10
−n

❡( (❡❧❧❡+ >✉❡ ❧❡+ an ♥❡ +❡ ♣❛+ (♦✉+ /❣❛✉① F 9 F ♣❛#(✐# ❞✬✉♥ ❝❡#(❛✐♥ #❛♥❣✳

4♦✉# ♠♦♥(#❡# >✉❡ [0, 1[ ♥✬❡+( ♣❛+ ❞/♥♦♠❜#❛❜❧❡✱ ♦♥ #❛✐+♦♥♥❡ ♣❛# ❧✬❛❜+✉#❞❡✳
❙✉♣♣♦+♦♥+ ❛✉ ❝♦♥(#❛✐#❡ >✉✬✐❧ ❧❡ +♦✐(✳ ❖♥ ♣❡✉( ❞♦♥❝ /❝#✐#❡ [0, 1[= {xn, n ∈ N∗}.
❖♥ /❝#✐( ❧❡+ /❧/♠❡♥(+ xn ❞❛♥+ ❧❡✉# ❢♦#♠❡ ❞/❝✐♠❛❧❡✳

x1 ❂ 0, a1,1 a1,2 . . . a1,n . . .

x2 ❂ 0, a2,1 a2,2 . . . a2,n . . .

✳

✳

✳

xn ❂ 0, an,1 an,2 . . . an,n . . .

✳

✳

✳

❖♥ ❞/✜♥✐( ❛❧♦#+ y = 0, y1y2 . . . yn · · · ∈ [0, 1[ ❞❡ ❧❛ ❢❛J♦♥ +✉✐✈❛♥(❡✳

4♦✉# j ∈ N∗, ♦♥ ♣♦+❡ ✿ yj =

{
0 +✐ aj,j 6= 0
1 +✐ aj,j = 0

4❛# ❝♦♥+(#✉❝(✐♦♥✱ y ∈ [0, 1[= {xn, n ∈ N∗} ❡( ❞♦♥❝ ✐❧ ❡①✐+(❡ n ∈ N∗ (❡❧ >✉❡ y = xn ❝✬❡+(✲F✲❞✐#❡ ✿

y ❂ 0, an,1 an,2 . . . an,n . . .

❂ 0, y1 y2 . . . yn . . .

▼❛✐+ ♦♥ ❛ ❝♦♥+(#✉✐( y (❡❧ >✉❡ yn 6= an,n✱ ♦♥ ♦❜(✐❡♥( ❞♦♥❝ ✉♥❡ ❝♦♥(#❛❞✐❝(✐♦♥ ❡( ♣❛# ❝♦♥+/>✉❡♥(✱ [0, 1[ ♥✬❡+( ♣❛+ ❞/♥♦♠❜#❛❜❧❡✳

✷✼✾



▼❛"❤$♠❛"✐'✉❡* +❙■ ❙✳ ❉✐♦♥

✶✷✳✶✳✸ ❋❛♠✐❧❧❡* *♦♠♠❛❜❧❡*

❉❛♥# ❧❛ #✉✐'❡✱ ♦♥ ♥♦'❡+❛ ✿ [0,+∞] = [0,+∞[∪{+∞}.
❖♥ +❛♣♣❡❧❧❡ ❛✉##✐ /✉❡ ❧♦+#/✉❡ A ⊂ [0,+∞] ♥✬❡#' ♣❛# ♠❛❥♦+3❡✱ ♦♥ ❝♦♥✈✐❡♥' /✉❡ sup(A) = +∞.

❉$✜♥✐"✐♦♥ ✹ ✭❙♦♠♠❡ ❞✬✉♥❡ ❢❛♠✐❧❧❡ ❞✬$❧$♠❡♥"* ♣♦*✐"✐❢*✮

❙♦✐' (xi)i∈I ✉♥❡ ❢❛♠✐❧❧❡ ❛✉ ♣❧✉# ❞3♥♦♠❜+❛❜❧❡ ❞✬3❧3♠❡♥'# ❞❡ [0,+∞]✳

❖♥ ❛♣♣❡❧❧❡ #♦♠♠❡ ❞❡ ❧❛ ❢❛♠✐❧❧❡ (xi)i∈I ❧❛ ❜♦+♥❡ #✉♣3+✐❡✉+❡ ❞❡ ❧✬❡♥#❡♠❜❧❡ ❞❡# #♦♠♠❡#
∑

i∈F

xi /✉❛♥❞ F ❞3❝+✐' ❧✬❡♥#❡♠❜❧❡

❞❡# ♣❛+'✐❡# ✜♥✐❡# ❞❡ I✳ ❖♥ ❧❛ ♥♦'❡ ✿

∑

i∈I

xi = sup

{
∑

i∈F

xi, F ♣❛+'✐❡ ✜♥✐❡ ❞❡ I

}

.

❖♥ ❛❞♠❡' ❧❡# ♣+♦♣♦#✐'✐♦♥# #✉✐✈❛♥'❡# ✿

+;♦♣♦*✐"✐♦♥ ✻

❙♦✐' (xi)i∈I ✉♥❡ ❢❛♠✐❧❧❡ ❛✉ ♣❧✉# ❞3♥♦♠❜+❛❜❧❡ ❞✬3❧3♠❡♥'# ❞❡ [0,+∞]✳

• ❈❛* ✜♥✐ ✿ ❙✐ I = {i1, . . . , in}, ❛❧♦+#
∑

i∈I

xi =

n∑

k=1

xik .

• ❈❛* ❞$♥♦♠❜;❛❜❧❡ ✿ ❖♥ ♣❡✉' ❝❤♦✐#✐+ I = N. ❉❛♥# ❝❡ ❝❛# ✿

S =
∑

i∈I

xi =
+∞∑

n=0

xn (S ∈ [0,+∞]).

=♦✉+ '♦✉'❡ ♣❡+♠✉'❛'✐♦♥ σ ❞❡ N, ♦♥ ❛ ❛✉##✐ S =
+∞∑

n=0

xσ(n)✳

❈❡❧❛ #✐❣♥✐✜❡ /✉❡ ❧❛ ✈❛❧❡✉+ ❞❡ S ♥❡ ❞3♣❡♥❞ ♣❛# ❞❡ ❧✬♦+❞+❡ ❞❡ #♦♠♠❛'✐♦♥✱ ♦✉ ❡♥❝♦+❡ ❞❡ ❧❛ ❞❡#❝+✐'✐♦♥ ❞❡ ❧✬❡♥#❡♠❜❧❡ ❞3♥♦♠✲
❜+❛❜❧❡ {xi, i ∈ N}.

+;♦♣♦*✐"✐♦♥ ✼ ✭❙♦♠♠❛"✐♦♥ ♣❛; ♣❛'✉❡"*✮

❙♦✐' (xi)i∈I ✉♥❡ ❢❛♠✐❧❧❡ ❛✉ ♣❧✉# ❞3♥♦♠❜+❛❜❧❡ ❞✬3❧3♠❡♥'# ❞❡ [0,+∞]✱ ❡' I =
⋃

n∈N

In ✉♥❡ ♣❛+'✐'✐♦♥ ❞❡ I. ❆❧♦+# ✿

∑

i∈I

xi =
+∞∑

n=0

(
∑

i∈In

xi

)

.

❉$✜♥✐"✐♦♥ ✺ ✭❙♦♠♠❛❜✐❧✐"$ ❞❡ ♥♦♠❜;❡* ♣♦*✐"✐❢*✮

❙♦✐' (xi)i∈I ✉♥❡ ❢❛♠✐❧❧❡ ❛✉ ♣❧✉# ❞3♥♦♠❜+❛❜❧❡ ❞✬3❧3♠❡♥'# ❞❡ [0,+∞]✳ ❖♥ ❞✐' /✉❡ (xi)i∈I ❡#' ✉♥❡ ❢❛♠✐❧❧❡ *♦♠♠❛❜❧❡ #✐ ✿

∑

i∈I

xi < +∞.

❊♥ ♣❛+'✐❝✉❧✐❡+✱ ✉♥❡ ❢❛♠✐❧❧❡ #♦♠♠❛❜❧❡ ♥❡ ♣❡✉' ♣❛# ❝♦♥'❡♥✐+ ❧✬3❧3♠❡♥' +∞.

❊♥ ♣+❛'✐/✉❡✱ ❧♦;*'✉❡ ❧❡* "❡;♠❡* *♦♥" ♣♦*✐"✐❢*✱ '♦✉# ❧❡# ❝❛❧❝✉❧# ✭#♦♠♠❛'✐♦♥ ♣❛+ ♣❛/✉❡'#✱ ❧✐♥3❛+✐'3✱ ♠❛❥♦+❛'✐♦♥✳✳✳✮ #♦♥'

❛✉'♦+✐#3#✱ ❧❛ #♦♠♠❛❜✐❧✐'3 3'❛♥' ❣❛+❛♥'✐❡ ♣❛+ ❧❛ #❡✉❧❡ ❝♦♥❞✐'✐♦♥ /✉❡ ❧❡# #♦♠♠❡# #♦✐❡♥' ✜♥✐❡*✳

✷✽✵



▼❛"❤$♠❛"✐'✉❡* +❙■ ❙✳ ❉✐♦♥

❉$✜♥✐"✐♦♥ ✻ ✭❙♦♠♠❛❜✐❧✐"$ ❞❡ ♥♦♠❜8❡* 8$❡❧* ♦✉ ❝♦♠♣❧❡①❡*✮

❙♦✐# (xi)i∈I ✉♥❡ ❢❛♠✐❧❧❡ ❛✉ ♣❧✉, ❞.♥♦♠❜0❛❜❧❡ ❞✬.❧.♠❡♥#, ❞❡ C✳

❖♥ ❞✐# 4✉❡ (xi)i∈I ❡,# ✉♥❡ ❢❛♠✐❧❧❡ *♦♠♠❛❜❧❡ ,✐ ❧❛ ❢❛♠✐❧❧❡ (|xi|)i∈I ❞✬.❧.♠❡♥#, ❞❡ R+
❡,# ,♦♠♠❛❜❧❡ ❛✉#0❡♠❡♥# ❞✐# ,✐ ✿

∑

i∈I

|xi| < +∞.

❘❡♠❛8'✉❡ ✿ 6♦✉0 ✉♥❡ ❢❛♠✐❧❧❡ ❞.♥♦♠❜0❛❜❧❡✱ ❝✬❡,#✲:✲❞✐0❡ ❧♦0,4✉❡ I = N, ❧❛ ,♦♠♠❛❜✐❧✐#. ❞❡ ❧❛ ❢❛♠✐❧❧❡ (xi)i∈I ❡,# ❞♦♥❝

.4✉✐✈❛❧❡♥#❡ : ❧❛ ❝♦♥✈❡0❣❡♥❝❡ ❛❜,♦❧✉❡ ❞❡ ❧❛ ,.0✐❡

∑

xi. ❊♥ ♣❛0#✐❝✉❧✐❡0✱ ❧❡, #❤.♦0?♠❡, ❞❡ ❝♦♠♣❛0❛✐,♦♥ ,✬❛♣♣❧✐4✉❡♥#✳ ❆✐♥,✐✱ ❡♥

❞✐,#✐♥❣✉❛♥# ❧❡, ❝❛, ✜♥✐, ❡# ❞.♥♦♠❜0❛❜❧❡,✱ ♦♥ ♣❡✉# ❞.♠♦♥#0❡0 ❧❛ ♣0♦♣♦,✐#✐♦♥ ,✉✐✈❛♥#❡✳

+8♦♣♦*✐"✐♦♥ ✽

❙♦✐❡♥# (xi)i∈I ✉♥❡ ❢❛♠✐❧❧❡ ❛✉ ♣❧✉, ❞.♥♦♠❜0❛❜❧❡ ❞✬.❧.♠❡♥#, ❞❡✉①✲:✲❞❡✉① ❞✐,#✐♥❝#, ❞❡ C ❡# (yi)i∈I ✉♥❡ ❢❛♠✐❧❧❡ ❛✉ ♣❧✉,

❞.♥♦♠❜0❛❜❧❡ ❞✬.❧.♠❡♥#, ❞❡ [0,+∞] #❡❧❧❡, 4✉❡ ✿

∀i ∈ I, |xi| 6 yi.

❙✐ ❧❛ ❢❛♠✐❧❧❡ (yi)i∈I ❡,# ,♦♠♠❛❜❧❡✱ ❛❧♦0, ❧❛ ❢❛♠✐❧❧❡ (xi)i∈I ❧✬❡,# ❛✉,,✐✳

❖♥ ❛❞♠❡##0❛ ❧❡, ♣0♦♣0✐.#., ,✉✐✈❛♥#❡,✳

+8♦♣♦*✐"✐♦♥ ✾

❙♦✐❡♥# (xi)i∈I ❡# (yi)i∈I ❞❡✉① ❢❛♠✐❧❧❡, ❛✉ ♣❧✉, ❞.♥♦♠❜0❛❜❧❡, ❞✬.❧.♠❡♥#, ❞❡ C✳

❖♥ *✉♣♣♦*❡ '✉✬❡❧❧❡* *♦♥" *♦♠♠❛❜❧❡*✳

• ❙♦♠♠❛"✐♦♥ ♣❛8 ♣❛'✉❡"* ✿ ❙✐ I =
⋃

n∈N

In ❡,# ✉♥❡ ♣❛0#✐#✐♦♥ ❞❡ I, ❛❧♦0, ✿
∑

i∈I

xi =
+∞∑

n=0

(
∑

i∈In

xi

)

.

• +❡8♠✉"❛"✐♦♥ ❞❡* "❡8♠❡* ✿ ❙✐ σ : N −→ N ✉♥❡ ❜✐❥❡❝#✐♦♥✱ ❛❧♦0, ❧❛ ,.0✐❡

∑

xσ(n) ❝♦♥✈❡0❣❡ ❛❜,♦❧✉♠❡♥# ❡# ♦♥ ❛ ✿

+∞∑

i=0

xi =
+∞∑

n=0

xσ(n).

• ▲✐♥$❛8✐"$ ✿ ❙✐ α, β ,♦♥# ❞❡✉① ,❝❛❧❛✐0❡,✱ ❛❧♦0, ❧❛ ❢❛♠✐❧❧❡ (αxi + βyi)i∈I ❡,# ,♦♠♠❛❜❧❡ ❡# ✿

∑

i∈I

(αxi + βyi) = α
∑

i∈I

xi + β
∑

i∈I

yi.

• ■♥$❣❛❧✐"$ "8✐❛♥❣✉❧❛✐8❡ ✿

∣
∣
∣
∣
∣

∑

i∈I

xi

∣
∣
∣
∣
∣
6
∑

i∈I

|xi|.

• +♦*✐"✐✈✐"$ ✿ ❙✐ ♣♦✉0 #♦✉# i ∈ I, xi > 0 ❛❧♦0,

∑

i∈I

xi > 0 ❛✈❡❝ .❣❛❧✐#. ,✐ ❡# ,❡✉❧❡♠❡♥# ,✐ #♦✉, ❧❡, xi ,♦♥# ♥✉❧,✳

+8♦♣♦*✐"✐♦♥ ✶✵

❙♦✐❡♥# (xi)i∈I ❡# (yj)j∈J ❞❡✉① ❢❛♠✐❧❧❡, ❛✉ ♣❧✉, ❞.♥♦♠❜0❛❜❧❡, ❞✬.❧.♠❡♥#, ❞❡ C✳

❖♥ *✉♣♣♦*❡ '✉✬❡❧❧❡* *♦♥" *♦♠♠❛❜❧❡*✳

• +8♦❞✉✐" ✿ ▲❛ ❢❛♠✐❧❧❡ (xiyj)(i,j)∈I×J ❡,# ,♦♠♠❛❜❧❡ ❡# ✿

∑

(i,j)∈I×J

(xiyj) =

(
∑

i∈I

xi

)


∑

j∈J

yj



 .

❉❛♥, ❧❡ ❝❛, ♦F ❧❡, ❞❡✉① ❢❛♠✐❧❧❡, ,♦♥# ❞.♥♦♠❜0❛❜❧❡,✱ ♦♥ ♣♦✉00❛ ❛✉,,✐ ✉#✐❧✐,❡0 ❧❡, ♣0♦❞✉✐# ❞❡ ❈❛✉❝❤② ❞❡ ❞❡✉① ,.0✐❡, ❛❜,♦❧✉♠❡♥#

❝♦♥✈❡0❣❡♥#❡,✳

✷✽✶



▼❛"❤$♠❛"✐'✉❡* +❙■ ❙✳ ❉✐♦♥

+2♦♣♦*✐"✐♦♥ ✶✶ ✭❚❤$♦27♠❡ ❞❡ ❋✉❜✐♥✐ ♣♦✉2 ❧❡* *$2✐❡*✮

❙♦✐# (up,q)(p,q)∈N2
✉♥❡ ❢❛♠✐❧❧❡ ❞,♥♦♠❜.❛❜❧❡ ❞✬,❧,♠❡♥#0 ❞❡ C ✐♥❞❡①,❡ ♣❛. N× N.

▲❡0 ❛00❡.#✐♦♥0 0✉✐✈❛♥#❡0 0♦# ,5✉✐✈❛❧❡♥#❡0✳

• ❧❛ ❢❛♠✐❧❧❡ (up,q)(p,q)∈N2
❡0# 0♦♠♠❛❜❧❡✱

• ♣♦✉. #♦✉# q ∈ N✱ ❧❛ 0,.✐❡

∑

p>0

up,q ❡0# ❛❜0♦❧✉♠❡♥# ❝♦♥✈❡.❣❡♥#❡✱ ❡# ❧❛ 0,.✐❡

∑

q>0

(
+∞∑

p=0

|up,q|

)

❧✬❡0# ❛✉00✐✱

• ♣♦✉. #♦✉# p ∈ N✱ ❧❛ 0,.✐❡

∑

q>0

up,q ❡0# ❛❜0♦❧✉♠❡♥# ❝♦♥✈❡.❣❡♥#❡✱ ❡# ❧❛ 0,.✐❡

∑

p>0

(
+∞∑

q=0

|up,q|

)

❧✬❡0# ❛✉00✐✳

❊# ❞❛♥0 ❝❡ ❝❛0✱ ♦♥ ❛ ✿

∑

(p,q)∈N2

up,q =
+∞∑

q=0

(
+∞∑

p=0

up,q

)

=

+∞∑

p=0

(
+∞∑

q=0

up,q

)

.

+2♦♣♦*✐"✐♦♥ ✶✷ ✭❙♦♠♠❛"✐♦♥ "2✐❛♥❣✉❧❛✐2❡✮

❙♦✐# (up,q)(p,q)∈N2
✉♥❡ ❢❛♠✐❧❧❡ ❞,♥♦♠❜.❛❜❧❡ ❞✬,❧,♠❡♥#0 ❞❡ C ✐♥❞❡①,❡ ♣❛. N× N.

<♦✉. n ∈ N, ♦♥ ♥♦#❡ Un =
∑

p+q=n

|up,q| =
n∑

p=0

|up,n−p| =
n∑

q=0

|un−q,q|. ❆❧♦.0 ✿

❧❛ ❢❛♠✐❧❧❡ (up,q)(p,q)∈N2
❡0# 0♦♠♠❛❜❧❡ ⇐⇒ ❧❛ 0,.✐❡

∑

Un ❝♦♥✈❡.❣❡✳

❉❛♥0 ❝❡ ❝❛0✱ ❧❛ 0,.✐❡

∑

n>0

(
∑

p+q=n

up,q

)

❡0# ❛❜0♦❧✉♠❡♥# ❝♦♥✈❡.❣❡♥#❡ ❡# ♦♥ ❛ ✿

∑

(p,q)∈N2

up,q =
+∞∑

n=0

(
∑

p+q=n

up+q

)

.

✶✷✳✷ ❉$♥♦♠❜)❡♠❡♥+,

✶✷✳✷✳✶ ❉$♥♦♠❜)❡♠❡♥+, ❞❡ ❧✐,+❡,

• ▲✐*"❡* *❛♥* 2$♣$"✐"✐♦♥ ✿ ♦♥ ❝❤❡.❝❤❡ ❧❡ ♥♦♠❜.❡ ❞❡ ❢❛@♦♥0 ❞❡ ❝❤♦✐0✐. ✉♥❡ ❧✐0#❡ ♦.❞♦♥♥,❡ ❞❡ p ♦❜❥❡#0 ❞✐0#✐♥❝#0 ❞❛♥0 ✉♥

❡♥0❡♠❜❧❡ B n ,❧,♠❡♥#0✱

❙✐ p > n✱ ✐❧ ♥✬❡♥ ❡①✐0#❡ ,✈✐❞❡♠♠♠❡♥# ♣❛0✳

❙✐ p ∈ [[1, n]]✱ ♦♥ ❡♥ ❝♦♠♣#❡ ❧❡ ♥♦♠❜.❡✳ ❖♥ ❛

❈❤♦✐① ❞❡ x1 ✿ n ♣♦00✐❜✐❧✐#,0

❈❤♦✐① ❞❡ x2 ✿ n− 1 ♣♦00✐❜✐❧✐#,0

✳

✳

✳

❈❤♦✐① ❞❡ xp ✿ n− p+ 1 ♣♦00✐❜✐❧✐#,0

❖♥ ♦❜#✐❡♥# ❞♦♥❝ n(n− 1) · · · (n− p+ 1) =
n!

(n− p)!
❧✐0#❡0 0❛♥0 .,♣,#✐#✐♦♥ ❞❡ p ,❧,♠❡♥#0 ♣❛.♠✐ n✳

■❧❧✉*"2❛"✐♦♥ ✿ ❞❛♥0 ❧❡ ❝❛0 ♦E n = 3 ✭❛✈❡❝ E = {1, 2, 3}✮ ❡# p = 2✳

✷✽✷
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❊①❡♠♣❧❡ ✶✷✳✺✳ ❉❛♥# ✉♥ ❝❤❛♠♣✐♦♥♥❛+✱ ✸✻ ❛+❤❧0+❡# ♣❛2+✐❝✐♣❡♥+ 3 ❧✬5♣2❡✉✈❡ ❞✉ ✹✵✵♠✳ ❈♦♠❜✐❡♥ ② ❛✲+✲✐❧ ❞❡ ❢❛@♦♥# ❞✬❛++2✐❜✉❡2

❧❡# ♠5❞❛✐❧❧❡# ❞✬♦2✱ ❞✬❛2❣❡♥+ ❡+ ❞❡ ❜2♦♥③❡ ❄

❊①❡♠♣❧❡ ✶✷✳✻✳ ❉❛♥# ❧❡ ❝❛# ♦D p = n✱ ❝❡❧❛ 2❡✈✐❡♥+ 3 2❛♥❣❡2 n ♦❜❥❡+#✱ ♦✉ ❡♥❝♦2❡ ❞5✜♥✐2 ✉♥❡ ♣❡2♠✉+❛+✐♦♥ ❞❡ n ♦❜❥❡+#✳

■❧ ❛ ❞♦♥❝ n! ♣❡2♠✉+❛+✐♦♥# ❞✬✉♥ ❡♥#❡♠❜❧❡ 3 n 5❧5♠❡♥+#✳

• ▲✐*"❡* ❛✈❡❝ =$♣$"✐"✐♦♥ ✿ ♦♥ ❝❤❡%❝❤❡ ❧❡ ♥♦♠❜%❡ ❞❡ ❢❛,♦♥- ❞❡ ❝❤♦✐-✐% ✉♥❡ ❧✐-0❡ ♦%❞♦♥♥1❡ ❞❡ p ♦❜❥❡0- ♥♦♥ ♥1❝❡--❛✐%❡♠❡♥0

❞✐-0✐♥❝0- ❞❛♥- ✉♥ ❡♥-❡♠❜❧❡ 3 n 1❧1♠❡♥0-✳

■❧ ② ❛ n ♣♦--✐❜✐❧✐01- ♣♦✉% ❧❡ ❝❤♦✐① ❞❡ ❝❤❛❝✉♥ ❞❡- p 1❧1♠❡♥0- ❞❡ ❧❛ ❧✐-0❡✳

❖♥ ♦❜0✐❡♥0 ❞♦♥❝ np
❧✐-0❡- ❛✈❡❝ %1♣10✐0✐♦♥ ❞❡ p 1❧1♠❡♥0- ♣❛%♠✐ n✳

■❧❧✉*"=❛"✐♦♥ ✿ ❞❛♥- ❧❡ ❝❛- ♦; n = 3 ✭❛✈❡❝ E = {1, 2, 3}✮ ❡0 p = 2✳

✶✷✳✷✳✷ ❉$♥♦♠❜)❡♠❡♥+, ❞❡ ❝♦♠❜✐♥❛✐,♦♥,

• ❈♦♠❜✐♥❛✐*♦♥* *❛♥* =$♣$"✐"✐♦♥ ✿ ❖♥ ❝❤❡%❝❤❡ 3 ❝♦♠♣0❡% ❧❡ ♥♦♠❜%❡ ❞❡ ❢❛,♦♥- ❞❡ ❝❤♦✐-✐% ✉♥ ❡♥-❡♠❜❧❡ ✭♥♦♥ ♦%❞♦♥♥1✮ ❞❡ p
♦❜❥❡0- ❞✐-0✐♥❝0- ❞❛♥- ✉♥ ❡♥-❡♠❜❧❡ 3 n 1❧1♠❡♥0-✳

❙✐ p > n✱ ✐❧ ♥✬❡♥ ❡①✐-0❡ 1✈✐❞❡♠♠♠❡♥0 ♣❛-✳

❙✐ p ∈ [[1, n]]✱ ✉♥❡ ❝♦♠❜✐♥❛✐-♦♥ -❛♥- %1♣10✐0✐♦♥ ❞❡ p 1❧1♠❡♥0- ♣❛%♠✐ n✱ ❞♦♥♥❡%❛ ♣❛% ♣❡%♠✉0❛0✐♦♥ ❞❡ -❡- 1❧1♠❡♥0-✱ ❡①❛❝0❡♠❡♥0

p! ❧✐-0❡- -❛♥- %1♣10✐0✐♦♥ ❞❡ p 1❧1♠❡♥0- ♣❛%♠✐ n✳ ❊0 ❞♦♥❝ ✐❧ ❛ p! ❢♦✐- ♣❧✉- ❞❡ ❧✐-0❡- -❛♥- %1♣10✐0✐♦♥ ❞❡ p 1❧1♠❡♥0- ♣❛%♠✐ n B✉❡

❝♦♠❜✐♥❛✐-♦♥- -❛♥- %1♣10✐0✐♦♥ ❞❡ p 1❧1♠❡♥0- ♣❛%♠✐ n✳

❖%✱ ❧❡ ♥♦♠❜%❡ ❞❡ ❧✐-0❡- -❛♥- %1♣10✐0✐♦♥ ❞❡ p 1❧1♠❡♥0- ♣❛%♠✐ n ❡-0 n(n−1) · · · (n−p+1) =
n!

(n− p)!
✱ ❞♦♥❝ ❝❡❧✉✐ ❞❡ ❝♦♠❜✐♥❛✐-♦♥

-❛♥- %1♣10✐0✐♦♥ ❞❡ p 1❧1♠❡♥0- ♣❛%♠✐ n ❡-0

❧❡ ♥♦♠❜%❡ ❞❡ ❝♦♠❜✐♥❛✐-♦♥- -❛♥- %1♣10✐0✐♦♥ ❞❡ p 1❧1♠❡♥0- ♣❛%♠✐ n ❡-0

n!

p!(n− p)!
=

(
n

p

)

.

❊①❡♠♣❧❡ ✶✷✳✼✳ ❉❛♥# ✉♥ ❝❤❛♠♣✐♦♥♥❛+✱ ✸✻ ❛+❤❧0+❡# ♣❛2+✐❝✐♣❡♥+ 3 ❧✬5♣2❡✉✈❡ ❞✉ ✹✵✵♠✳ ▲❡ ✓ ♣♦❞✐✉♠ ✔❡#+ ❧❡ ❣2♦✉♣❡ ❞❡# ✸ ♣2❡♠✐❡2#

+❡2♠✐♥❛♥+ ❝❡++❡ ❝♦✉2#❡✳ ❈♦♠❜✐❡♥ ② ❛✲+✲✐❧ ❞❡ ♣♦❞✐✉♠# ♣♦##✐❜❧❡# ❄

• ❈♦♠❜✐♥❛✐*♦♥* ❛✈❡❝ =$♣$"✐"✐♦♥ ✿

❊①❡=❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✷✮

❉10❡%♠✐♥❡% ❧❡ ♥♦♠❜%❡ ❞❡ ❢❛,♦♥- ❞❡ ❝❤♦✐-✐% ✉♥ ❡♥-❡♠❜❧❡ ✭♥♦♥ ♦%❞♦♥♥1✮ ❞❡ p ♦❜❥❡0- ♥♦♥ ♥1❝❡--❛✐%❡♠❡♥0 ❞✐-0✐♥❝0- ❞❛♥- ✉♥

❡♥-❡♠❜❧❡ 3 n 1❧1♠❡♥0-✳

✷✽✸
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▲❡ ♥♦♠❜&❡ ❞❡ (❡❧❧❡* ❝♦♠❜✐♥❛✐*♦♥* ❡*( ♣❧✉* ❞✐✣❝✐❧❡ 1 ❞2(❡&♠✐♥❡&✳ ❙✉♣♣♦*♦♥*✱ *❛♥* &❡*(&❡✐♥❞&❡ ❧❛ ❣2♥2&❛❧✐(2 7✉❡ E = [[1, n]]✳ ❙♦✐(
(x1, . . . , xp) ❞❡ [[1, n]] ❛✈❡❝ x1 6 x2 6 · · · 6 xp✳ ❖♥ ❧❡* &❡❣&♦✉♣❡ ✿ ♣♦✉& i ∈ [[1, n]]✱ ♦♥ ♥♦(❡ Ni ✭2✈❡♥(✉❡❧❧❡♠❡♥( 0✮ ❧❡ ♥♦♠❜&❡ ❞❡
i 7✉✐ ❛♣♣❛&❛✐**❡♥(✳ ❖♥ ❛ ❛❧♦&* N1 + · · ·+Nn = p ❡( ✿

1 1 2 2 2 4 4 6 · · · n− 1 n− 1 n

▲❛ ❝♦♠❜✐♥❛✐*♦♥ (x1, . . . , xp) ❡*( ❝♦♠♣❧=(❡♠❡♥( ❞2(❡&♠✐♥2❡ ♣❛& ❧❛ ♣♦*✐(✐♦♥ ❞❡* n − 1 *2♣❛(❡✉&*✳ ❖♥ ✐♥(&♦❞✉✐( n − 1 ♥♦✉✈❡❧❧❡*
❝❛*❡* ❡( ♦♥ ♠❛(2&✐❛❧✐*❡ ❧❡* *2♣❛&❛(❡✉&* ♣❛& ❞❡* ❝&♦✐①✳

1 1 × 2 2 2 × × 4 4 × × 6 × · · · × n− 1 n− 1 × n

■❧ ② ❛ ♠❛✐♥(❡♥❛♥( n+p−1 ❝❛*❡*✱ ❡( ❧❡ ♥♦♠❜&❡ ❞❡ ❝♦♠❜✐♥❛✐*♦♥* ❛✈❡❝ &2♣2(✐(✐♦♥ ❞❡ p 2❧2♠❡♥(* ♣❛&♠✐ n ❡*( ❧❡ ♥♦♠❜&❡ ❞❡ ❢❛B♦♥*

❞❡ ♣♦*✐(✐♦♥♥❡& n− 1 ❝&♦✐① ❞❛♥* n+ p− 1 ❝❛*❡*✱ ❝✬❡*(✲1✲❞✐&❡

(
n+ p− 1

n− 1

)

✳

❧❡ ♥♦♠❜&❡ ❞❡ ❝♦♠❜✐♥❛✐*♦♥* ❛✈❡❝ &2♣2(✐(✐♦♥ ❞❡ p 2❧2♠❡♥(* ♣❛&♠✐ n ❡*(

(
n+ p− 1

n− 1

)

=

(
n+ p− 1

p

)

.

❊①❡♠♣❧❡ ✶✷✳✽✳ ❖♥ ❞✐$♣♦$❡ ❞❡ ❜♦✉❧❡$ ❞❡ 5 ❝♦✉❧❡✉,$ ❞✐✛.,❡♥/❡$ ✭❛✉ ♠♦✐♥$ 3 ❞❡ ❝❤❛4✉❡ ❝♦✉❧❡✉,✮✳
❖♥ ❡♥ ♣,❡♥❞ ✸✳ ❈♦♠❜✐❡♥ ② ❛✲/✲✐❧ ❞❡ ,.$✉❧/❛/$ ♣♦$$✐❜❧❡$ ❄

◗✉❡❧'✉❡* ❢♦;♠✉❧❡* *✉; ❧❡* ❝♦❡✣❝✐❡♥"* ❜✐♥♦♠✐❛✉①

• ❆ ❞♦♥♥❡& *❛♥* &2✢2❝❤✐& ✿

(
n

0

)

=

(
n

n

)

= 1,

(
n

1

)

=

(
n

n− 1

)

= n ❡(

(
n

2

)

=

(
n

n− 2

)

=
n(n− 1)

2
.

• ❋♦&♠✉❧❡ ❞✉ ❜✐♥I♠❡ ❞❡ ◆❡✇(♦♥ ✿

∀n ∈ N, (a+ b)n =
n∑

k=0

(
n

k

)

akbn−k =
n∑

k=0

(
n

k

)

an−kbk.

• ❋♦&♠✉❧❡ ❞✉ (&✐❛♥❣❧❡ ❞❡ L❛*❝❛❧ ✿

❙✐ n, p *♦♥( ❞❡* ❡♥(✐❡&* (❡❧* 7✉❡ 0 6 p 6 n− 1 ♦♥ ❛
(
n+ 1

p+ 1

)

=

(
n

p

)

+

(
n

p+ 1

)

.

• ■❞❡♥(✐(2 ❞❡ ❱❛♥ ❞❡& ▼♦♥❞❡ ✿

❊①❡;❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✶✮

❖♥ ❛ ❝♦♥✈❡♥✉ ❡♥ ♣&❡♠✐=&❡ ❛♥♥2❡✱ 7✉❡✱ *✐ p /∈ [[0, n]]✱ ❛❧♦&*

(
n

p

)

= 0.

▼♦♥(&❡& ❛❧♦&* 7✉❡ ♣♦✉& (♦✉* ❡♥(✐❡&* ♥❛(✉&❡❧* p, n,m✱ ♦♥ ❛ ✿

(
n+m

p

)

=

p
∑

k=0

(
n

k

)(
m

p− k

)

.

✷✽✹
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✶✷✳✸ ❱♦❝❛❜✉❧❛✐,❡ ♣,♦❜❛❜✐❧✐/0❡

✶✷✳✸✳✶ ❯♥ ♣'❡♠✐❡' ❡①❡♠♣❧❡

❊①♣$5✐❡♥❝❡ ✿ ❖♥ ❧❛♥❝❡ ✉♥❡ ♣✐)❝❡ N ❢♦✐, ❡- ♦♥ ♥♦-❡ . ❝❤❛0✉❡ ❢♦✐, ❧❡ 12,✉❧-❛- ♦❜-❡♥✉ ✿

0 ♣♦✉1 ♣✐❧❡ ❡- 1 ♣♦✉1 ❢❛❝❡✳

▲✬❡♥,❡♠❜❧❡ Ω ❞❡, 12,✉❧-❛-, ♣♦,,✐❜❧❡, ❡,- ❛♣♣❡❧2 ✉♥✐✈❡5*✳
❯♥ 12,✉❧-❛- ♣♦,,✐❜❧❡ ❡,- ✐❝✐ ✉♥ 2❧2♠❡♥- ❞❡ {0, 1} × {0, 1} × · · · × {0, 1} ✭N ❢♦✐,✮✳ ❆✐♥,✐ ✿

Ω = {0, 1}N .

❖♥ ❛ ❞♦♥❝ card(Ω) = 2N 12,✉❧-❛-, ♣♦,,✐❜❧❡,✳ ■❧ ,✬❛❣✐- ❡♥ ❢❛✐- ❞❡ ❧✐,-❡, ❛✈❡❝ 12♣2-✐-✐♦♥, ❞❡ N 2❧2♠❡♥-, ♣❛1♠✐ 2.

❯♥ $✈$♥❡♠❡♥" ❡,- ✉♥ ,♦✉,✲❡♥,❡♠❜❧❡ ❞❡ Ω✳ ■❧ ❡,- ,♦✉✈❡♥- ❞2❝1✐- ❧✐--21❛❧❡♠❡♥- ♣❛1 ❞❡, ♣1♦♣1✐2-2, ✭❞2✜♥✐-✐♦♥ ♣1♦❜❛❜✐❧✐,-❡✮✳
C❛1 ❡①❡♠♣❧❡ ✿

1 ❆✉ ♣1❡♠✐❡1 ❧❛♥❝❡1✱ ♦♥ ♦❜-✐❡♥- ♣✐❧❡✳ ❉✬✉♥ ♣♦✐♥- ❞❡ ✈✉❡ ❡♥,❡♠❜❧✐,-❡✱ ✐❧ ,✬❛❣✐- ❞✉ ,♦✉,✲❡♥,❡♠❜❧❡

A1 = {0} × {0, 1}N−1 ⊂ Ω.

2 ❖♥ ♦❜-✐❡♥- -♦✉❥♦✉1, ❢❛❝❡✳ ❉✬✉♥ ♣♦✐♥- ❞❡ ✈✉❡ ❡♥,❡♠❜❧✐,-❡✱ ✐❧ ,✬❛❣✐- ❞✉ ,♦✉,✲❡♥,❡♠❜❧❡

A2 = {(1, . . . , 1)} ⊂ Ω.

3 ❖♥ ♦❜-✐❡♥- ❛✉ ♣❧✉, ✉♥❡ ❢♦✐, ❢❛❝❡✳ ❉✬✉♥ ♣♦✐♥- ❞❡ ✈✉❡ ❡♥,❡♠❜❧✐,-❡✱ ✐❧ ,✬❛❣✐- ❞✉ ,♦✉,✲❡♥,❡♠❜❧❡

A3 = {(0, . . . , 0), (1, 0, . . . , 0), (0, 1, . . . , 0), . . . (0, . . . , 0, 1)} ⊂ Ω.

4 ❖♥ ♦❜-✐❡♥- ❛✉ ♠♦✐♥, ❞❡✉① ❢♦✐, ❢❛❝❡✳ ❉✬✉♥ ♣♦✐♥- ❞❡ ✈✉❡ ❡♥,❡♠❜❧✐,-❡✱ ✐❧ ,✬❛❣✐- ❞✉ ,♦✉,✲❡♥,❡♠❜❧❡

A4 = ΩrA3 ⊂ Ω.

✷✽✺
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▲❡ "❛❜❧❡❛✉ '✉✐✈❛♥" ❡①♣-✐♠❡ ❞❡ ♠❛♥✐0-❡ ❡♥'❡♠❜❧✐'"❡ 1✉❡❧1✉❡' ♥♦"✐♦♥' ♣-♦❜❛❜✐❧✐'"❡' 3❧3♠❡♥"❛✐-❡'✳

▲❛♥❣❛❣❡ +4♦❜❛❜✐❧✐*"❡ ▲❛♥❣❛❣❡ ❡♥*❡♠❜❧✐*"❡

❯♥ -3'✉❧"❛" ❞❡ ❧✬❡①♣3-✐❡♥❝❡ ✉♥ 3❧3♠❡♥" ω ❞❡ Ω
❯♥ 3✈3♥3♠❡♥" ✉♥❡ ♣❛-"✐❡ A ❞❡ Ω

❯♥ 3✈3♥3♠❡♥" 3❧3♠❡♥"❛✐-❡ ✉♥ '✐♥❣❧❡"♦♥ {ω} ❞❡ Ω
▲✬3✈3♥❡♠❡♥" ❝❡-"❛✐♥ Ω

▲✬3✈3♥❡♠❡♥" ✐♠♣♦''✐❜❧❡ ∅

▲✬3✈3♥❡♠❡♥" A ♥❡ '❡ ♣-♦❞✉✐" ♣❛' A = ΩrA
❊✈3♥❡♠❡♥" A ♦✉ B A ∪B
❊✈3♥❡♠❡♥" A ❡" B A ∩B

A ❡" B '♦♥" ✐♥❝♦♠♣❛"✐❜❧❡* A ∩B = ∅
▲✬3✈3♥❡♠❡♥" A ✐♠♣❧✐1✉❡ ❧✬3✈3♥3♠❡♥" B A ⊂ B

:❛- ❡①❡♠♣❧❡✱ ❛✈❡❝ ❧❡' ♥♦"❛"✐♦♥' ♣-3❝3❞❡♥"❡'✱ ♦♥ ♣❡✉" ❞✐-❡ 1✉❡ ✿

• A2 ❡'" ✉♥ 3✈3♥❡♠❡♥" 3❧3♠❡♥"❛✐-❡✱

• ▲❡' 3✈3♥❡♠❡♥"' A1 ❡" A2 ✭-❡'♣✳ A2 ❡" A3 '✐ N > 2✮ '♦♥" ✐♥❝♦♠♣❛"✐❜❧❡'✱
• ▲✬3✈3♥❡♠❡♥" A4 ❡'" ❛✉''✐ ✓ A3 ♥❡ '❡ ♣-♦❞✉✐" ♣❛' ✔✳

• ▲✬3✈3♥❡♠❡♥" ✓ A1 ❡" A3 ✔ ❡'" {(0, . . . , 0), (0, 1, 0, . . . , 0), (0, 0, 1, . . . , 0), . . . (0, . . . , 0, 1)}.

❖♥ ❛ ❞3✜♥✐ ❧❛ ♥♦"✐♦♥ ❞❡ ♣❛-"✐"✐♦♥ ✜♥✐❡ ❞✬✉♥ ❡♥'❡♠❜❧❡ Ω✱ ♦♥ ♣❡✉" ✐♥"❡-♣-3"❡- ❝❡""❡ ♥♦"✐♦♥ ❡♥ ❧❛♥❣❛❣❡ ♣-♦❜❛❜✐❧✐'"❡✳

❉$✜♥✐"✐♦♥ ✼ ✭❙②*"=♠❡ ❝♦♠♣❧❡" ❞✬$✈$♥❡♠❡♥"* ✜♥✐✮

❙♦✐" Ω ✉♥ ✉♥✐✈❡-' ❡" A1, . . . , An ✉♥❡ ❢❛♠✐❧❧❡ ❞✬3✈3♥❡♠❡♥"' ❞❡ Ω.
❖♥ ❞✐" 1✉❡ (A1, . . . , An) ❡'" ✉♥ *②*"=♠❡ ❝♦♠♣❧❡"* ❞✬$✈$♥❡♠❡♥"* '✐ ❝✬❡'" ✉♥❡ ♣❛-"✐"✐♦♥ ❞❡ Ω✱ ❝✬❡'"✲F✲❞✐-❡ '✐ ✿
• ▲❡' 3✈3♥❡♠❡♥"' A1, . . . , An '♦♥" ❞❡✉①✲F✲❞❡✉① ✐♥❝♦♠♣❛"✐❜❧❡' ✭i 6= j =⇒ Ai ∩Aj = ∅✮✳

• ▲✬3✈3♥❡♠❡♥" ✓ A1 ♦✉ A2 ♦✉ . . . ♦✉ An ✔ ❡'" ❧✬3✈3♥❡♠❡♥" ❝❡-"❛✐♥ ✭Ω =

n⋃

i=1

Ai✮✱ ❝✬❡'"✲F✲❞✐-❡ 1✉❡ "♦✉" -3'✉❧"❛" '❡ "-♦✉✈❡

❛✉ ♠♦✐♥' ❞❛♥' ❧✬✉♥ ❞❡' Ai.

❊①❡♠♣❧❡ ✶✷✳✾✳ ❙✐ A 6= ∅ ❡# A 6= Ω✱ ❛❧♦() A, Ā ❢♦(♠❡ #♦✉❥♦✉() ✉♥ )②)#0♠❡ ❝♦♠♣❧❡# ❞✬5✈5♥❡♠❡♥#) ❞❡ Ω.

✶✷✳✸✳✷ ❚%✐❜✉)

❖♥ -❡♣-❡♥❞ ❧✬❡①❡♠♣❧❡ ♣-3❝3❞❡♥"✱ ♠❛✐' ❡♥ ❧❛♥G❛♥" ❧❛ ♣✐0❝❡ ✉♥ ♥♦♠❜-❡ ✐♥✜♥✐ ❞❡ ❢♦✐'✳ ▲✬✉♥✐✈❡-' Ω ❡'" ❞♦♥❝ ❢♦-♠3 ❞❡' '✉✐"❡'

(xn)n∈N∗ ❞✬3❧3♠❡♥"' ❞❡ {0, 1} ❛✈❡❝ xn = 0 '✐ ♦♥ ♦❜"✐❡♥" ♣✐❧❡ ❛✉ n✲✐0♠❡ ❧❛♥❝❡- ❡" xn = 1 '✐ ♦♥ ♦❜"✐❡♥" ❢❛❝❡ ❛✉ n✲✐0♠❡ ❧❛♥❝❡-✳

Ω = {(xn)n∈N∗ , ∀n ∈ N∗, xn = 0 ♦✉ 1} = {0, 1}N
∗

.

❈❡" ❡♥'❡♠❜❧❡ ❡'" ✐♥✜♥✐✱ ♦♥ ♣❡✉" ♠I♠❡ ❞3♠♦♥"-❡- 1✉✬✐❧ ♥✬❡'" ♣❛' ❞3♥♦♠❜-❛❜❧❡ ✭♣❡♥'❡- F ❧❛ ❞3❝♦♠♣♦'✐"✐♦♥ ❡♥ ❜❛'❡ 2 ❞✬✉♥

♥♦♠❜-❡ ❞❡ [0, 1[✮✳ ▲❛ ♥♦"✐♦♥ ❞✬3✈3♥❡♠❡♥" '❡ ❣3♥3-❛❧✐'❡ ❞❡ ❧❛ ♠❛♥✐0-❡ '✉✐✈❛♥"❡✳

❉$✜♥✐"✐♦♥ ✽ ✭❚4✐❜✉✮

❙♦✐" Ω ✉♥ ❡♥'❡♠❜❧❡ ✭✉♥✐✈❡4*✮✱ ♦♥ ❛♣♣❡❧❧❡ "4✐❜✉ '✉- Ω ✉♥❡ ♣❛-"✐❡ A ❞❡ ❧✬❡♥'❡♠❜❧❡ P(Ω) ❞❡' ♣❛-"✐❡' ❞❡ Ω ✈3-✐✜❛♥" ✿

• Ω ∈ A
• :♦✉- "♦✉" A ∈ A✱ ♦♥ ❛ Ā = ΩrA ∈ A

✭❊♥ ♣❛-"✐❝✉❧✐❡-✱ ♦♥ ❛ ❢♦-❝3♠❡♥" ∅ = Ē ∈ A.✮

• :♦✉- "♦✉"❡ '✉✐"❡ (An)n∈N ❞✬3❧3♠❡♥"' ❞❡ A✱ ❧❛ -3✉♥✐♦♥
⋃

n∈N

An ❡'" ❡♥❝♦-❡ ❞❛♥' A.

▲❡' 3❧3♠❡♥"' ❞❡ A '♦♥" ❛♣♣❡❧3' ❧❡' $✈$♥❡♠❡♥"*✳ ❯♥ ✉♥✐✈❡-' ♠✉♥✐ ❞✬✉♥❡ "-✐❜✉ ❡'" ❛♣♣❡❧3 ❡'♣❛❝❡ ♣-♦❜❛❜✐❧✐'❛❜❧❡✳

❊①❡♠♣❧❡ ✶✷✳✶✵✳ {∅,Ω}✱ P(Ω) ❡# (∅,P, I,N) )♦♥# ❞❡) #(✐❜✉)✳

✷✽✻
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❘❡♠❛3'✉❡ ✿ ❖♥ ❛ ω ∈
⋃

n∈N

An ⇐⇒ ∃n ∈ N, ω ∈ An ❡$ ω ∈
⋂

n∈N

An ⇐⇒ ∀n ∈ N, ω ∈ An.

❊♥ $❡&♠❡( ♣&♦❜❛❜✐❧✐($❡(✱ ❧✬0✈0♥❡♠❡♥$

⋃

n∈N

An ❝♦&&❡(♣♦♥❞ 4 ✓ ❛✉ ♠♦✐♥( ❧✬✉♥ ❞❡( 0✈0♥❡♠❡♥$( An ❡($ &0❛❧✐(0 ✔ ❡$ ❧✬0✈0♥❡♠❡♥$

⋂

n∈N

An ❝♦&&❡(♣♦♥❞ 4 ✓ $♦✉( ❧❡( 0✈0♥❡♠❡♥$( An (♦♥$ &0❛❧✐(0( ✔

❊①❡♠♣❧❡ ✶✷✳✶✶✳ ▲❛♥❝❡% ❞❡ ❧❛ ♣✐*❝❡ ✉♥ ♥♦♠❜%❡ ✐♥✜♥✐ ❞❡

❢♦✐1 ✿ Ω = {0, 1}N
∗

.
❖♥ ♥♦4❡ Aj ❧✬6✈6♥❡♠❡♥4 ✓ ❛✉ j✲✐*♠❡ ❧❛♥❝❡%✱ ♦♥ ♦❜4✐❡♥4

♣✐❧❡ ✔✱ ❝✬❡14✲<✲❞✐%❡

Aj = {(xn)n∈N∗ ∈ Ω, xj = 0}.

✲

⋃

j∈N

Aj ✿ ❖♥ ♦❜4✐❡♥4 ❛✉ ♠♦✐♥1 ✉♥ ❢♦✐1 ♣✐❧❡✳

✲

⋂

j∈N

Aj ✿ ❖♥ ♦❜4✐❡♥4 4♦✉❥♦✉%1 ♣✐❧❡✳

❈♦♠♣❧64❡% ✿

✲ Aj ✿

✲

⋃

j∈N

Aj ✿

✲

⋃

j∈N

Aj ✿

✲

⋂

j∈N

Aj ✿

✲

⋂

j∈N

Aj ✿

❊①❡♠♣❧❡ ✶✷✳✶✷✳ ▲❛♥❝❡% ❞❡ ❧❛ ♣✐*❝❡ ✉♥ ♥♦♠❜%❡ ✐♥✜♥✐ ❞❡ ❢♦✐1 ✿

Ω = {0, 1}N
∗

.
❖♥ ♥♦4❡ Bj ❧✬6✈6♥❡♠❡♥4 ✓ ♦♥ ♦❜4✐❡♥4 ❧❡ ♠@♠❡ %61✉❧4❛4 ❛✉ j✲
✐*♠❡ ❡4 ❛✉ (j + 1)✲✐*♠❡ ❧❛♥❝❡%1 ✔✱ ❝✬❡14✲<✲❞✐%❡

Bj = {(xn)n∈N∗ ∈ Ω, xj = xj+1}.

✲

⋃

j∈N

Bj ✿ ■❧ ❡①✐14❡ ❛✉ ♠♦✐♥1 ❞❡✉① ❧❛♥❝❡%1 ❝♦♥16❝✉4✐❢1 ♣♦✉%

❧❡1C✉❡❧1 ♦♥ ♦❜4✐❡♥4 ❧❡ ♠@♠❡ %61✉❧4❛4✳

✲

⋂

j∈N

Bj ✿ ❖♥ ♦❜4✐❡♥4 4♦✉❥♦✉%1 ❧❡ ♠@♠❡ %61✉❧4❛4✳

❈♦♠♣❧64❡% ✿

✲ Bj ✿

✲

⋃

j∈N

Bj ✿

✲

⋃

j∈N

Bj ✿

✲

⋂

j∈N

Bj ✿

✲

⋂

j∈N

Bj ✿

❉✬✉♥❡ ♠❛♥✐9&❡ ❣0♥0&❛❧❡✱ ♦♥ ❛ ❧❡( ♣&♦♣&✐0$0( (✉✐✈❛♥$❡(✳

+3♦♣♦*✐"✐♦♥ ✶✸ ✭▲♦✐* ❞❡ ❉❡ ▼♦3❣❛♥✮

❙♦✐# (An)n∈N ✉♥❡ '✉✐#❡ ❞❡ ♣❛+#✐❡' ❞✬✉♥ ❡♥'❡♠❜❧❡ Ω. ❖♥ ❛ ✿

✭✶✮

⋃

n∈N

An =
⋂

n∈N

An ✭✷✮

⋂

n∈N

An =
⋃

n∈N

An

$%❡✉✈❡✳

✷

✷✽✼
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+2♦♣♦*✐"✐♦♥ ✶✹

❙♦✐# (An)n∈N ✉♥❡ '✉✐#❡ ❞❡ ♣❛+#✐❡' ❞✬✉♥ ❡♥'❡♠❜❧❡ Ω ❡# B ⊂ Ω. ❖♥ ❛ ✿

✭✶✮ B ∩

(
⋃

n∈N

An

)

=
⋃

n∈N

(B ∩An) ✭✷✮ B ∪

(
⋂

n∈N

An

)

=
⋂

n∈N

(B ∪An)

+2❡✉✈❡✳

✷

+2♦♣♦*✐"✐♦♥ ✶✺

❙♦✐# Ω ✉♥ ❡♥'❡♠❜❧❡ ❡# A ✉♥❡ #+✐❜✉ '✉+ Ω. ❖♥ ❛ ❧❡' ♣+♦♣+✐2#2' '✉✐✈❛♥#❡'✳

• 5♦✉+ #♦✉#❡ '✉✐#❡ (An)n∈N ❞✬2❧2♠❡♥#' ❞❡ A✱ ❧✬✐♥#❡+'❡❝#✐♦♥
⋂

n∈N

An ❡'# ❡♥❝♦+❡ ❞❛♥' A.

• A ❡'# '#❛❜❧❡ ♣❛+ ✉♥✐♦♥' ❡# ♣❛+ ✐♥#❡+'❡❝#✐♦♥' ✜♥✐❡'✳

+2❡✉✈❡✳

✷

✷✽✽
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✶✷✳✹ ❊%♣❛❝❡% ♣*♦❜❛❜✐❧✐%/%

✶✷✳✹✳✶ $%♦❜❛❜✐❧✐+,- -✉% ✉♥ ✉♥✐✈❡%- ✜♥✐ ✭%❛♣♣❡❧- ❞❡ ♣%❡♠✐7%❡ ❛♥♥,❡✮

❉$✜♥✐"✐♦♥ ✾

❙♦✐# Ω ✉♥ ❡♥'❡♠❜❧❡ ✜♥✐✳ ❖♥ ❛♣♣❡❧❧❡ ♣5♦❜❛❜✐❧✐"$ '✉0 Ω✱ #♦✉#❡ ❛♣♣❧✐❝❛#✐♦♥ P : P(Ω) −→ [0, 1] #❡❧❧❡ 3✉❡ ✿

• P (Ω) = 1
• ♣♦✉0 #♦✉#❡' ♣❛0#✐❡' A,B ❞✐'❥♦✐♥#❡' ❞❡ Ω ♦♥ ❛ P (A ∪B) = P (A) + P (B) ✭σ✲❛❞❞✐#✈✐#:✮

❖♥ ❞✐# ❛❧♦0' 3✉❡ (Ω, P ) ❡'# ✉♥ ❡*♣❛❝❡ ♣5♦❜❛❜✐❧✐*$ ✜♥✐✳

❖♥ 0❛♣♣❡❧❧❡ ❧❛ ♣0♦♣♦'✐#✐♦♥ '✉✐✈❛♥#❡✳

+5♦♣♦*✐"✐♦♥ ✶✻

❙♦✐# (Ω, P ) ✉♥ ❡'♣❛❝❡ ♣0♦❜❛❜✐❧✐': ✜♥✐✳ ❖♥ ❛

✭✶✮ ❙✐ A ❡'# ✉♥ :✈:♥❡♠❡♥#✱ ❛❧♦0' P (Ā) = 1− P (A).
✭✷✮ P (∅) = 0.
✭✸✮ ❙♦✐❡♥# A,B ❞❡✉① :✈:♥❡♠❡♥#' #❡❧' 3✉❡ A ✐♠♣❧✐3✉❡ B ✭❝❡ 3✉✐ '✐❣♥✐✜❡ 3✉❡ A ⊂ B✮ ❛❧♦0'

P (B rA) = P (B)− P (A).

✭✹✮ ❈0♦✐''❛♥❝❡ ❞❡ P ✿

❙♦✐❡♥# A,B ❞❡✉① :✈:♥❡♠❡♥#' #❡❧' 3✉❡ A ✐♠♣❧✐3✉❡ B ✭❝❡ 3✉✐ '✐❣♥✐✜❡ 3✉❡ A ⊂ B✮ ❛❧♦0' P (A) 6 P (B).
✭✺✮ ❙✐ A1, . . . , An '♦♥# ❞❡' :✈:♥❡♠❡♥#' ❞❡✉①✲?✲❞❡✉① ✐♥❝♦♠♣❛#✐❜❧❡' ✭❝✬❡'#✲?✲❞✐0❡ ❞❡' ❡♥'❡♠❜❧❡' ❞❡✉①✲?✲❞❡✉① ❞✐'❥♦✐♥#'✮ ❞❡

Ω ❛❧♦0'

P

(
n⋃

i=1

Ai

)

=
n∑

i=1

P (Ai).

✭✻✮ ❙♦✐❡♥# A,B ❞❡✉① :✈:♥❡♠❡♥#' ❛❧♦0' P (A ∪B) = P (A) + P (B)− P (A ∩B).
✭✼✮ ❙✐ A1, . . . , An ❡'# ✉♥ '②'#B♠❡ ❝♦♠♣❧❡# ❞✬:✈:♥❡♠❡♥#' ❛❧♦0'

P (Ω) = P

(
n⋃

i=1

Ai

)

=
n∑

i=1

P (Ai) = 1.

❈♦♥*$'✉❡♥❝❡ ✿ C♦✉0 ❝♦♥♥❛D#0❡ P ✐❧ '✉✣# ❞❡ ❧❛ ❝♦♥♥❛D#0❡ '✉0 ❝❤❛❝✉♥ ❞❡' :✈:♥❡♠❡♥#' :❧:♠❡♥#❛✐0❡'✳

❊♥ ❡✛❡# '✐ Ω = {ω1, . . . , ωN} ❛✈❡❝ ω1, . . . , ωN ❞✐'#✐♥❝#'✳ ❖♥ '✉♣♣♦'❡ ❝♦♥♥❛D#0❡ ♣♦✉0 #♦✉# i ∈ [[1, N ]] ✿ P ({ωi}) = pi.
❆❧♦0' {ω1}, . . . , {ωN} ❡'# ✉♥ '②'#B♠❡ ❝♦♠♣❧❡# ❞✬:✈:♥❡♠❡♥#' ❡# ❞♦♥❝ ♦♥ ❛ ♥:❝❡''❛✐0❡♠❡♥#

N∑

i=1

P ({ωi}) =
N∑

i=1

pi = 1.

❉❡ ♣❧✉'✱ ♣♦✉0 #♦✉#❡ ♣❛0#✐❡ A ❞❡ Ω✱ ✐❧ ❡①✐'#❡ ✉♥ ❡♥'❡♠❜❧❡ I ⊂ [[1, N ]] #❡❧ 3✉❡ A =
⋃

i∈I

{ωi}.

❊# ❝♦♠♠❡ ❧❡' {ωi} '♦♥# ❞❡✉①✲?✲❞❡✉① ❞✐'❥♦✐♥#✱ ♦♥ ❝♦♥♥❛D#

P (A) = P

(
⋃

i∈I

{ωi}

)

=
∑

i∈I

P ({ωi}) =
∑

i∈I

pi.

❉$✜♥✐"✐♦♥ ✶✵ ✭❉✐*"5✐❜✉"✐♦♥ ❞❡ ♣5♦❜❛❜✐❧✐"$ ✭❝❛* ✜♥✐✮✮

❙♦✐# Ω ✉♥ ❡♥'❡♠❜❧❡ ✜♥✐✳ ❖♥ ❛♣♣❡❧❧❡ ❞✐'#0✐❜✉#✐♦♥ ❞❡ ♣0♦❜❛❜✐❧✐#: '✉0 Ω #♦✉#❡ ❢❛♠✐❧❧❡ (pω)ω∈Ω ❞❡ 5$❡❧* ♣♦*✐"✐❢* ✐♥❞❡①:❡ ♣❛0

Ω ❡# #❡❧❧❡ 3✉❡

∑

ω∈Ω

pω = 1.

❉❛♥' ❝❡ ❝❛'✱ ❧✬❛♣♣❧✐❝❛#✐♦♥ P : A ∈ P(Ω) 7−→ P (A) =
∑

ω∈A

pω ❡'# ✉♥❡ ♣0♦❜❛❜✐❧✐#: '✉0 Ω.

✷✽✾
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❊①❡♠♣❧❡ ✶✷✳✶✸✳ ❖♥ ❧❛♥❝❡ ✉♥ ❞( ♥♦♥ ♣✐♣( ✉♥❡ ❢♦✐-✳ ▲✬✉♥✐✈❡2- Ω ❡-3 ❧✬❡♥-❡♠❜❧❡ ❞❡- 2(-✉❧3❛3- ♣♦--✐❜❧❡-✱ ❝✬❡-3✲8✲❞✐2❡ ✿

Ω = {1, 2, 3, 4, 5, 6}.

▲❡ ❞( ♥✬❡-3 ♣❛- ♣✐♣(✱ ❞♦♥❝ ❝❤❛;✉❡ 2(-✉❧3❛3 ❛♣♣❛2❛<3 ❛✈❡❝ ❧❛ ♠=♠❡ ♣2♦❜❛❜✐❧✐3( ✿

P ({1}) = P ({2}) = P ({3}) = P ({4}) = P ({5}) = P ({6}) = p ∈ [0, 1].

❖♥ ❛ ❞❡ ♣❧✉- ✿

6∑

i=1

P ({i}) = 1 = 6p ❞♦♥❝ ∀i ∈ {1, 2, 3, 4, 5, 6}, P ({i}) = p =
1

6
.

❈❡ 2(-✉❧3❛3 ❡-3 32?- ♥❛3✉2❡❧ ✿ ♦♥ ❛ 1 ❝❤❛♥❝❡ -✉2 6 ❞❡ 3♦♠❜❡2 -✉2 ✉♥❡ ❢❛❝❡ ❞♦♥♥(❡✳

❈♦♥♥❛✐--❛♥3 ❧❛ ♣2♦❜❛❜✐❧✐3( ❞❡ 3♦✉- ❧❡- (✈(♥❡♠❡♥3- (❧(♠❡♥3❛✐2❡-✱ ♦♥ ♣❡✉3 32♦✉✈❡2 ❝❡❧❧❡ ❞❡ ♥✬✐♠♣♦23❡ ;✉❡❧ (✈(♥❡♠❡♥3✳ @❛2

❡①❡♠♣❧❡✱ ♦♥ ❝♦♥-✐❞?2❡ ❧✬(✈(♥❡♠❡♥3 -✉✐✈❛♥3✳

A ✿ ♦♥ ♦❜3✐❡♥3 ✉♥ ❝❤✐✛2❡ ♣❛✐2 ✭❝❡ ;✉✐ -✐❣♥✐✜❡ ;✉❡ A = {2, 4, 6}✮✱

❖♥ 32♦✉✈❡ ❢❛❝✐❧❡♠❡♥3 P (A) = P ({2}) + P ({4}) + P ({6}) =
1

6
+

1

6
+

1

6
=

1

2
✱ ♦♥ ❛ ❞♦♥❝ ✉♥❡ ❝❤❛♥❝❡ -✉2 ❞❡✉① ❞❡ 3♦♠❜❡2 -✉2

✉♥ ❝❤✐✛2❡ ♣❛✐2✳

❊①❡♠♣❧❡ ✶✷✳✶✹✳ ❖♥ 2❡♣2❡♥❞ ❧✬❡①❡♠♣❧❡✱ ♠❛✐- ❝❡33❡ ❢♦✐-✱ ❧❡ ❞( ❡-3 ♣✐♣( ✿ ♦♥ -✉♣♣♦-❡ ;✉✬✉♥ ❝❤✐✛2❡ ♣❛✐2 ❛ ❞❡✉① ❢♦✐- ♣❧✉- ❞❡

❝❤❛♥❝❡- ❞❡ 3♦♠❜❡2 ;✉✬✉♥ ❝❤✐✛2❡ ✐♠♣❛✐2✱ ❝❡ ;✉✐ -✐❣♥✐✜❡ ;✉❡ ✿

P ({2}) = P ({4}) = P ({6}) = 2P ({1}) = 2P ({3}) = 2P ({5}) = p ∈ [0, 1].

❖♥ ❛ ❞❡ ♣❧✉- ✿

6∑

i=1

P ({i}) = 3p+
3p

2
=

9p

2
= 1 ❞♦♥❝

P ({2}) = P ({4}) = P ({6}) = p =
2

9
❡3 P ({1}) = P ({3}) = P ({5}) =

p

2
=

1

9
.

❈♦♥♥❛✐--❛♥3 ❧❛ ♣2♦❜❛❜✐❧✐3( ❞❡ 3♦✉- ❧❡- (✈(♥❡♠❡♥3- (❧(♠❡♥3❛✐2❡-✱ ♦♥ ♣❡✉3 32♦✉✈❡2 ❝❡❧❧❡ ❞❡ ♥✬✐♠♣♦23❡ ;✉❡❧ (✈(♥❡♠❡♥3✳ ❖♥ 2❡♣2❡♥❞

❧✬(✈(♥❡♠❡♥3 A ✿ ♦♥ ♦❜3✐❡♥3 ✉♥ ❝❤✐✛2❡ ♣❛✐2 ✭❝❡ ;✉✐ -✐❣♥✐✜❡ ;✉❡ A = {2, 4, 6}✮✳

❖♥ 32♦✉✈❡ ✐❝✐ P (A) = P ({2})+P ({4})+P ({6}) =
2

9
+

2

9
+

2

9
=

2

3
✱ ♦♥ ❛ ❞♦♥❝ ❞❡✉① ❝❤❛♥❝❡- -✉2 32♦✐- ❞❡ 3♦♠❜❡2 -✉2 ✉♥ ❝❤✐✛2❡

♣❛✐2 ✭❡3 ✉♥❡ ❝❤❛♥❝❡ -✉2 32♦✐- ❞✬♦❜3❡♥✐2 ✉♥ ❝❤✐✛2❡ ✐♠♣❛✐2✮✳

❉$✜♥✐"✐♦♥ ✶✶ ✭▲♦✐ ✉♥✐❢♦>♠❡✮

❙♦✐# (Ω, P ) ✉♥ ✉♥✐✈❡() ♣(♦❜❛❜✐❧✐). ✜♥✐✳

• ❖♥ ❞✐# 3✉❡ ❞❡✉① .✈.♥❡♠❡♥#) A,B )♦♥# .3✉✐♣(♦❜❛❜❧❡) )✐ P (A) = P (B).
• ❖♥ ❞✐# 3✉❡ P ❡)# ✉♥✐❢♦>♠❡ )✐ #♦✉) )❡) .✈.♥❡♠❡♥#) .❧.♠❡♥#❛✐(❡) )♦♥# .3✉✐♣(♦❜❛❜❧❡)✳

+>♦♣♦*✐"✐♦♥ ✶✼

❙♦✐# Ω ✉♥ ✉♥✐✈❡() ✜♥✐✳ ■❧ ❡①✐)#❡ ✉♥❡ ✉♥✐3✉❡ ♣(♦❜❛❜✐❧✐#. ✉♥✐❢♦(♠❡ )✉( Ω ❡# ❡❧❧❡ ❡)# ❞.✜♥✐❡ ♣❛( ✿

∀A ∈ P(Ω), P (A) =
card(A)

card(Ω)
.

❖♥ ❝♦♥)✐❞:(❡ ; ♣(❡)❡♥# ✉♥❡ ❡①♣.(✐❡♥❝❡ ❞❡ #②♣❡ (❝❤❡❝✲-✉❝❝?-✱ ♣❛( ❡①❡♠♣❧❡✱ ❧❡ ❥❡✉ ❞❡ ♣✐❧❡ ♦✉ ❢❛❝❡✳ ❖♥ (.♣:#❡ n ❢♦✐) ❝❡##❡

❡①♣.(✐❡♥❝❡ ❡# ♦♥ ❝♦♠♣#❡ ❧❡ ♥♦♠❜(❡ ❞❡ ♣✐❧❡) ✭-✉❝❝?-✮ ♦❜#❡♥✉)✳ A♦✉( k ∈ {0, . . . , n}, ♦♥ ♥♦#❡ ✿

Ak ✿ ♦♥ ❛ ♦❜#❡♥✉ ❡①❛❝#❡♠❡♥# k ❢♦✐) ♣✐❧❡✳

❖♥ ✈❡((❛ 3✉❡ )✐ p ❡)# ❧❛ ♣(♦❜❛❜✐❧✐#. ❞✬❛✈♦✐( ♣✐❧❡ ; ✉♥ ❧❛♥❝❡(✱ ❛❧♦()

P (Ak) =

(
n

k

)

pk(1− p)n−k.

✷✾✵
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❉$✜♥✐"✐♦♥ ✶✷ ✭▲♦✐ ❜✐♥♦♠✐❛❧❡✮

❙♦✐# Ω = [[0, n]] ❡# P ✉♥❡ ♣(♦❜❛❜✐❧✐#, -✉( Ω. ❖♥ ❞✐# P -✉✐# ✉♥❡ ❧♦✐ ❜✐♥♦♠✐❛❧❡ -✬✐❧ ❡①✐-#❡ p ∈]0, 1[ #❡❧❧❡ 3✉❡

∀k ∈ [[0, n]], P ({k}) = pk =

(
n

k

)

pk(1− p)n−k.

❘❡♠❛;'✉❡ ✿ 4✉✐-3✉❡ pk > 0 ❡#

n∑

k=0

pk =
n∑

k=0

(
n

k

)

pk(1− p)n−k = (p+ 1− p)n = 1, ✐❧ -✬❛❣✐# ❜✐❡♥ ❞✬✉♥❡ ♣(♦❜❛❜✐❧✐#, -✉( Ω.

✶✷✳✹✳✷ ❈❛& ❣(♥(*❛❧

❉$✜♥✐"✐♦♥ ✶✸

❙♦✐# Ω ✉♥ ❡♥-❡♠❜❧❡ ❡# A ✉♥❡ #(✐❜✉ -✉( Ω✳
❖♥ ❛♣♣❡❧❧❡ ♣;♦❜❛❜✐❧✐"$ -✉( (Ω,A)✱ #♦✉#❡ ❛♣♣❧✐❝❛#✐♦♥ P : A −→ [0, 1] #❡❧❧❡ 3✉❡ ✿

• P (Ω) = 1

• ♣♦✉( #♦✉#❡ -✉✐#❡ (An)n∈N ❞✬,✈,♥❡♠❡♥#- ❞❡✉①✲<✲❞❡✉① ✐♥❝♦♠♣❛#✐❜❧❡- ✭✐✳❡✳ ❞✐-❥♦✐♥#-✮ ❧❛ -,(✐❡

∑

P (An) ❝♦♥✈❡(❣❡ ❡# ✿

P

(
⋃

n∈N

An

)

=
+∞∑

n=0

P (An) (σ − ❛❞❞✐#✐✈✐#,)

❖♥ ❞✐# ❛❧♦(- 3✉❡ (Ω,A, P ) ❡-# ✉♥ ❡*♣❛❝❡ ♣;♦❜❛❜✐❧✐*$✳

❘❡♠❛;'✉❡ ✿ ▲❛ -♦♠♠❡ ✐♥✜♥✐❡

+∞∑

n=0

P (An) ❛ ✉♥❡ ✈❛❧❡✉( ✜♥✐❡ -✐ ❧❛ -,(✐❡
∑

P (An) ❝♦♥✈❡(❣❡✳ ❉❛♥- ❝❡ ❝❛-✱ ♣✉✐-3✉❡ ❧❡- #❡(♠❡-

-♦♥# ♣♦-✐#✐❢-✱ ❧❛ ❢❛♠✐❧❧❡ (P (An))n∈N ❡-# -♦♠♠❛❜❧❡ ❡# ❞♦♥❝ ❧❛ -♦♠♠❡

+∞∑

n=0

P (An) ❡-# ✐♥❞,♣❡♥❞❛♥#❡ ❞❡ ❧✬♦(❞(❡ ❞❡ -♦♠♠❛#✐♦♥✳

❈❡❧❛ ❞♦♥♥❡ ✉♥❡ ❝♦❤,(❡♥❝❡ < ❧❛ ❞,✜♥✐#✐♦♥✱ ♣✉✐-3✉❡ ❧✬,✈,♥❡♠❡♥#

⋃

n∈N

An ❡-# ❛✉--✐ ✐♥❞,♣❡♥❞❛♥# ❞❡ ❧✬♦(❞(❡ ❞❡- An✳

❊①❡♠♣❧❡ ✶✷✳✶✺✳ ❖♥ "✉♣♣♦"❡ '✉❡ Ω ❡"( ✉♥ ❡♥"❡♠❜❧❡ ❞-♥♦♠❜.❛❜❧❡✳ ❆✐♥"✐✱ ♦♥ ♣❡✉( -❝.✐.❡ ✿ Ω = {ωn, n ∈ N} ♦6 ❧❡" ωn "♦♥(

❞❡✉①✲9✲❞❡✉① ❞✐"(✐♥❝("✳

❙♦✐( A = P(Ω) ❡( P ✉♥❡ ♣.♦❜❛❜✐❧✐(- "✉. (Ω,A).

❖♥ "✉♣♣♦"❡ '✉❡ ❧❡" ωn "♦♥( ❞✐"(✐♥❝("✳ ❆✐♥"✐✱ ❧❡" -✈-♥❡♠❡♥(" -❧-♠❡♥(❛✐.❡" An = {ωn} "♦♥( ❞❡✉①✲9✲❞❡✉① ✐♥❝♦♠♣❛(✐❜❧❡"✳

❙✐ ❧✬♦♥ ♣♦"❡ P (An) = P ({ωn}) = pn✱ ♦♥ ❛ Ω =
⋃

n∈N

An✳

=❛. ❞-✜♥✐(✐♦♥ ❞❡ ♣.♦❜❛❜✐❧✐(-✱ ❧❛ "-.✐❡

∑

pn ❝♦♥✈❡.❣❡ ❡( ♦♥ ❛ ✿ P (Ω) =
+∞∑

n=0

P (An) =
+∞∑

n=0

pn = 1.

❉❡ ♣❧✉" "✐ A ❡"( ✉♥ ❡♥"❡♠❜❧❡ ❞❡ Ω✱ ♦♥ ♣❡✉( (.♦✉✈❡. ✉♥ "♦✉"✲❡♥"❡♠❜❧❡ I ❞❡ N (❡❧ '✉❡ A =
⋃

n∈I

An.

❊♥ ❞✐"(✐♥❣✉❛♥( ❧❡" ❝❛" I ✜♥✐" ❡( I ❞-♥♦♠❜.❛❜❧❡"✱ ♦♥ ♣❡✉( ❞-♠♦♥(.❡. '✉❡ ✿

P (A) =
∑

n∈I

P (An) =
∑

n∈I

P ({ωn}) =
∑

n∈I

pn.

❊( ❞♦♥❝✱ "✐ ♦♥ ❝♦♥♥❛B( ❧❡" pn = P ({ωn}) > 0 (❡❧" '✉❡
+∞∑

n=0

pn = 1, ♦♥ ❝♦♥♥❛B( P (A) ♣♦✉. (♦✉(❡ ♣❛.(✐❡ A ❞❡ Ω✱ ❡( ❞♦♥❝ ♦♥

❝♦♥♥❛B( P. ❖♥ ✈-.✐✜❡.❛✐( '✉✬✐❧ "✬❛❣✐( ❜✐❡♥ ❞✬✉♥❡ ♣.♦❜❛❜✐❧✐(-✳

✷✾✶
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❉$✜♥✐"✐♦♥ ✶✹ ✭❉✐*"6✐❜✉"✐♦♥ ❞❡ ♣6♦❜❛❜✐❧✐"$ ✭❝❛* ❞$♥♦♠❜6❛❜❧❡✮✮

❖♥ ❛♣♣❡❧❧❡ ❞✐()*✐❜✉)✐♦♥ ❞❡ ♣*♦❜❛❜✐❧✐). (✉* N )♦✉)❡ ❢❛♠✐❧❧❡ (pn)n∈N ❞❡ 6$❡❧* ♣♦*✐"✐❢* ✐♥❞❡①.❡ ♣❛* N ❡) )❡❧❧❡ 2✉❡
+∞∑

n=0

pn = 1.

❉❛♥( ❝❡ ❝❛(✱ (✐ Ω = {ωn, n ∈ N} ❡() ✉♥ ❡♥(❡♠❜❧❡ ❞.♥♦♠❜*❛❜❧❡ ✭♦7 ❧❡( ωn (♦♥) ❞❡✉①✲9✲❞❡✉① ❞✐()✐♥❝)(✮✱ ❡) (✐ A ❡() ✉♥❡

)*✐❜✉ (✉* Ω✱ ❧✬❛♣♣❧✐❝❛)✐♦♥ (✉✐✈❛♥)❡ ❡() ✉♥❡ ♣*♦❜❛❜✐❧✐). (✉* (Ω,A).

P :







A −→ R+

A 7−→ P (A) =
∑

n tq ωn∈A

pn

❊①❡♠♣❧❡ ✶✷✳✶✻✳ ❖♥ ❧❛♥❝❡ ✉♥❡ ♣✐)❝❡ ✉♥ ♥♦♠❜-❡ ✐♥✜♥✐ ❞❡ ❢♦✐1✳ ❈♦♠♠❡ ♣-4❝4❞❡♠♠❡♥5✱ ❧❡ -41✉❧5❛5 ♦❜5❡♥✉ ❡15 ♥♦54

0 ♣♦✉- 7✐❧❡ ❡5 1 ♣♦✉- ❋❛❝❡

▲✬✉♥✐✈❡-1 ❞❡1 -41✉❧5❛51 ♣♦11✐❜❧❡1 ❡15 ❞♦♥❝

Ω = {0, 1}N
∗

= {(xn)n∈N∗ , ∀n ∈ N∗, xn = 0 ♦✉ 1} = {(xn)n∈N∗ , xn = 0 ♦✉ 1}.

▼❛✐1 ❝❡5 ❡♥1❡♠❜❧❡ ♥✬❡15 ♣❛1 ❞4♥♦♠❜-❛❜❧❡✳ ❖♥ ♥❡ ♣❡✉5 ❞♦♥❝ ♣❛1 ✉5✐❧✐1❡- ❝❡ =✉✐ ♣-4❝)❞❡✳

❖♥ ♠♦❞✐✜❡ ❧✬❡①♣4-✐❡♥❝❡ ✿ ♦♥ ❧❛♥❝❡ ✉♥❡ ♣✐)❝❡ ❥✉1=✉✬A ❝❡ =✉✬♦♥ ♦❜5✐❡♥♥❡ ❋❛❝❡✳ ▲❡1 -41✉❧5❛51 ♣♦11✐❜❧❡1 1♦♥5

(1), (0, 1), (0, 0, 1), (0, 0, 0, 1), . . . , (0, . . . , 0, 1), . . .

❛✉=✉❡❧ ✐❧ ❢❛✉5 ❛❥♦✉5❡- ❝❡❧✉✐ ♦B ♦♥ ♥✬♦❜5✐❡♥5 ❥❛♠❛✐1 ❋❛❝❡ ✿ ❝✬❡15 ❧❛ 1✉✐5❡ (xn)n∈ N∗ ✐❞❡♥5✐=✉❡♠❡♥5 ♥✉❧❧❡✳ ❖♥ ❧❛ ♥♦5❡ ∞✳
▲✬❡♥1❡♠❜❧❡ Ω ❡15 ❜✐❡♥ ❞4♥♦♠❜-❛❜❧❡ ✿ 1✐ ❧✬♦♥ ♥♦5❡ ωn ❧✬4✈4♥❡♠❡♥5 4❧4♠❡♥5❛✐-❡ ✓ ♦♥ ♦❜5✐❡♥5 ❋❛❝❡ ❛✉ n✲)♠❡ ❧❛♥❝❡- ❡5 7✐❧❡
❛✈❛♥5 ✔ ❡5 ω0 =∞ ❧✬4✈4♥❡♠❡♥5 4❧4♠❡♥5❛✐-❡ ✓ ♦♥ ♥✬♦❜5✐❡♥5 ❥❛♠❛✐1 ❋❛❝❡ ✔ ❛❧♦-1

Ω = {ωn, n ∈ N}.

❙✐ ❧❛ ♣✐)❝❡ ❡15 4=✉✐❧✐❜-4❡ ✿

• ❖♥ ❛ ✉♥❡ ❝❤❛♥❝❡ 1✉- ❞❡✉① ❞❡ ❢❛✐-❡ ❋❛❝❡ ❛✉ ♣-❡♠✐❡- ❧❛♥❝❡-✱ ❡5 ❞♦♥❝ P ({ω1}) =
1

2
.

• ▲❛ ♣-♦❜❛❜✐❧✐54 ❞✬♦❜5❡♥✐- (0, 1) ❡♥ ❞❡✉① ❧❛♥❝❡-1 ❡15 P ({ω2}) =
1

2
×

1

2
=

1

22
.

• ❉✬✉♥❡ ♠❛♥✐)-❡ ❣4♥4-❛❧❡✱ 1✐ n ∈ N∗, ♦♥ ❛ P ({ωn}) =
1

2n
.

◗✉❡*"✐♦♥ ✿ ❈♦♠♠❡♥5 ❝❤♦✐1✐- P ({ω0}) ♣♦✉- ♦❜5❡♥✐- ✉♥❡ ♣-♦❜❛❜✐❧✐54 1✉- (Ω,P(Ω)). ❄
7✉✐1=✉❡ ❧❡1 4✈4♥❡♠❡♥5 {ωn} 1♦♥5 ❞❡✉①✲A✲❞❡✉① ✐♥❝♦♠♣❛5✐❜❧❡1✱ ♦♥ ❛ ✿

1 =
+∞∑

n=0

P ({ωn}) = P ({ω0}) +
+∞∑

n=1

P ({ωn})

= P ({ω0}) +
+∞∑

n=1

1

2n
= P ({ω0}) +

1

2

1

1− 1/2
= P ({ω0}) + 1

.

❊♥ ❝❤♦✐1✐11❛♥5 P ({ω0}) = P (∞) = 0, ♦♥ ♦❜5✐❡♥5 ❜✐❡♥ ✉♥❡ ♣-♦❜❛❜✐❧✐54 1✉- (Ω,P(Ω)).
❈❡ -41✉❧5❛5 ❡15 ❝♦♥❢♦-♠❡ A ❧✬✐♥5✉✐5✐♦♥ ✿ ✐❧ ♥✬② ❛ ❛✉❝✉♥❡ ❝❤❛♥❝❡ ❞❡ ♥❡ ❥❛♠❛✐1 ♦❜5❡♥✐- ❋❛❝❡ ✦

+6♦♣♦*✐"✐♦♥ ✶✽

❙♦✐) (Ω,A, P ) ✉♥ ❡(♣❛❝❡ ♣*♦❜❛❜✐❧✐(.✳
• ?♦✉* )♦✉) ❝♦✉♣❧❡ ❞✬.✈.♥❡♠❡♥)( ❞✐(❥♦✐♥)( A ❡) B ❞❡ A, ♦♥ ❛ P (A ∪B) = P (A) + P (B).

• ?♦✉* )♦✉)❡ ❢❛♠✐❧❧❡ ✜♥✐❡ ❞✬.✈.♥❡♠❡♥)( ❞❡✉①✲9✲❞❡✉① ❞✐(❥♦✐♥)( A1, . . . , An ❞❡ A, ♦♥ ❛ P

(
n⋃

i=1

Ai

)

=
n∑

i=1

P (Ai).

✷✾✷



▼❛"❤$♠❛"✐'✉❡* +❙■ ❙✳ ❉✐♦♥

+2❡✉✈❡✳ ■❧ "✉✣% ❞❡ ♠♦♥%+❡+ ❧❡ "❡❝♦♥❞ ♣♦✐♥%✳ ▲❡ ♣+❡♠✐❡+ "✬♦❜%✐❡♥% ❛❧♦+" ❛✈❡❝ n = 2.
❙♦✐% A1, . . . , An ✉♥❡ ❢❛♠✐❧❧❡ ✜♥✐❡ ❞✬8✈8♥❡♠❡♥%" ❞❡✉①✲;✲❞❡✉① ❞✐"❥♦✐♥%"✳ =♦✉+ k > n+ 1 ❡♥%✐❡+✱ ♦♥ ♣♦"❡ Ak = ∅. ❆✐♥"✐ (Ak)k∈N∗

❡"% ✉♥❡ "✉✐%❡ ❞✬8✈8♥❡♠❡♥%" ❞❡✉①✲;✲❞❡✉① ❞✐"❥♦✐♥%" ❡% ❞♦♥❝✱ ♣❛+ ❞8✜♥✐%✐♦♥ ❞✬❡"♣❛❝❡ ♣+♦❜❛❜✐❧✐"8✱ ❧❛ "8+✐❡

∑

P (Ak) ❝♦♥✈❡+❣❡ ❡%

♦♥ ❛ ✿

P

(
n⋃

i=1

Ai

)

= P

(
⋃

n∈N

Ak

)

=
+∞∑

k=1

P (Ak) =
n∑

k=1

P (Ak) +
+∞∑

k=n+1

P (Ak)
︸ ︷︷ ︸

=0 car Ak=∅

=
n∑

k=1

P (Ak).

✷

+2♦♣♦*✐"✐♦♥ ✶✾ ✭❈♦♥"✐♥✉✐"$ ❝2♦✐**❛♥"❡✮

❙♦✐% (Ω,A, P ) ✉♥ ❡"♣❛❝❡ ♣+♦❜❛❜✐❧✐"8✳

❖♥ ❞✐% C✉✬✉♥❡ "✉✐%❡ (An)n∈N ❞✬8✈8♥❡♠❡♥%" ❞❡ A ❡"% ❝2♦✐**❛♥"❡ "✐ ♣♦✉+ %♦✉% n ∈ N✱ An ⊂ An+1✳

❉❛♥" ❝❡ ❝❛"✱ ♦♥ ❛

P

(
+∞⋃

n=0

An

)

= lim
n→+∞

P (An).

+2❡✉✈❡✳✭❉✸✮

✷✾✸
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✷

❊①❡♠♣❧❡ ✶✷✳✶✼✳ ❖♥ "❡♣"❡♥❞ ❧❡ ❧❛♥❝❡" ❞✬✉♥❡ ♣✐,❝❡ ✉♥ ♥♦♠❜"❡ ✐♥✜♥✐ ❞❡ ❢♦✐2 ✿ Ω = {0, 1}N
∗

.
❖♥ ♥♦4❡ An ✿ ❛✉ n✲✐,♠❡ ❧❛♥❝❡"✱ ❥✬❛✐ ♦❜4❡♥✉ ❛✉ ♠♦✐♥2 ✉♥❡ ❢♦✐2 ♣✐❧❡✳
• ❖♥ ❛ ❞✬✉♥❡ ♣❛"4✱ An ⊂ An+1 ♣✉✐29✉❡ 2✐ ❛✉ n✲✐,♠❡ ❧❛♥❝❡"✱ ❥✬❛✐ ♦❜4❡♥✉ ❛✉ ♠♦✐♥2 ✉♥❡ ❢♦✐2 ♣✐❧❡✱ ❝❡ 2❡"❛ ✈"❛✐ ❛✉22✐ ❛✉ n+1✲✐,♠❡✳
• ❉✬❛✉4"❡ ♣❛"4✱ Ān ❡24 ❧✬<✈<♥❡♠❡♥4 2✉✐✈❛♥4 ✿ ❛✉ n✲✐,♠❡ ❧❛♥❝❡"✱ ❥❡ ♥✬❛✐ ❥❛♠❛✐2 ♦❜4❡♥✉ ♣✐❧❡✱ ❝✬❡24✲=✲❞✐"❡✱ ❥✬❛✐ 4♦✉❥♦✉"2 ❡✉ ❢❛❝❡✳

❖♥ ❛ ❝❧❛✐"❡♠❡♥4 P (Ān) =

(
1

2

)n

. ❊4 ❞♦♥❝

P (An) = 1− P (Ān) = 1−

(
1

2

)n

.

?❛" ❝♦♥4✐♥✉✐4< ❝"♦✐22❛♥4❡✱ ♦♥ ❛ P

(
+∞⋃

n=1

An

)

= lim
n→+∞

P (An) = 1.

❖♥ "❡4"♦✉✈❡ 9✉❡ ❧❛ ♣"♦❜❛❜✐❧✐4< ❞❡ 4♦♠❜❡" ❛✉ ♠♦✐♥2 ✉♥❡ ❢♦✐2 2✉" ♣✐❧❡ ❡24 ❞❡ 1.

❊①❡9❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✷✮

❙♦✐# (Ω,A, P ) ✉♥ ❡'♣❛❝❡ ♣+♦❜❛❜✐❧✐'. ❡# (An)n∈N ✉♥❡ '✉✐#❡ ❞✬.✈.♥❡♠❡♥#' ❞❡ A✳

❉.♠♦♥#+❡+ 5✉❡ lim
n→+∞

P

(
n⋃

k=0

Ak

)

= P

(
+∞⋃

k=0

Ak

)

.

+9♦♣♦*✐"✐♦♥ ✷✵ ✭❈♦♥"✐♥✉✐"$ ❞$❝9♦✐**❛♥"❡✮

❙♦✐# (Ω,A, P ) ✉♥ ❡'♣❛❝❡ ♣+♦❜❛❜✐❧✐'.✳

❖♥ ❞✐# 5✉✬✉♥❡ '✉✐#❡ (An)n∈N ❞✬.✈.♥❡♠❡♥#' ❞❡ A ❡'# ❞$❝9♦✐**❛♥"❡ '✐ ♣♦✉+ #♦✉# n ∈ N✱ An+1 ⊂ An✳

❉❛♥' ❝❡ ❝❛'✱ ♦♥ ❛

P

(
+∞⋂

n=0

An

)

= lim
n→+∞

P (An).

✷✾✹
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+2❡✉✈❡✳

✷

❊①❡2❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✷✮

❙♦✐# (Ω,A, P ) ✉♥ ❡'♣❛❝❡ ♣+♦❜❛❜✐❧✐'. ❡# (An)n∈N ✉♥❡ '✉✐#❡ ❞✬.✈.♥❡♠❡♥#' ❞❡ A✳

❉.♠♦♥#+❡+ 5✉❡ lim
n→+∞

P

(
n⋂

k=0

Ak

)

= P

(
+∞⋂

k=0

Ak

)

.

❖♥ ❛❞♠❡# ❧❡' ❞❡✉① ♣+♦♣+✐.#.' '✉✐✈❛♥#❡'✳

+2♦♣♦*✐"✐♦♥ ✷✶ ✭❙♦✉*✲❛❞❞✐"✐✈✐"$ ✜♥✐❡✮

❙♦✐# (Ω,A, P ) ✉♥ ❡'♣❛❝❡ ♣+♦❜❛❜✐❧✐'.✳ 8♦✉+ #♦✉#❡ ❢❛♠✐❧❧❡ ✜♥✐❡ ❞✬.✈.♥❡♠❡♥#' A1, . . . , An ❞❡ A, ♦♥ ❛

P

(
n⋃

i=1

Ai

)

6

n∑

i=1

P (Ai).

+2♦♣♦*✐"✐♦♥ ✷✷ ✭❙♦✉*✲❛❞❞✐"✐✈✐"$✮

❙♦✐# (Ω,A, P ) ✉♥ ❡'♣❛❝❡ ♣+♦❜❛❜✐❧✐'.✳ 8♦✉+ #♦✉#❡ '✉✐#❡ ❞✬.✈.♥❡♠❡♥#' (An)n∈N ❞❡ A, ♦♥ ❛

P

(
+∞⋃

n=0

An

)

6

+∞∑

n=0

P (An) ❛✈❡❝

+∞∑

n=0

P (An) ∈ [0,+∞]

✷✾✺
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❉$✜♥✐"✐♦♥ ✶✺ ✭❊✈$♥❡♠❡♥" ♥$❣❧✐❣❡❛❜❧❡✱ ❊✈$♥❡♠❡♥" ♣=❡*'✉❡ *>=✮

❙♦✐# (Ω,A, P ) ✉♥ ❡'♣❛❝❡ ♣+♦❜❛❜✐❧✐'.✳ ❖♥ ❞✐+❛ 2✉❡ ✿

• ❯♥ .✈.♥❡♠❡♥# A ❞❡ A ❡'# ♥$❣❧✐❣❡❛❜❧❡ ✭♦✉ ♣+❡'2✉✬✐♠♣♦''✐❜❧❡✮ '✐ P (A) = 0.
• ❯♥ .✈.♥❡♠❡♥# A ❞❡ A ❡'# ♣=❡*'✉❡ *>= ✭♦✉ ♣+❡'2✉❡ ❝❡+#❛✐♥✮ '✐ P (A) = 1.

❊①❡=❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✷✮

❉.♠♦♥#+❡+ 2✉❡ ❧❛ +.✉♥✐♦♥ ❞.♥♦♠❜+❛❜❧❡ ❞✬.✈.♥❡♠❡♥#' ♥.❣❧✐❣❡❛❜❧❡' ❡'# ✉♥ .✈.♥❡♠❡♥# ♥.❣❧✐❣❡❛❜❧❡✱ ♣✉✐' 2✉❡ ❧✬✐♥#❡+'❡❝#✐♦♥

❞.♥♦♠❜+❛❜❧❡ ❞✬.✈.♥❡♠❡♥#' ♣+❡'2✉❡ ❝❡+#❛✐♥'✱ ❡'# ✉♥ .✈.♥❡♠❡♥# ♣+❡'2✉❡ ❝❡+#❛✐♥✳

❉$✜♥✐"✐♦♥ ✶✻

❙♦✐# (Ω,A, P ) ✉♥ ❡'♣❛❝❡ ♣+♦❜❛❜✐❧✐'. ❡# (Ai)i∈I ❛✉ ♣❧✉' ❞.♥♦♠❜+❛❜❧❡ ❞✬.✈.♥❡♠❡♥#' ❞❡ A✳

• ❖♥ ❞✐# 2✉❡ (Ai)i∈I ❡'# ✉♥ *②*"F♠❡ ❝♦♠♣❧❡" ❞✬$✈$♥❡♠❡♥"* '✐ ❝✬❡'# ✉♥❡ ♣❛+#✐#✐♦♥ ❞❡ Ω✱ ❝✬❡'#✲>✲❞✐+❡ '✐ ✿

✲ ▲❡' .✈.♥❡♠❡♥#' Ai '♦♥# ❞❡✉①✲>✲❞❡✉① ✐♥❝♦♠♣❛#✐❜❧❡' ✿ '✐ i 6= j ❛❧♦+' Ai ∩Aj = ∅✳

✲ ▲✬.✈.♥❡♠❡♥#

⋃

i∈I

Ai ❡'# ❧✬.✈.♥❡♠❡♥# ❝❡+#❛✐♥✱ ❝✬❡'#✲>✲❞✐+❡ 2✉❡ Ω =
⋃

i∈I

Ai ♦✉ ❡♥❝♦+❡ 2✉❡ #♦✉# +.'✉❧#❛# '❡ #+♦✉✈❡ ❛✉

♠♦✐♥' ❞❛♥' ❧✬✉♥ ❞❡' Ai.

• ❖♥ ❞✐# 2✉❡ (Ai)i∈I ❡'# ✉♥ *②*"F♠❡ '✉❛*✐✲❝♦♠♣❧❡" ❞✬$✈$♥❡♠❡♥"* '✐ ✿

✲ ▲❡' .✈.♥❡♠❡♥#' Ai '♦♥# ❞❡✉①✲>✲❞❡✉① ✐♥❝♦♠♣❛#✐❜❧❡' ✿ '✐ i 6= j ❛❧♦+' Ai ∩Aj = ∅✳

✲ ▲✬.✈.♥❡♠❡♥#

⋃

i∈I

Ai ❡'# ❧✬.✈.♥❡♠❡♥# ♣+❡'2✉❡ 'A+✱ ❝✬❡'#✲>✲❞✐+❡ 2✉❡ P

(
⋃

i∈I

Ai

)

= 1✳

✷✾✻
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✶✷✳✺ $%♦❜❛❜✐❧✐+,- ❝♦♥❞✐+✐♦♥♥❡❧❧❡-✱ ✐♥❞,♣❡♥❞❛♥❝❡

✶✷✳✺✳✶ $%♦❜❛❜✐❧✐+,- ❝♦♥❞✐+✐♦♥♥❡❧❧❡-

❉$✜♥✐"✐♦♥ ✶✼

❙♦✐# (Ω,A, P ) ✉♥ ❡'♣❛❝❡ ♣+♦❜❛❜✐❧✐'. ❡# B ✉♥ .✈.♥❡♠❡♥# ❞❡ A #❡❧ 2✉❡ P (B) 6= 0.
❖♥ ❛♣♣❡❧❧❡ ♣6♦❜❛❜✐❧✐"$ ❝♦♥❞✐"✐♦♥♥❡❧❧❡ ❞❡ A *❛❝❤❛♥" B ✿

PB(A) =
P (A ∩B)

P (B)
.

+6♦♣♦*✐"✐♦♥ ✷✸

❙♦✐# (Ω,A, P ) ✉♥ ❡'♣❛❝❡ ♣+♦❜❛❜✐❧✐'. ❡# B ✉♥ .✈.♥❡♠❡♥# ❞❡ A #❡❧ 2✉❡ P (B) 6= 0.
▲✬❛♣♣❧✐❝❛#✐♦♥ PB ❡'# ✉♥❡ ♣+♦❜❛❜✐❧✐#. '✉+ (Ω,A).

+6❡✉✈❡✳

✷

❊①❡♠♣❧❡ ✶✷✳✶✽✳ ❖♥ ❧❛♥❝❡ ❞❡✉① ❞)* ✐❞❡♥,✐-✉❡* ♥♦♥ ♣✐♣)* ❡, ♦♥ ❝❛❝❤❡ ❧❡ 1)*✉❧,❛,✳

• ◗✉❡❧❧❡ ❡*, ❧❛ ♣1♦❜❛❜✐❧✐,) ❞✬❛✈♦✐1 ❛✉ ♠♦✐♥* ✉♥ *✐① ❄

• ❖♥ ❛♥♥♦♥❝❡ -✉❡ ❧❡ 1)*✉❧,❛, ❞❡ ❧✬✉♥ ❞❡* ❞❡✉① ❞)* ❡*, 3. ◗✉❡❧❧❡ ❡*, ❧❛ ♣1♦❜❛❜✐❧✐,) ❞✬❛✈♦✐1 ✉♥ *✐① *✉1 ❧✬❛✉,1❡ ❞) ❄

✷✾✼
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✻

✺

✹

✸

✷

✶

✶ ✷ ✸ ✹ ✺ ✻

✻

✺

✹

✸

✷

✶

✶ ✷ ✸ ✹ ✺ ✻

✶✷✳✺✳✷ ❋♦&♠✉❧❡ ❞❡, ♣&♦❜❛❜✐❧✐12, ❝♦♠♣♦,2❡,

 ❛" ❞$✜♥✐(✐♦♥ ❞❡ ♣"♦❜❛❜✐❧✐($ ❝♦♥❞✐(✐♦♥♥❡❧❧❡✱ ♦♥ ❛ ✐♠♠$❞✐❛(❡♠❡♥( ❧❛ ♣"♦♣♦1✐(✐♦♥ 1✉✐✈❛♥(❡✳

+2♦♣♦*✐"✐♦♥ ✷✹ ✭❋♦2♠✉❧❡ ❞❡* ♣2♦❜❛❜✐❧✐"$* ❝♦♠♣♦*$❡* ✿ ❝❛* ❞❡ ✷ $✈$♥❡♠❡♥"*✮

❙♦✐( (Ω,A, P ) ✉♥ ❡1♣❛❝❡ ♣"♦❜❛❜✐❧✐1$ ❡( A,B ❞❡✉① $✈$♥❡♠❡♥(1 ❞❡ A✳ ❖♥ 1✉♣♣♦1❡ 8✉❡ P (B) > 0. ❖♥ ❛ ❞♦♥❝

P (A ∩B) = PB(A)× P (B).

❙✐ A,B 1♦♥( ❞❡✉① $✈$♥$♠❡♥(1✱ ❧♦"18✉❡ P (B) = 0, ♦♥ ❝♦♥✈✐❡♥❞2❛ 8✉❡ PB(A)× P (B) = 0.

❈❡((❡ ❝♦♥✈❡♥"✐♦♥ ♣"♦❧♦♥❣❡ ❞♦♥❝ ❧❛ ♣"♦♣♦1✐(✐♦♥ ♣"$❝$❞❡♥(❡ ❛✉ ❝❛1 ♦; P (B) = 0. ❊♥ ❡✛❡(✱ ❞❛♥1 ❝❛1✱ ♣✉✐18✉❡ A ∩B ⊂ B✱ ♣❛"
❝"♦✐11❛♥❝❡ ❞❡ P ✱ ♦♥ ❛ ❛✉11✐ P (A ∩B) = 0.

❊①❡♠♣❧❡ ✶✷✳✶✾✳ ❖♥ (♦♥❞❡ ✉♥ ❣.♦✉♣❡ ❞✬✐♥❞✐✈✐❞✉(✳ ❖♥ ♥♦4❡ B ❧✬6✈6♥❡♠❡♥4 ✓ 94.❡ ❢✉♠❡✉. ✔ ❡4 A ❧✬6✈6♥❡♠❡♥4 ✓ 94.❡ ✉♥

❤♦♠♠❡ ✔ ❡4 ♦♥ ❞♦♥♥❡ ✿

P (B) =
1

4
P (A) =

1

2
❡4 PB(A) =

3

5
.

❈❛❧❝✉❧❡. ✿

• A.♦❜❛❜✐❧✐46 ❞✬94.❡ ❤♦♠♠❡ ❡4 ❢✉♠❡✉. ✿ • A.♦❜❛❜✐❧✐46 ❞✬94.❡ ❢❡♠♠❡ ❡4 ❢✉♠❡✉. ✿

P (A ∩B) = P (Ā ∩B) =

• A.♦❜❛❜✐❧✐46 ❞✬94.❡ ✉♥❡ ❢❡♠♠❡ (❛❝❤❛♥4 C✉✬♦♥ ❡(4 ❢✉♠❡✉. • A.♦❜❛❜✐❧✐46 ❞✬94.❡ ❢✉♠❡✉. (❛❝❤❛♥4 C✉✬♦♥ ❡(4 ✉♥❡ ❢❡♠♠❡

PB(Ā) = PĀ(B) =

❖♥ ♣❡✉( ❣$♥$"❛❧✐1❡" ❝❡((❡ ❢♦"♠✉❧❡ ? n $✈$♥❡♠❡♥(1✳

+2♦♣♦*✐"✐♦♥ ✷✺ ✭❋♦2♠✉❧❡ ❞❡* ♣2♦❜❛❜✐❧✐"$* ❝♦♠♣♦*$❡* ✿ ❝❛* ❣$♥$2❛❧✮

❙♦✐( (Ω,A, P ) ✉♥ ❡1♣❛❝❡ ♣"♦❜❛❜✐❧✐1$ ❡( A1, . . . , An ❞❡1 $✈$♥❡♠❡♥(1 ❞❡ A (❡❧1 8✉❡ P (A1 ∩A2 ∩ · · · ∩An−1) 6= 0✳ ❖♥ ❛

P (A1 ∩A2 ∩ · · · ∩An) = P (A1)× PA1
(A2)× PA1∩A2

(A3)× · · · × PA1∩···∩An−1
(An).

+2❡✉✈❡✳ ❈❡ "$1✉❧(❛( 1❡ ♠♦♥("❡"❛✐( ❢❛❝✐❧❡♠❡♥( ♣❛" "$❝✉""❡♥❝❡ 1✉" n.
✷

❈❡((❡ ♣"♦♣♦1✐(✐♦♥ 1✬❛♣♣❧✐8✉❡ ❡♥ ♣❛"(✐❝✉❧✐❡" ❧♦"1 ❞✬✉♥❡ 1✉✐(❡ ❡①♣$"✐❡♥❝❡1 ❛❧$❛(♦✐"❡1✱ ❞♦♥( ❝❤❛❝✉♥❡ ❡1( ❞$♣❡♥❞❛♥(❡ ❞✉ "$1✉❧(❛(1

❞❡1 ♣"$❝$❞❡♥(❡1✳ ❈✬❡1( ❧❡ ❝❛1✱ ♣❛" ❡①❡♠♣❧❡✱ ❧♦"1 ❞✬✉♥ (✐"❛❣❡ 1❛♥1 "❡♠✐1❡✳

❊①❡♠♣❧❡ ✶✷✳✷✵✳ ❯♥❡ ✉.♥❡ ❝♦♥4✐❡♥4 ✻ ❜♦✉❧❡( .♦✉❣❡( ❡4 ✹ ❜♦✉❧❡( ♥♦✐.❡(✳ ❖♥ 4✐.❡ ✸ ❜♦✉❧❡( (❛♥( .❡♠✐(❡✳ ◗✉❡❧❧❡ ❡(4 ❧❛ ♣.♦❜❛❜✐❧✐46

❞✬♦❜4❡♥✐. ❞✬❛❜♦.❞ ✷ .♦✉❣❡(✱ ♣✉✐( ✉♥❡ ♥♦✐.❡ ❄

✷✾✽
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✶✷✳✺✳✸ ❋♦'♠✉❧❡ ❞❡- ♣'♦❜❛❜✐❧✐23- 2♦2❛❧❡-

❖♥ "❛♣♣❡❧❧❡ ❧✬(♥♦♥❝( ✈✉ ❡♥ ♣"❡♠✐/"❡ ❛♥♥(❡✱ ♣✉✐1 ♦♥ ❧✬(2❡♥❞ ❛✉ ❝❛1 ♦4 ❧❡ 1②12/♠❡ ❝♦♠♣❧❡2 ❞✬(✈(♥❡♠❡♥21 ❡12 ❞(♥♦♠❜"❛❜❧❡✳

+2♦♣♦*✐"✐♦♥ ✷✻ ✭❋♦2♠✉❧❡ ❞❡* ♣2♦❜❛❜✐❧✐"$* "♦"❛❧❡* ✿ ❝❛* ✜♥✐✮

❙♦✐2 (Ω,A, P ) ✉♥ ❡1♣❛❝❡ ♣"♦❜❛❜✐❧✐1( ❡2 (A1, . . . , An) ✉♥ 1②12/♠❡ ❝♦♠♣❧❡2 ✭♦✉ :✉❛1✐✲❝♦♠♣❧❡2✮ ✜♥✐ ❞✬(✈(♥❡♠❡♥21 ❞❡ A✳ >♦✉"
2♦✉2 (✈(♥❡♠❡♥2 B ❞❡ A✱ ♦♥ ❛

P (B) =
n∑

k=1

P (B ∩Ak) =
n∑

k=1

PAk
(B)× P (Ak),

❛✈❡❝ ❧❛ ❝♦♥✈❡♥2✐♦♥ PAk
(B)× P (Ak) = 0 1✐ P (Ak) = 0.

+2♦♣♦*✐"✐♦♥ ✷✼ ✭❋♦2♠✉❧❡ ❞❡* ♣2♦❜❛❜✐❧✐"$* "♦"❛❧❡* ✿ ❝❛* ❞$♥♦♠❜2❛❜❧❡✮

❙♦✐2 (Ω,A, P ) ✉♥ ❡1♣❛❝❡ ♣"♦❜❛❜✐❧✐1( ❡2 (An)n∈N ✉♥ 1②12/♠❡ ❝♦♠♣❧❡2 ✭♦✉ :✉❛1✐✲❝♦♠♣❧❡2✮ ❞✬(✈(♥❡♠❡♥21 ❞❡ A✳ >♦✉" 2♦✉2
(✈(♥❡♠❡♥2 B ❞❡ A✱ ♦♥ ❛

P (B) =
+∞∑

n=0

P (B ∩An) =
+∞∑

n=0

PAn
(B)× P (An),

❛✈❡❝ ❧❛ ❝♦♥✈❡♥2✐♦♥ PAn
(B)× P (An) = 0 1✐ P (An) = 0.

+2❡✉✈❡✳

✷

+2♦♣♦*✐"✐♦♥ ✷✽ ✭❋♦2♠✉❧❡ ❞❡ ❇❛②❡* ✭✶✮✮

❙♦✐2 (Ω,A, P ) ✉♥ ❡1♣❛❝❡ ♣"♦❜❛❜✐❧✐1( ❡2 A,B ❞❡✉① (✈(♥❡♠❡♥21 ❞❡ A ❛✈❡❝ B ❞❡ ♣"♦❜❛❜✐❧✐2( ♥♦♥ ♥✉❧❧❡✳ ❖♥ ❛

PB(A) =
P (A)

P (B)
PA(B) ❛✈❡❝ PA(B)P (A) = 0 1✐ P (A) = 0.

+2❡✉✈❡✳ ■❧ 1✉✣2 ❞✬(❝"✐"❡ P (A ∩B) = PA(B)P (A) = PB(A)P (B) ❡2 ❞❡ ❞✐✈✐1❡" ♣❛" P (B). ✷

+2♦♣♦*✐"✐♦♥ ✷✾ ✭❋♦2♠✉❧❡ ❞❡ ❇❛②❡* ✭✷✮✮

❙♦✐2 (Ω,A, P ) ✉♥ ❡1♣❛❝❡ ♣"♦❜❛❜✐❧✐1( ❡2 (Ai)i∈I ✉♥ 1②12/♠❡ ❝♦♠♣❧❡2 ❞✬(✈(♥❡♠❡♥21 ❞❡ A ✜♥✐ ♦✉ ❞(♥♦♠❜"❛❜❧❡✳ ❙✐ B ❡12 ✉♥

(✈❡♥❡♠❡♥2 ❞❡ ♣"♦❜❛❜✐❧✐2( ♥♦♥ ♥✉❧❧❡✱ ♦♥ ❛

∀i ∈ I, PB(Ai) =
PAi

(B)P (Ai)
∑

j∈I

PAj
(B)P (Aj)

❛✈❡❝ PAj
(B)P (Aj) = 0 1✐ P (Aj) = 0.

+2❡✉✈❡✳ >❛" ❧❛ ❢♦"♠✉❧❡ ❞❡1 ♣"♦❜❛❜✐❧✐2(1 2♦2❛❧❡1✱ ♦♥ ❛ P (B) =
∑

j∈I

PAj
(B)P (Aj) ❡2 ♣❛" ❧❛ ♣"♦♣♦1✐2✐♦♥ ♣"(❝(❞❡♥2❡ ✿

PB(Ai) =
PAi

(B)P (Ai)

P (B)
=

PAi
(B)P (Ai)

∑

j∈I

PAj
(B)P (Aj)

.

✷

✷✾✾
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❊①❡♠♣❧❡ ✶✷✳✷✶✳ ❙♦✐# n > 1 ✉♥ ❡♥#✐❡'✱ ♦♥ ❞✐*♣♦*❡ ❞✬✉'♥❡* U1, . . . , Un #❡❧❧❡* .✉❡ ❧✬✉'♥❡ Uk ❝♦♥#✐❡♥♥❡ k ❜♦✉❧❡* ❜❧❛♥❝❤❡* ❡#

n+ 1− k ❜♦✉❧❡* '♦✉❣❡* ✳

❖♥ ❝❤♦✐*✐# ✉♥❡ ✉'♥❡ ✿ ❧✬✉'♥❡ Uk ❡*# ❝❤♦*✐❡ ❛✈❡❝ ❧❛ ♣'♦❜❛❜✐❧✐#8 α× k. ❖♥ #✐'❡ ❡♥*✉✐#❡ ✉♥❡ ❜♦✉❧❡ ❛✉ ❤❛*❛'❞ ❞❛♥* ❝❡##❡ ✉'♥❡✳

✶✳ ❉8#❡'♠✐♥❡' ❧❛ ✈❛❧❡✉' ❞❡ α✳

✷✳ ❙❛❝❤❛♥# .✉❡ ❧❛ ❜♦✉❧❡ #✐'8❡ ❡*# '♦✉❣❡✱ .✉❡❧❧❡ ❡*# ❧❛ ♣'♦❜❛❜✐❧✐#8 .✉✬❡❧❧❡ ♣'♦✈✐❡♥♥❡ ❞❡ ❧✬✉'♥❡ Uk ❄

✶✷✳✺✳✹ ❊✈'♥❡♠❡♥+, ✐♥❞'♣❡♥❞❛♥+,

❉$✜♥✐"✐♦♥ ✶✽

❙♦✐# (Ω,A, P ) ✉♥ ❡#♣❛❝❡ ♣'♦❜❛❜✐❧✐#, ❡- A,B ❞❡✉① ❞✬,✈,♥❡♠❡♥-# ❞❡ A✳ ❖♥ ❞✐- 5✉❡ A ❡- B #♦♥- ✐♥❞,♣❡♥❞❛♥-# #✐

P (A ∩B) = P (A)× P (B).

 !♦♣♦$✐&✐♦♥ ✸✵

❙♦✐- (Ω,A, P ) ✉♥ ❡#♣❛❝❡ ♣'♦❜❛❜✐❧✐#, ❡- A,B ❞❡✉① ❞✬,✈,♥❡♠❡♥-# ❞❡ A -❡❧# 5✉❡ P (A) > 0✳ ❖♥ ❛ ❧✬,5✉✐✈❛❧❡♥❝❡ #✉✐✈❛♥-❡✳

A ❡- B #♦♥- ✐♥❞,♣❡♥❞❛♥-# ⇐⇒ PA(B) = P (B).

 !❡✉✈❡✳

✷

✸✵✵
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❉$✜♥✐"✐♦♥ ✶✾

❙♦✐# (Ω,A, P ) ✉♥ ❡'♣❛❝❡ ♣+♦❜❛❜✐❧✐'. ❡# (Ai)i∈I ✉♥❡ ❢❛♠✐❧❧❡ ✭✜♥✐❡ ♦✉ ❞.♥♦♠❜+❛❜❧❡✮ ❞✬.✈.♥❡♠❡♥#' ❞❡ A✳
• ❖♥ ❞✐# 9✉❡ ❧❡' .✈.♥❡♠❡♥#' (Ai)i∈I '♦♥# ❞❡✉①✲<✲❞❡✉① ✐♥❞.♣❡♥❞❛♥#' '✐ ♣♦✉+ #♦✉' i, j ∈ I ❞✐'#✐♥❝#'✱ Ai ❡# Aj '♦♥#

✐♥❞.♣❡♥❞❛♥#' ✐✳❡✳ P (Ai ∩Aj) = P (Ai)× P (Aj).
• ❖♥ ❞✐# 9✉❡ ❧❡' .✈.♥❡♠❡♥#' (Ai)i∈I '♦♥# ✭♠✉#✉❡❧❧❡♠❡♥#✮ ✐♥❞.♣❡♥❞❛♥#' '✐ ♣♦✉+ #♦✉# p ∈ N∗ ❡# ♣♦✉+ #♦✉#❡ '♦✉'✲❢❛♠✐❧❧❡

❞✬✐♥❞✐❝❡' i1, . . . , ip ❞❡ I✱ ♦♥ ❛

P (Ai1 ∩ · · · ∩Aip) = P (Ai1)× · · · × P (Aip).

+5♦♣♦*✐"✐♦♥ ✸✶

❙♦✐# (Ω,A, P ) ✉♥ ❡'♣❛❝❡ ♣+♦❜❛❜✐❧✐'. ❡# (Ai)i∈I ✉♥❡ ❢❛♠✐❧❧❡ ✭✜♥✐❡ ♦✉ ❞.♥♦♠❜+❛❜❧❡✮ ❞✬.✈.♥❡♠❡♥#' ❞❡ A✳ ❙✐ ❧❡' .✈.♥❡♠❡♥#'

(Ai)i∈I '♦♥# ✭♠✉#✉❡❧❧❡♠❡♥#✮ ✐♥❞.♣❡♥❞❛♥#' ❛❧♦+' ✐❧' '♦♥# ❞❡✉①✲<✲❞❡✉① ✐♥❞.♣❡♥❞❛♥#'✱ ♠❛✐' ❧❛ +.❝✐♣+♦9✉❡ ❡'# ❢❛✉''❡✳

+5❡✉✈❡✳ ❊♥ ♣+❡♥❛♥# ❞❡' '♦✉'✲❢❛♠✐❧❧❡' ❞❡ ❝❛+❞✐♥❛❧ p = 2✱ ♦♥ ❛ ❞✐+❡❝#❡♠❡♥# ❧✬✐♠♣❧✐❝❛#✐♦♥✳ ■❧❧✉'#+♦♥' ♣❛+ ✉♥ ❡①❡♠♣❧❡ 9✉❡ ❧❛

+.❝✐♣+♦9✉❡ ❡'# ❢❛✉''❡✳ ✷

❊①❡♠♣❧❡ ✶✷✳✷✷✳ ❖♥ ❧❛♥❝❡ ✉♥❡ ♣✐)❝❡ *+✉✐❧✐❜-*❡ ❞❡✉① ❢♦✐2 ✿ Ω = {0, 1} × {0, 1}. ■❧ ② ❛ ❞♦♥❝ ✹ -*2✉❧7❛72 ♣♦22✐❜❧❡2✳
❖♥ ❝♦♥2✐❞)-❡ ❧❡2 *✈*♥❡♠❡♥72 2✉✐✈❛♥72✳

A ✿ ♦♥ ♦❜7✐❡♥7 ❞❡✉① -*2✉❧7❛72 ❞✐✛*-❡♥72
B ✿ ♦♥ ♦❜7✐❡♥7 ❢❛❝❡ ✭✐✳❡✳ ✶✮ ❛✉ ♣-❡♠✐❡- ❧❛♥❝❡-

C ✿ ♦♥ ♦❜7✐❡♥7 ♣✐❧❡ ✭✐✳❡✳ ✵✮ ❛✉ 2❡❝♦♥❞ ❧❛♥❝❡-

▼♦♥7-♦♥2 +✉❡ A,B,C 2♦♥7 ❞❡✉①✲B✲❞❡✉① ✐♥❞*♣❡♥❞❛♥72✳

❊7 ♣♦✉-7❛♥7 A,B,C ♥❡ 2♦♥7 ♣❛2 ✭♠✉7✉❡❧❧❡♠❡♥7✮ ✐♥❞*♣❡♥❞❛♥72✳ ❊♥ ❡✛❡7 ✿

+5♦♣♦*✐"✐♦♥ ✸✷

❙♦✐# (Ω,A, P ) ✉♥ ❡'♣❛❝❡ ♣+♦❜❛❜✐❧✐'. ❡# A,B ❞❡✉① .✈.♥❡♠❡♥#' ❞❡ A✳ ❙✐ A ❡# B '♦♥# ✐♥❞.♣❡♥❞❛♥#' ❛❧♦+' Ā ❡# B '♦♥#

✐♥❞.♣❡♥❞❛♥#'✳

+5❡✉✈❡✳ ✭❉✶✮

✷

✸✵✶
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❊♥ ♣#❡♠✐'#❡ ❛♥♥)❡✱ ❝❡,,❡ ♣#♦♣♦.✐,✐♦♥ ❛ ),) ),❡♥❞✉❡ ✭❡♥ #❛✐.♦♥♥❛♥, ♣❛# #)❝✉##❡♥❝❡✮ ❛✉ ❝❛. ❞❡ n )✈)♥❡♠❡♥,. ✿

+2♦♣♦*✐"✐♦♥ ✸✸

❙♦✐, (Ω,A, P ) ✉♥ ❡.♣❛❝❡ ♣#♦❜❛❜✐❧✐.) ❡, A1, . . . , An n )✈)♥❡♠❡♥,. ❞❡ A✳
❖♥ .❡ ❞♦♥♥❡ ✉♥❡ ❢❛♠✐❧❧❡ B1, . . . , Bn n )✈)♥❡♠❡♥,. ❞❡ A ,❡❧❧❡ ;✉❡ ✿

∀i ∈ [[1, n]], Bi = Ai ♦✉ Bi = Āi.

❉❛♥. ❝❡ ❝❛.✱ .✐ ❧❡. )✈)♥❡♠❡♥,. A1, . . . , An .♦♥, ✭♠✉,✉❡❧❧❡♠❡♥,✮ ✐♥❞)♣❡♥❞❛♥,. ✭#❡.♣✳ ❞❡✉①✲?✲❞❡✉① ✐♥❞)♣❡♥❞❛♥,.✮ ❛❧♦#. ❧❡.

)✈)♥❡♠❡♥,. B1, . . . , Bn ❧❡ .♦♥, ❛✉..✐✳

❊♥ )❝❤❛♥❣❡❛♥, ❧❡ #B❧❡ ❞❡ A1, . . . , An ❡, ❞❡ B1, . . . , Bn✱ ♦♥ ♦❜,✐❡♥, )✈✐❞❡♠♠❡♥, ❧❛ #)❝✐♣#♦;✉❡✳

❊①❡2❝✐❝❡ ❞❡ ❝♦❧❧❡ ✭❊✷✮

❙♦✐, (Ω,A, P ) ✉♥ ❡.♣❛❝❡ ♣#♦❜❛❜✐❧✐.) ❡, (An)n∈N ✉♥❡ ❢❛♠✐❧❧❡ ❞✬)✈)♥❡♠❡♥,. ✭♠✉,✉❡❧❧❡♠❡♥,✮ ✐♥❞)♣❡♥❞❛♥,.✳

❉)♠♦♥,#❡# ;✉❡ P

(
+∞⋂

n=0

An

)

=
+∞∏

n=0

P (An) ❛✈❡❝✱ ♣❛# ❞)✜♥✐,✐♦♥✱
+∞∏

n=0

P (An) = lim
n→+∞

n∏

k=0

P (Ak).

✸✵✷


